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[PtATlS 1-3.1 
1. Introductory. 

During the past five years considerable development has taken place in the 
piezo-electric quartz oscillator and resonator, chiefly in connection with their 
application to the production and measurement of radio-frequencies of great 
constancy or precision. 

A considtaablo literature has grown up dealing with the circuit arrangements 
and other practical details of construction found desirable or necessary by 
various workers in order to secure a satisfactory performance in the assemblage 
constituting a complete resonator or oscillator. This information is scattered 
throughout a considerable number of publications and for the most part must 
be considered as being of a disjointed nature. Bibliographies of the subject 
have, however, been drawn up by Cady, and more recently a critical resum6 
of the important literature has been collected in a monograph published by 
H.M. Stationery Of&ce.* 

Some of the investigations have been of a more fundamental nature, directed 
towards a better understanding of the nature of the structure of quartz and of 
the vibrations which occur in rods and plates. The names of Bra gg and Gibbs, 

* P. Vigoureux, “ Quartz Resonators and Osoillators.” H.M. Stationery Office, London 
(1931). 
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Meissner, Giebe and others stand out in this connection. Other investigators 
have concentrated on the theoretical and practical aspects of the subject, 
amongst whom may bo mentioned Cady, Van Dyke, Vigoureux, Terry, and 
Dye, the work of the last author being mainly an experimental verification of 
some electrical equivalent constants implicit in the theory of a quartz resonator. 

Certain other workers have sought to elucidate the nature of the vibmtions 
in quartz plates by means of glow discharges, sand figures, air (surrents, etc., 
displayed by the vibrating surfaces of the cut crystal. Others again have 
made use of the temperature coefiSlcients of frequency, and of the diH(!ontinuiti(\H 
of frequency with temperature, as a means of deducing the laws of vibration 
of discs and plates cut in special relation to the crystal axes. A very valuable 
and interesting paper by Lack throws much light on the whole subject and 
should he read hy all interested in it. 

A study of this mass of information shows that a good deal is known about 
the behaviour of resonators and oscillators, and that in the case of thiu rods 
the information may bo considered to be nearly complete and in accordatu'c 
with theoretical predictions. In the case of plates, however, the position is 
by no means so satisfactory ; theory and experiment are very discordant, and 
the vagaries of oscillators with respect to reproducibility and permanence arc 
still perplexing. The very recent work on torsional oscillations by Hund and 
Wright shows that much of an obsomo nature occurs and is not understood. 

The present paper has for its object the investigation of the actual type of 
motion which occurs in plates of various shapes when vibrating at any of their 
numerous natural free resonant frequencies. 

, 11. Statement of the Problem. 

The piezo-electric properties of quartz are sufficiently well known not t<» 
need detailed description. It will suffice to state that out crystal used in 
quartz oscillators and resonators is in general of two forms :-*~ 

(а) The rod form, with length perpendicular to the electric and optic axes. 
The depth is usually small compared with the length, and is parallel 
to the optic axis. The thickness is usually the smallest dimension and 
is parallel with an electric axis. The electrodes apply the field in the 
direction of the electric axes. 

(б) The plate form results when the dimension called the depth in (a) is made 
comparable to tbe length. In such oases the boundary of the surface 
of the plate may assume various forms, of which the circle and rectangle 
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are commonest. The optic axis nearly always lies parallel to the surface, 
but the thickness direction of the plate is not necessarily parallel to an 
electric axis. In a common alternative mode of cutting the plate the 
optic axes and an electric axis lie in the plane of the plate. 

Other forms of crystal which have been used are rectangular blocks and thick 
toroidal rings in which all dimensions are comparable. The latter have been 
used by Morrison, and give a very small temperature coefficient when cut so 
that the axis of the toroid is perpendicular to both the optic and an electric 
axis. The small temperature coefficient of such ring-shaped oscillators is 
said to be due to a compensatory effect produced by the shear component of 
the vibration. 

As mentioned above the mode of vibration of a rod, when longitudinal, is of 
simple form and may be said to be fairly well understood. Even in this case, 
however, there must be a shear component, owing to the differences in the 
elastic modulus in various directions perpendicular to the electric axis. There 
is room for further investigation into the effects of this shear component on 
the temperature coefficients of rods of various ratios of length to depth. 

When plates are used, the mode of vibration desired is usually that which 
ideally consists of a pure compressional vibration of gravest mode in the thick- 
ness direction. In such an ideal case there would be a median plane as node, 
and the two flat surfaces of the plate wordd approach and recede from each 
other with pure translatory motion. Many experiments have shown that the 
motion is by no means of this simple kind, and a number of guesses have been 
made from time to time as to what the motion really is like. 

It occurred to the author that a hopeful line of experiment would be to 
use the principle of interference as an aid to the examination of the mode of 
deformation of the surface of a vibrating plate. Some preliminary experi- 
ments showed that the method possessed considerable possibilities, and a simple 
form of interferometer was' accordingly constructed, as described below. 

III. Description of Intenferometer. 

The principle of the method of examination by means of an interferometer 
is to prepare the piezo-electric plate of any desired shape and size and to grind 
and polish one of the flat surfaces to a true optical plane. This surface is 
then brought into close approximation to a reference plane-polished surface 
in order that interference bands may be produced and observed. The other 
essential requirement is an electrode system with means of applying to the 
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plate an alternating electric field smootWy adjustable in frequency. The 
arrangement of the apparatus is seen in fig. 1. 

The quartz plate Q rests freely upon a brass disc D ground to an approximate 
plane, used as lower electrode. Through the base-plate of the instrument pass 
three adjustable screws which support on their steel ball-ends a thick glass 
plate P. The tmder surface of P is polished flat, and constitutes the reference 
surface. The upper surface of P has purposely been given a small inclination 
to the lower, so that any light reflected from it cannot interfere with light 
reflected from the reference surface. 

A thin square brass frame is held by soft wax to the middle portion of the 
lower surface of P. It supports a grid of fine silver 
wire, wound to and fro across one face of the frame 
and round small pins let in on two opposite sides. 
The diameter of the wire is about 0-02 mm, and the 
pitch of the winding about 1 mm. This grid lies fliat 
against the reference surface of P, and thus forms an 
upper electrode which only slightly obstructs the 
light. In early experiments a wire gauze was made 
very fine by dissolving almost the whole of it in acid . 
It yielded satisfactory results, but obstructed more 
light than the present parallel grid, by which it is 
replaced in the later work. 

The rest of the apparatus consists of the arrange- 
ments for projecting light normally on the two 
interfering surfaces, and for receiving part of the 
reflected light into the eye. The light of a mercury 
passing through a filter, if desired, is concentrated 
into a pin-hole at H, and passes down through a piece of ordinary glass 
plate d, on to a lens L of such focal length that the emergent light is parallel. 
After reflection from the two interfering surfaces the light passes back along 
its original path to the glass plate G, where part of the convergent beam is 
reflected and brought to a focus just outside the pin-hole 0. The illuminated 
surface can be seen at an effective distance of about 26 cm. by looking through 
0. Photographs can be taken by replacing the eye at 0 by the bellows 
and plate carrier of a camera. As explained later the mercury vapour 
lamp can be replaced by a helium tube as the source of illumination, in 
which case the capillary of the helium tube is placed immediately above the 
pin-hole H. 


If 



vapour lamp at S, after 
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In ptactice an air gap of about 0-2 mm. is used between tbe grid electrode 
and the upper surface of the quartz plate under examination. By adjustment 
of the screws supporting P the angle between the surfaces is reduced until 
interference fringes are seen. They can be given any desired pitch and direc- 
tion by suitable manipulation of the screws. If both surfaces are flat, the 
fringes will be straight, parallel and equi-spaced. 

Quartz plates of a few centimetres diameter and of thickness greater than 
2 mm. can be ground and polished to a flatness of one-tenth of a wave-length 
of green light without difficulty. By very careful adjustment of the reference 
plate a black band can be obtained covering the whole area of the specimen. 
For many purposes the bands may be pitched about 1-5 mm. apart. In 
this condition the surface of the specimen need not be of such perfection of 
flatness as indicated above. 

With bands covering the whole surface of the quartz plate, it will readily 
be understood that statical deformation from flatness of the whole or any 
part of the surface will cause a deflection of the bands in the corresponding 
region. Thus for a spherical shape the bands will become circular about a 
common centre. A cylindrical deformation will give bands straight but of 
unequal spacing, if the axis of the cylinder is parallel to them. If the axis of 
the cylinder is perpendicular to the original direction of the bands, they will 
become parts of ellipses, but will remain equi-spaced. If any part of the surface 
is displaced normally to itself the bands in this region will become displaced 
perpendicularly to their direction, which will remain unchanged. Similarly 
a change of slope of the surface at any part will produce a corresponding 
slewing round of the bands or change in their distance apart. It wiU thus bo 
seen that the conformation of the bands is a direct measure of the form of the 
surface, although in some cases this form cannot be readily visualised by 
inspection of the bands. 

If the quartz plate is set vibrating piezo-electrically in one of its many 
modes, the surface will vibrate in various ways, and in general certain regions 
will have a component of vibration in the direction perpendicular to the plane. 
A rapid oscillatory movement of the parts of the bands in these regions will 
occur, and they will disappear from view entirely. Regions which remain at 
rest will, on the other hand, be revealed by the unchanged appearance of the 
bands. The whole surface will therefore be mapped out into nodal and anti- 
nodal regions well differentiated from one another. The method bears a dose 
analogy to that of Chladni in which sand figures are produced on vibrating 
plates ; the present method is, however, more sensitive and more precise. 
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Tlie appearances described above refer to cases in which the source of light 
is continuous, e.g., a mercury vapour lamp. It is possible, however, as described 
later, to use a source of light intermittent at the same fretjuenoy as the vibration 
of the plate ; when such a source of illumination is used a stroboscopic effect 
is obtained, and instead of the bands being broken up into visible and invisible 
portions, they are seen in their entirety, since the illumination occurs for a 
single very short fraction of each cycle of the vibration of the plate. If the 
instant of illumination is that corresponding to maxi mum deformation of the 
plate, the bands wifl be seen at their maximum displacement. The whole 
surface will be seen covered with curved and displaced bands, which are 
virtually a contour map of the given mstant. Such intermittent illumination 
can be obtained by means of a helium tube with a capillary portion which 
can be supported directly over the pin-hole H. 

Each of the two methods of observation has its advantages. Thus for 
observations on the exact form and location of the nodes and antinodes, 
continuous illumination is preferable. But to see the actual deformation and 
to measure its amount in various parts of the surface, intermittent illumination 
is much to be preferred. 

The apparatus used to excite the plate and to illuminate it intermittently 
consists of a valve source of electrical oscillations coupled to the interfero- 
meter and to the helium tube. The source was of conventional type employing 
a small transmitter valve operating on a 400-volt anode supply. The condensers 
of the oscillatory circuit were variable air condensers and fixed mica condensers. 
The frequency could be varied smoothly between the limits 7 kc. and 8000 kc. 
per second and could, if necessary, be adjusted to a precision of one part in a 
million. 

The two elertrodes of the quartz system were usually connected in parallel 
with the condenser of the oscillatory circuit, but in some cases, in order to avoid 
too great a voltage, they were connected to an inductance coil brought near 
to the main inductance in the oscillatory circuit. 

The arrangements for illuminating the helium tube intermittently, at the 
source frequency, consist of a separate tunable circuit of relatively large 
inductance and small capacity, coupled inductively to th(s main source. The 
A.C. voltage thus obtained has a value of about 400 volts. A D.C. voltage for 
polarising purposes is connected in series with the A.C. supply, and the helium 
tube is connected through resistances of about 10,000 ohms on each side to the 
resultant pulsating supply. By this means the tube gives one flash each cycle, 
and the phase of this with respect to the vibrating surface of the quartz plate 
can be adjusted by slightly detuning the oscillatory circuit. 
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TJio instant of illumination can thus be adjusted to that at ■which the quanta 
plate is instantaneously at rest at its maximum deformation. This instant is 
particularly favourable for the two reasons that (a) the deformation is a 
maximum, and (5) the finite duration of the illuinination causes the least 
blurring, since the change in deformation which occurs during this short time 
is least. The example shown in fig. 2a, b and e, Plate 1, serves to illustrate 
the points just described. Pig. 2a shows the appearance of the bands for the 
case of a rectangular plate of dimensions 4-4 x 3-6 X 0-7 cm. at rest, the 
bands bmg adjusted to parallelism with the longer edge. In fig. 26 is shown 
the appeara^ice under continuous illumination from the mercury arc, using the 
violet lines of the spectrum. The upper electrode was a thin phosphor 
bronze strip, seen as a Mi^k line about midway between the second and third 
nodal lines. It ■will be Seen that the bands are obliterated in all but five 
narrow segmen'ts of each, which together form the five nodal lines proper to 
the mode of "vibration. The mode of ■vibration iS clearly revealed as one of 
practically pure flexure of overtone type. 

A closer examination of the figure "will show that aU trace of bands is obhtea?- 
ated in long narrow belts on each side of the nodes. These are regions in 
which the amplitude of •vibration is such that the to-and-fico vibration of the 
bands is just the amount necessary to give an average illumination constant for 
any point "within the region. Adjacent to these belts are regions, also in the 
form of parallel belts, where shadowy bands are seen. It will be observed that 
these bands are displaced by half a band width from the true nodal bauds. 
Beyond this again are belts where the bands are quite invisible ; and then, in-' 
the middle of the ■vibrating segments, there are again shadowy bands. It "wiU 
be understood that the appearance of the shadowy bands occur at certain 
amplitudes which are dependent only upon the wave-length of the light used. 
It will thus be seen that the interference method, even "with continuous 
illumination, can be utilised to give quantitative information regarding the 
, form of deformation in simple cases.* 

By a knowledge of the intensity distribution of light in the band system and 
from an assumption of a sine-wa-ve law of band displacement when vibrating, 
it should be possible to calculate the displacement corresponding to uniform 
illumination along the belts just described. There is, however, oonsid<»hJe 
uncertainty about the light intensity law, and the expression can tfielufore 
only be conveniently solved graphically. Fortunately the method of mter- 

* Cf. Ostwberg, ‘ Proc. Nat. Acad. Soi. Wash.,’ ■vol. 16, p. 892 (1^29). 
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mittent illummation overcomes all difficulties regarding the actual form of the 
displacement, and as shown in fig. 2c, taken with intermittent light from a 
helium tube, the contour of the surface can be directly seen, and measured it 
desired. 

It will be observed that in figs. 2& and 2c the bands have not perfect uni- 
formity, but are more sharply defined in certain belts than in others. In 
fig. 26 this effect is duo to the presence of the blue and the two violet lines of 
the mercury arc, all of which are very actinic. The systems of bands from 
these colours reinforce one another in certain regions and appear individually 
in others. Jilters to separate these lines axe not easily obtainable, and the 
green line, which can of course be separated, requires much longer exposure or 
special photographic plates. The effect is not of serious oonscquence, howevei , 
so that, except in a few later cases, the photographs taken with the arc all 
show the effect. In the case of the helium tube illumination used for the 
stroboscopic photographs this effect is much less pronounced, because, under 
the conditions of use, one line in the violet is much more active than the 
other. 

IV. Experimental. 

Having set up the interferometer and the source arrangi'mt'nts for providing 
the smoothly variable high-frequency voltage, the natural proitedure was to 
cut a few quartz plates and explore the responses obtained when the voltage 
was applied and its frequency smoothly varied. A number of circular and 
rectangular plates were therefore prepared from selected qtmrtz. Tlu^ block 
was first tested optically for freedom from optical twinning. Plates wen* 
then cut from it, and in some cases were tested piezo-eleotrically by a simple 
apparatus with which a small electrode was pressed with constant force on to 
various parts of the plate. A string electrometer measured the charge produced, 
and so enabled an exploration of the area of the plate before the disc or nwt- 
angle was sent from it. The discs and rectangular plates were eut and ground 
to a high degree of parallelism, and the edges were ground true to the surfacx'. 
In most cases only one face of the plate was polished, but in some cases for 
special reasons both faces were polished. Considerable care was taken in the 
polishing to work the surface plane to at least one-half wave-length of green 
li^ht, and in some cases still greater care was taken to obtain flatness to one- 
tenth wave-length. 

The first plate tried was a disc of about i cm. diameter and 7 mm, thick. 
It was set up in the interferometer as described and the electrodes were con- 
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nected up to the source. As soon as the somce was slowly and smoothly 
varied in frequency it was seen that a large number of response vibrations were 
excited in the disc. The number of such responses is very great indeed, and in 
traversing a range of frequencies from 2 X 10® down to 5 x 10* per second 
there were literally hundreds of modes of vibration in the disc linder experi- 
ment. 

The modes of vibration of such a disc, as well as the modes of rectangular 
plates, form well-defined groups which are clearly distinguishable by the inter- 
ference patterns formed. They may be classified as follows : — 

(1) Compressional vibrations in the direction perpendicular to the plane of 
the plate. These vibrations predojninate at frequencies above that at 
which the half wave-length equals the thickness of the plate. 

(2) Compressional vibrations in various directions parallel with the plane 
of the plate. 

(3) Flexural vibrations about axes lying in various directions in the plane 

of the plate. 

{4) Torsional vibrations of pure and of complex kinds. 

(6) Patterned flexural and torsional mixed vibrations. 

(6) Vibrations of types more complicated than the above. 

Bach of these kinds of vibration may be of fundamental or of overtone type, 
but as a general rule it may be stated that when an overtone type of one of the 
kinds of vibration falls within the region of frequency of the fundamental of 
another kind, the former is no longer maintained in pure form. 

Thus, for example, the overtone flexural vibration with 6 nodes shown in 
fig. 26 has a frequency considerably lower than that of the fundamental com- 
pressional kind under heading (1) above. Successive overtone modes with 6, 

7 and 8 nodal lines can also be freely excited in the plate of fig. 26, but above 

8 nodes the frequency is in the region corresponding to vibrations of type (1) 
and the pure overtone flexural vibration with 9 nodes cannot be elicited. 

Owing to the extensive new field opened up by this method of examination, 
it was thought desirable simply to try various shapes and sizes of plate in a 
tentative fashion, so as to make a rough survey of the possible modes of vibra- 
tion, before carrying out a more careful and detailed investigation along some 
particular direction. The following figures and remarks refer to a number of 
plates prepared one after another, and serve to show the variety and beauty 
of the modes obtained in this somewhat casual manner. 
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Figs. 3a and 36, Plate 1, show a disc vibrating in its most important mode, 
compressionally, at a frequency corresponding to its tMckness. This <1tsc 
was 7*6 mm. thick and 48 mm. in diameter, and its plane was perpendicular 
to an electric axis. Fig. 36 taken with intermittent illumination, shows in n 
striking manner the crispation of the surface due to the mixed longitudinal 
compressional component (in direction perpendicular to the plane) and trans- 
verse compressional components in two directions in the piano of th<‘ disc. 
There is a considerable regularity in the undulations of the surface, which could 
not be easily inferred from fig. 3a, taken with continuous illumination. The 
undulations shown in fig. 36 are two intersecting sets, one set is disposed along 
five parallel lines running upwards from left to right at about 30® to the hori- 
zontal and nearly parallel with the interference bands. The second set of 
corrugations runs downwards from left to right at about 30° to the horizontal. 
In this direction the corrugations have their maximum amplitude. This 
can be seen by reference to fig. 3a, which may now be considered briefly. The 
nodes revealed in this photograph are seen to be somewhat irregular. There 
is a diametral belt strongly vibrating as a whole but not of uniform amplitude, 
whilst on either side are nodes of looped or of figure-of-iught formation. It 
was not certain at this stage whether the transverse compressional vibrations 
were actually compressional or not, and accordingly another disc was pn-pured 
and polished on both sides. This disc was supported upon a polished plate 
with small pieces of very thin foil at two places near the rim, the two surfaces 
being in contact at a point opposite the foil, A very thin wedge-shaped air 
space was thus left between the plates : this allowed a set of interference 
fringes corresponding to the lower surface of the quartz plate to be formed. 

The upper glass reference plate was adjusted to give interfcreiUM' bands with 
the upper surface of the quartz plate. These bands wore adjusted to be of 
about the same pitch and at right angles to the bands from the lower surface. 
The two intersecting bands are shown for the condition of rest in fig, 4«, 
Plate 1. By this means it is possible to obtain information regarding tho 
motions of the two surfaces at the same instant. 

Fig. 46 shows the appearance under continuous illumination when t he disc 
is vibrating in its strongest mode similarly to the plate of fig. 3a. The nodal 
and anti-nodal areas are well seen, and arc again found to be of ciwular or 
ring-shaped form. It will be seen that in every part of the anti-nodal regions 
both sets of fringes are visible. This proves conclusively that the nodal regions 
on the upper surface and those on the lower surface are accurately opposite 
one another. The photograph with intermittent light shown in fig, 4c was 
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then taken, with some difficulty. From the directions of the deformations of 
an interference fringe of the upper surface at any chosen point, it can he 
stated whether this point at the instant of illumination lies above or below the 
rest position, the accessory information required being, of course, the directions 
in which the air wedge is becoming thicker. At this same selected region of the 
disc, but on the opposite face, the direction of deformation of the corresponding 
interference fringe at this point can be noted. It can thus be determined 
whether, at any instant, at any two points opposite each other on the disc, the 
surfaces are approaching each other or receding from each other, or are moving 
in the same direction. If they are approaching or receding, the motion must 
be one of compression, and if they are moving together it must be one of flexure. 
In the actual case shown the motion was proved to be compressional. Further 
experience with plates and discs showed that whenever the vibration has the 
fundamental compressional mode in the thickness direction as the chief 
component, the accompanying transverse overtone components are also 
compressional. In such cases the nodes are usually closed loops. 

In fig. 3c, Plate 1, is shown an accessory mode of longitudinal compressional 
vibration of the disc as shown in figs. Sa and 36. The frequency difEers by only 
a few parts in a thousand from that shown in fig. 3a. The mode is a very 
different one, and is of smaller general amplitude in the vibrating segments. 
There is considerable symmetry, and the looped form of node is very well 
shown. 

In fig. 6o, Plate 2, is shown under continuous illumination a disc much thinner 
than that of fig. 3a. It has a ratio of diameter to thickness of 11 : 1, and shows 
therefore a closer type of nodal pattern, of a more or less honeycomb form, but 
not sufficiently regular to enable a precise definition of it to be made. The 
closer formation of the nodes and loops is to be expected in view of the higher 
frequency of this thinner disc. Fig. 66 shows the same disc, again vibrating 
in its principal longitudinal mode, but the bounding curved surface, which in 
fig. 6a was cylindrical, has been changed by putting a considerable chamfer 
on each edge, so that the curved surface is virtually composed of a central 
cylindrical part with a conical part on each side. The change in the mode 
of vibration is most marked. Instead of a more or less uniform honeycombed 
nodal pattern, there is now a circunaferential nodal pattern with a central 
portion all of which is vibrating. This effect is general with discs, and results 
in an enhanced piezo-electric reaction upon the electrode system, since the 
longitudinal component represents a larger proportion of the total mixed 
vibration than in the case of fig. 6. 
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In fig. 6, Plate 2, is shown a disc considerably thinbr tlmn those of figs. 3 
and 6. The ratio of diameter to thickness is about 4-6:1, thus giving a more 
open nodal pattern. The mode of vibration is, however, not unlike the disc 
-of fig. 3a, in that there is a complete diametral vibrating segment with looped 
nodal regions on either side. 

The next figure, fig. 7, Plate 2, shows the behaviour, with intermittent light, 
of a rectangular plate, about 5 cm. long by 4 cm. wide, in the optic axis 
direction, and about 1 cm. thick. The vibration is again the strongest funda- 
mental longitudinal one in the thickness direction. This example has been 
chosen to illustrate the difiiculty of visualising the exaor nature of the deforma- 
tion of the plate, and is referred to later in the Appendix. It will suffice here 
to state that the vibration shows an unsuspected symmetry, and is of a type 
which is curious and difficult to explain. 

Kg. 8 shows a square plate about 6 mm. thick in its strongest compressional 
mode of vibration in the thickness direction. The direction of the interference 
bands has been chosen parallel to an edge in order to bring out the partial 
regularity of the transverse compressional overtone modes about the two axes 
nearly parallel to any adjacent edges. The surface is thus divided up into 
hills and valleys, but these are not uniform, since the whole of the upper half 
of the plate is vibrating except for a small node in the left-hand comer. 

We now turn to some quite different modes of vibration of discs and rect- 
angular plates, at frequencies lower than those corresponding to compressional 
vibrations in the thickness direction. Kgs. 9a and 96, Plate 2, for example, 
show the disc already represented in fig. 8, this time vibrating in a segmented 
overtone flexural mode. The two modes occur quite near to one another in 
frequency, and it will be seen that the peripheral segments of the one mode 
lie in the regions between those of the other mode. The two modes are com- 
plementary to one another, and probably represent two coupled systems of 
equal frequency and small coefficient of coupling. 

The symmetry of this and similar modes of vibration is practically perfect, 
and is a feature of flexural vibrations generally. The segments and central 
closed portions are in phase with one another, and are in opposite phase to the 
remainder of the surface. The rim thus presents a crinkled appearance. 
This is well seen in the model carved in relief which is referred to in the 
Appendix. Theoretically, with perfect uniformity of the electric field and of 
the quartz, it should not be possible to elicit vibrations of the type here shown, 
since there should be no piezo-electric reaction for a flexural mode. Actually, 
however, there is always a small non-uniformity which allows a resultant 
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maintaining force, and with, suitably disposed electrodes, arranged to produce 
electric fields favourable at all parts of the disc to such a mode, it can be 
excited very strongly. 

Another, simpler, flexural mode of vibration, which can easily be excited in 
all discs, is that in which the nodes are radial and always even in number. An 
example is not given as it is a very obvious type. 

In figs. 10a and 10&, Plate 2, are shown photographs, in continuous and inter- 
mittent light respectively, of the disc of fig. 3 vibrating in a mode with annular 
nodes combined with one diametral one. The conformation of the surface 
ca:^ be well judged by examination of fig. 10&, which shows that the amplitude 
of the central two segments is much greater than that of any other part of the 
disc. In this and in the preceding example the disc remains sensibly of constant 
thickness throughout the cycle of vibration. 

The lower frequency modes of vibration of rectangular plates take many 
remarkable forms ; thus figs. 11a and 116, Plate 2, show a rectangular plate 
in which the nodal lines form two well-defined groups of parallel belts dividing 
the surface into lozenge-shaped vibrating segments each in opposite phase to 
its neighbour ; the surface is thus divided into mounds and hollows in very 
regular formation. The shorter side of the plate is parallel to the optic axis. 
The equal spacing of the two sets of nodal lines indicates that their directions 
are so related to the optic axis that the Young’s modulus along them is equal. 

Another type of vibration, which can always be obtained ha. plates of some- 
what elongated form, is that shown in fig. 12. This is an overtone torsional 
vibration. There is a central backbone and a set of fins radiating from it. 
A line parallel with the shorter edge, if advanced perpendicular to itself in the 
plane of the surface, would experience a tilting up and down as it passed 
through the anti-nodal regions. The upper electrode in this case was the single 
strip shown as a grey rectangle in the central lower segment. Powerful 
vibrations of this type can be obtained by using suitably disposed circular 
electrodes in the appropriate segments. 

An entirely different type of vibration found in rectangular plates is shown 
in figs. 13a and 136, Plate 3. The main nodal lines are here closely parallel 
and very sharply defined. The vibrations in the anti-nodal spaces between 
them are very intense, and frequently cause fractures of the plate. This type 
of vibration is akin to an overtone torsional type with axis of torsion running 
from the top left-hand to the bottom r^ht-hand comer. Although there is 
no actual nodal line in this direction, it can be seen on reference to the fig.136, 
taken by intermittent light, that there is a ^agonal re^{m without mudh 
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vibration. In fig. 14, Plate 3, the same plate is skown vibrating at a, lugher 
frequency in a still more complicated fashion. The system consists of three 
backbone nodes running across at an angle of about 70° to the horizontal. 
These are joined laterally by numerous rib-like nodes all roughly parallel to 
one another, giving a compound overtone torsional quality to the vibration. 
This description is, however, by no means perfect, and there are other ways of 
regarding the motion. The distance separating the sharply defined nodal 
lines is about equal to the thickness of the plate. 

In conclusion, further types of vibration are shown in figs. 15-18, Plate 3. 
It will be noted that in these the nodal and anti-nodal regions are distinguished 
by light and shade only, and that no interference bands are seen. This is 
accomplished by adjusting the reference interfering surface so that it is strictly 
parallel to the upper polished surface of the quartz plate. It (san thus be 
arranged that a black band fills the entire area when the plate is not vibrating. 
Por this adjustment highly accurate flat surfaces are necessary, together with 
considerable care and steadiness of conditions during exposure. The ideal lias 
not been quite realised in fig. 15, Plate 3, which shows a black band occupying 
the right hah of the photograph and a bright band the left half ; thtoo is, 
however, not much loss of effect due to this. The other three pictures are 
nearly perfect in this respect. 

Pig. 15 shows a type of vibration in which the anti-nodes are arrangi'd round 
an ellipse. There is a circumferential nodal belt and a .scri(?H of conjugate 
nodes roughly radially disposed. In fig. 16, Plate 3, the vil)ration is approxi- 
mately conjugate in type to that of fig. 16. There is a broadly defim^d elliptical 
nodal belt from which nodal spines radiate. The edge thus performs a flutter- 
ing type of vibration at the same time that the central portion is performing 
a see-saw motion about two axes at right angles. Pig. 17, Plate 3, represents 
one of the most beautiful types of minor vibration modes met with in discs. 
It forms one of a group of such modes in which the number of Jiodal bars 
diminishes with descending order of frequency. The nodal system consists of 
two sets of nodes conjugate to each other, referred to two focal regions on 
a diameter. The outer nodal line of nearly circular form is not actually at 
the extreme edge of the disc ; this would, indeed, be impossible. It appears 
to he at the edge in the photograph because of a slight chamfer which reduces 
the effective diameter of the interfering surface. Other modifications of this 
class of vibration have three aimular nodes. 

Pig. 18, Plate 3, is a fairly complex vibration, exhibiting torsion as well as 
flexure. It is almost perfectly symmetrical about a line joining the middle 
points of the two horizontal sides of the photograph. 
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Summary. 

The fringe patterns obtained by interference of continuous light reflected 
by the surface of a vibrating quartz plate and by a stationary plane surface 
have been exaroined. When the quartz plate is at rest the pattern is uniform. 
When the quartz vibrates the fringes are blurred in all parts of the surface 
which are in motion, but their appearance suffers no change where the surface 
of the quartz plate is motionless. It has been found that at the natural 
frequency corresponding to the thickness of the plates some portions of the 
surface do not take part in the vibration and that the amplitude of the vibrating 
portions varies very much from point to point of the surface. 

The interferometer has also been used with intermittent light for strobo- 
scopic examination, which has revealed that the motion of the vibrating plate 
is non-uniform not only in amplitude, but also in phase, which may differ by 
as much as 180° between various parts of the surface. 

Models in relief of the configuration of various vibrating surfaces at 
particular instants have been made and photographed. 


Appendix. 

Rcfroduotion of the Vibrating Surfaces in Belief. 

An extension of the interferometer method consists in reproducing the 
vibrating surface in relief from the interference pattern obtained. This 
development, which is believed to be novel, will be briefly described. 

Photographs of vibrating quartz plates taken with intermittent light, such 
as figs. 2c, Plate 1, 106, Plate 2, 116, Plate 2, virtually constitute contour maps 
of the surfaces at the instant of maximum amplitude of vibration, and the set 
of curved interference lines represents the traces of parallel equidistant planes 
on the slightly inclined and distorted quartz surface. 

If an enlargement of such an interference contour map be placed under the 
pointer of a pantographic engraving machine, and at the same time a piece 
of easily carved material is set up under the engraving tool, it can be arranged, 
by adjustment of the angle of the upper surface of the material, that the tool 
carves out the corresponding ledge in the surface when the pointer is moved 
along a band of the interference diagram. The amount of relief obtained is 
dependent upon the angle of inclination at which the material is set up in 
the engraving machine. The photographic enlargement of the vibrating 
plate is set up on the table of the machine so that the general direction of the 
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interference bands is parallel with, the trace which the surface to be carved 
makes with the horizontal plane. The pointer is run along the first, band with 
the tool set to carve out the corresponding ledge on the surface. The .surface 
is then moved up the multiple of the half wave-length corresponding to its 
slope, and the next line is engraved. The whole surface is thus carved out, 
moving it up on the machine step by step in proceeding from line to line on 
the photographs. 

This principle is of general application where it is required to reproduc(( in 
relief, to any scale of magnification^ the shape of a surface of which an inter- 
ference pattern can be obtained, and will no doubt prove useful in other 
branches of measurement. 

The first photograph, fig. 19, Plate 3, corresponds to figs. 26 and 2c, and needs 
no eaplanation. Figs. 20 and 21, Plate 3, correspond to two different modes of 
vibration of the same disc, represented by figs. 10 and 36, respectively. The 
fiirst mode is mainly flexural and has a fairly low frequency, whereas in fig. 21 
the frequency corresponds to the thickness dimension. This mode is typical 
of a disc vibrating at a frequency corresponding with its thickness. The 
resultant motion appears to be made up of overtone compressional vibrations 
in two directions in the plane of the disc, together with a pun? compressional 
vibration perpendicular to the plane of the disc. 

Fig. 22, corresponding to figs. 13a and 136, illustrates a very com- 
plicated type of vibration, partly flexural and partly torsional. There are 
three axes along which but little vibration occurs ; these are parallel to the 
diagonal from the upper left-hand corner to the lower right-hand comer, and 
form “ backbones *’ about which torsional oscillations occur. 
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Theory of Eledric Charge. 

By Sir Ajrthue EddingtoNj E.E.S. 

(Received June 10, 1932.) 

§ !• In two earlier papers I tave partially developed a theory of the fine 
structure constant as arising iiom the interchangeability of electrons. 

This theory is, I thini, completed in the present paper. 

♦It is agreed that two electrons are indistinguishable and that statistical 
formulae must be modified to take account of their interchangeability ; but 
owing to the fact that interchangeability is not easily expressible in terms of 
contimcous analysis, its consequences have not hitherto been fully traced. This 
investigation aims at filling the gap. Thus I am not concerned to invent new 
hypotheses but to work out the consequences of an old one. Wave mechanics 
has been successful in replacing “ jumps ” by continuous analysis, and there 
seems no reason why it should not prove equally successful with the jump of 
interchange. Proceeding in this way I find that interchangeability reduces 
to a term in the wave equation which can be identified with the term ordinarily 
attributed to the electrostatic and electromagnetic energy of the two charges ; 
and that the coeflBlcient of this term, ordinarily called the fine structure con- 
stant, is the integer 137. 

It would be absurd to make hypotheses to explain ” indistinguishability, 
and the many-dimensional geometrical construction used to convert it into a 
form in which it can be introduced into the difierential equations of wave 
mechanics is not a hypothesis. It is a method of analytical treatment — 
perhaps not the simplest method possible, but the only one yet devised. 

The matrix coefl&cient of the energy term, given in my earlier papers as 
E^Ei' + E 2 E 2 ' 4“ B 3 B 3 ' + E 4 E 4 ' was incorrect. The amended coeflGicient is 
found to reduce in special cases to the expression | {1 + or')} given by Dirac 
and others. The main point on which my second paper went wrong was in 
associating interchange with a rotation whose arm was in the Eg direction ; when 
I realised that the rotation was in the (P + i) direction progress became rapid* 

It is necessary to assume a knowledge of the «J;-tensor calculus, and of the 
practical manipulation of the E-symbols.’j* 

t The earlier papers of the series are in ‘ Proc. Roy. Soe.,’ A, ; I, vol. 121, p. 624 (192S) ; 
II, vol. 122, p. 368 (1929) ; III, vol. 126, p. 696 (1930) ; IV, vol. 133, p. 311 (1931) ; V, 
vol. 133, p. 605 (1931) ; VI, vol. 134, p. 524 (1931). Also VII, ‘ J. Lond. Hath. Soc.,’ 
vol. 7, p. 58 (1931). For the tj^-tensor calculus reference should be made to III and IV. 
The properties of the E-symbols are given in IV, but are more systematically and fully 
treated in VII. The earlier papers on the fine structure constant are II and III. Papers 
V and VI (on the cosmioal constant, and the mass of a proton) are referred to only casually. 
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§ 2. Conseroaiion of ProbcMity. 

EolloTOng Dirac, we regard a “ state ” of a system as extended over all time. 
Tlie state is described by a distribution of probability over various possible 
con%urations of the system. The distribution will in general vary with the 
time, but the integrated probability of all the configurations at any moment of 
t must be independent of t ; for the idea of a “ state ” is that a definite prob- 
ability can be attributed to the state as a whole. 

When the configurations are represented by the co-ordinates of a point in 
generalised space, this conservation of probability can be expiressed by intro- 
ducing a vector j whose divergence vanishes. The component of j in the time 
direction is then the density of probability, and the other components give the 
density of its flux. 

The axiom of wave mechanics is that j is a product Equations dcter- 
mining tp, are called wave equations, and their general form is determined 
by the condition that they must lead to div j s= 0. Also in order that j may 
be a vector, a wave equation must be a tensor equation of the tp-tensor calculus, 
i.e., the calculus of quantities whose products yield space vectors. This calcrilus 
is developed in Papers I, III, IV, and I employ the “ complete sot " of symbols 
as defined in Paper IV. A symbol in clarendon type will denote a complete 
space-vector. For a single charge the complete infinitesimal space-vector 
dx^, ..., d%) is expressed invariantly by 

le 

dx = S E,, dx^. (2.1) 

1 

The ordinary space vectors of elementary theory (both 4-vectors and fi-vectors) 
are portions of these complete vectors. 

We use two divergence operators denoted by 

V = S E,, {7)ldxfj, V* = 2 (S/Sa:,,) E,„ (2.2) 

where S/Sa:,., denotes djdx^ written aft&r its operand. The components of 
(p'p* are given by (Paper IV, equation (3.4) ) 

(2,3) 

Then 

SO that 

div j = 2|'j? = — J {(p^V'P + 'p*V*4'}- 


(2.4) 
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Let the result of the difEeieutiation be 


V<|j = nn;;, 4)*v* = (2.6) 

Then m, m*, will be space-vectors (in general functions of the co-ordinates) ; 
and (2.4) becomes 

div j = — Jt];* (m -1- m*) (};. (2.6) 

We ensure the vanis h ing of div j by taking m -i- m* = 0. Then (2.6) gives 
the wave equations 

(V— ni)4' = 0, 4'*(V* + ™) = 0. (2.7) 


The general condition for the vanishing of div j is that the scalar product 
j (m -f m*) = 0. This follows from (2.6) and (2.3). I do not think it would 
lead to greater generality in physical applications if we used this condition 
instead of m -f m* = 0, but in any case we are not here concerned with the 
theoretical origin of m, and there is no need to pursue the question. 

If we confine attention to solutions of (2.7) which are functions of four rect- 
angular co-ordinates only, viz., x^, x^, x^), the equations reduce to 


i- 

dxj^ 




_d_ 

' 3a5o 




( 2 . 8 ) 


which are the familiar Dirac equations for an electron. 

When the system described by the wave equation is abstracted from the 
rest of the universe, the interaction of the latter on it is replaced by the inter- 
action of a macroscopic field which is incorporated into the system. It is 
this field which is described by the vector m. I have elsewhere (Papers V, 
VI) begun to develop the theory of m as arising in this way ; but here we only 
want to know the practical interpretation of the different components of in ; 
this is easily found since (2.8) is identical with the equations of current quantum 
theory. When the field is a pure inertial field, uniform and therefore without 
gravitation, m is a scalar constant m called the proper mass. When there is 
an electromagnetic field, m = m -f Ei/Cj -f- E 2 fC 2 + EaJCj + where 
('^D kq, k^) is the electromagnetic potential measured in an appropriate 
unit. We shall here take the case of a pure inertial field so that m = wt. 


§ 3. General Tramformaiions. 

A linear function of the symbols of a complete set with algebraic coefficients 
is called a complete number. It is characteristic of complete sets that the 
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products of complete numbers are complete numbers ; the quotients are 
also complete numbers, ezoept that division by singular complete numbers is 
excluded in the same way that division by 0 is excluded in algebra. A <!om- 
plete number A is singular if there exists no finite complete number B such 
that AB = 1. 

Space-vectors are complete numbers which have in addition the vee.tor 
transformation property. The most general relativity transformation of a 
space-vector A is A' = ifcAii:“^ where h is any non-singular complete number. 
Applying the same transformation to a product we have 

A'B' = AB/fc-i = MB/fc "S (li. 1 ) 

so that the product besides being a complete number obeys the vector trans- 
formation law. Thus the products of space-vectors are space-vectors. 

The most general transformations of are 

where \ are complete numbers ; and the corresponding transformation of 
j is j' = ifcijifcjj. We ate thus led to consider transformations of space-vectors 
more general than the relativity transformation. Owing to the non-commuta- 
tive properties of complete munbers the general th('ory is restricted to 
infinitesimal transformations. We can write th<' most general infinitesimal 
transformation of tp* in the form 

vj;' = e«ei «. == j' -= e*i I ft 

where Sg are infinitesimal complete numbers. It therefore falls into two 
parts, the % transformation being the relativity transformation AJA' while 
01 gives a new kind of transformation kjh which we shall call a strain. 

The transformation k{ )k~'^ is relativistic. This follows because if it is 
applied to the E„ (instead of to the coefficients of the B^) it gives new symbols 
E ',1 wbicb form a complete set intrinsically equivalent to the original set. A 
strain transformation is not relativistic ; if applied to the E^^ it gives new 
symbols E',i which have different commutative properties and do not form a 
complete set. 

We here use relativity in the sense of Einstein’s original theory, i.e., restricted 
to rotations and Lorentz transformations which do not change the metric 
of the frame of reference. The introduction of strain transformations is a 
partial substitute for Einstein’s more general theory, for they are equivalent 
to a change of metric (or intrinsic character) of the reference frame B;». Wo 
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do not actually handle them that way, and the B,, in our formulae always denote 
a complete set with normal metric.f • 

By describing a quantity as a space-vector we specify its behaviour in regard 
to vector transformations, or as we now call them relativity transformations, 
but not in regard to strains. The strain is supposed to be applied to all dis- 
placement vectors in the space, and (as in general relativity) we shall call any 
vector which is transformed by strain in the same way as a displacement vector a 
contrava/riant vedor. The probability vector j will be taken to be a contravariant 
vector. This is in keeping with its definition as a flux. Strains and relativify 
transformations are conveniently described by stating the transformations of 
and 

We consider only transformations which are uniform over the whole vector 
field. They are therefore applicable to co-ordinates as well as to differentials 
of co-ordinates. 


An infinitesimal rotation can be specified by a displacement vector dx and 
an arm r ; the latter is a vector drawn from the centre of rotation to the 
point displaced. We define the rotation as the transformation 

tj;*' = (4.1) 

applied to the contravariant vectors descriptive of that which undergoes the 
rotation. The angle of rotation is d 8 = dx . r~^. 

For example, consider three-dimensional space with the origin at the centre 
of rotation, so that 

r = BiOJi -(- Easc-s -f BjiCj, dx = daji -f Eg -|- Eg dxg (4.2) 

Then 

rdx = — — x^Ax^ -|- B23(a5ada;3 — x^dx^) -|- ... 

= — r dr -f (E 23 dOag 4- Egi d%i -f B^g dOig), (4.3) 

where dOgg, dOg^, dOja ordinary components of angular rotation. By 

(4.2), r* = — r® ; hence r~^ = — r/r^ Hence by (4.3) 

r ^ . dx = d (log r) — Bag dOgg — Egj dOgj^ E^a dSj^a- (4*41) 

Similarly 

dx . r"i = d (log r) H- Eas <^623 + Egi dSgi 4 - Eia (4.42) 


t The purpose of Einstein’s more general transformations is to provide a means of 
dealing with space of irregular curvature in which no uniform metric can exist. We deal 
only with flat space in which a normal metric is always available. 
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Inserting these values in ( 4 . 1 ) the part of the rotation, involving is 

= 4)*' = t|;*6 "***‘'* ( 4 . 6 ) 

Hence by ( 2 . 3 ) 

= — 1 = — i 41* (6-i®«'“'* EiC*®"'^®'*) 4^ 

=.-i 4>*Bi (cos + Bi 2 sin rfe^) 4;, since, Bj and anticommute 

= — i 'P* (®i <^®i2 — ®2 

= cos d6i2 — 'ia sin d0i2, 

which shows that space vectors are rotated through an angle dQja* 

Writing — 


log r = i<j>, 

the part of the rotation involving dr is (since Eu = i) 

4^' = (j/, 4^*^ = 4^*6^'*''*'^'^, 


( 4 . 6 ) 


( 4 . 7 ) 


which is a strain transformation. 

■ It will be seen that if in ( 4 , 1 ) we divide dx into two parts, the first perpen- 
dicular to {i.e., anticonunuting with) r and the second antiporpondicular to 
(commuting with) r, the first part gives relativity rotations and the second 
part strains. Bor this reason we sometimes use the term antiperpmdmdar 
rotation instead of strain. 

Antiperpendicular rotations rotate pairs of antipcrpcndicular terms in the 
same way that perpendicular (or relativity) rotations rotate pairs of per- 
pendicular terms. Bor example, if Z: = the antiperpendicular rotation 

4 <' = ^ 4 ') 4 **^ = 

4 j 5 = 4*A;B5ib4 = 4*^8 (®®® ®i2 " 4 “ sin 612)4 
4 *^ (®5 o^s 612 — “ sm 612) 4 

= — 4 (ij cos O12 — iju 612)- 

Since for real physical vectors is real and ^34 is imaginary, this is a real 
circular rotation of the antiperpendicular components jj and i/34. The 
.appearance of i is automatic, and it is a general rule that if in ib = we 
choose 6,^ (real or imaginary) so that k is real, then k gives real (circular or 
hyperbohe) perpendicular rotations and also real antiperpendicular rotations. 

In current quantum theory it is the practice (which we do not follow) to 
take 4; and 4* to be conjugate complex quantities, so that any transformation 
factors attached to them are also taken to be conjugate complex quantities. 
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The perpendicular and antiperpendicnlar rotations then correspond to the 
imaginary and real parts of the angular transformations. It would be in- 
convenient in relativity theory not to know whether a transformation is 
relativistic or not until we are told whether the symbol denotes a real or 
imaginary quantity ; and the convention is difficult to use in Dirac’s theory 
which leads to 16 different symbols for the square root of —1 some of which are 
purely real. Moreover, the convention, if consistently carried out, makes all 
the strains real and the relativity rotations imaginary. We therefore do not 
follow the practice ; but it has seemed of interest to note the way in which 
antiperpendicular rotations or strains have been introduced by earlier writers. 

When r is a general vector the relation of and r is not so simple as in 
the above example in which it contained only mutually perpendicular com- 
ponents. We can, however, always find r“^ from r by solving the vector 
equation r = 1. Unless r is a singular vector (a generalisation of r = 0 
in algebra), r“"^ exists and is unique and commutes with r, and anything which 
coanmutes with r commutes with 

§ 6. Govariant Derivatives. 

A distribution of probability over the four dimensional domain ccg, 
the other components of x being fixed, will be called a svA-state. It does 
not necessarily form a conserved distribution since there may be flux in 
directions not included in the sub-state. Consider a rotational or strain 
transformation 

tj; {x, 0^) = 6^ Vm (a;, 0), 

where x denotes x^, a? 2 > ^ 3 > collectively. Then 0^ can be regarded as a 
parameter of the sub-state. By taking [x = 1, 2, ..., 16, and using both 
rotations and strains, we classify 32 different waysf in which a sub-state {i.e., 
a probability distribution) can be varied infinitesimally. The classification 
does not apply directly to finite changes, because in general these do not 
commute and consequently cannot be compounded. 

The 32 modes of variation would be redundant if we had only to deal with 
single i}j-vectors which admit only 8 independent variations ; but the method of 
wave mechanics is to obtain general solutions by superposing elementary 
solutions of the wave equation, so that we are concerned with transformations 
not as they affect a particular ^ but any number of tj/’s simultaneously. 

t Strictly 30 difierent ways, because the transformations which are algebraic are 
considered to change not the sub-state but the probability attached to the sub-state as a 
whole. 
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A mucli greater variety of adjacent states would bo obtained by admitting 
non-uniform transformations as in Einstein’s general theory. Our object, 
however, is not to pursue the most general development conceivable, but to 
obtain an extension of ordinary four-dimensional conservation sufficient to 
handle the phenomenon of interchangeability of charges which is the purpose 
of this paper. A simple extension is to take a single 0,,, and consider a state 
made up of all the sub-states corresponding to different values of 0,i. Thus 
0,. which was a parameter of the sub-state becomes a co-ordinate of the state, 
and the derivative of the flux in the 0^^ direction must bo included in the 
divergence of j. 

We need not attach equal probability to each of the sub-states ; thus the 
probability distribution of the state can be taken as 

(x, d^) = e” . ^ ^x, 0), (r).l) 

where a is an algebraic factor. It must be algebraic, because a general symbolic 
factor would alter the sub-state. 

By Taylor’s theorem 

(j; (as, 0„) = (Xf 0). 

Hence 

^ (b.2) 

We write 

M,. == 0/30^ - (5.8) 

and call the covarimt derivative. When 0,^ is the angle of a strain 
applies also to if'”' 5 when 0„ is a relativity rotation, it is rtfplaced by 

The term covariant derivative is used in the same sense as in the tensor 
calculus ; for progress along the co-ordinate 6,. in the state involves a rotation 
or strain of the co-ordinate directions x as compared with their original direc- 
tions, and part of the change of is the effect of this co-ordinate cluinge on a 
contravariant vector. The covariant derivative separates out the “ntal 
change ” between the point 0^ and O^n -f- d0„ in the state, discarding what is 
merely due to the altered scheme of reference applicable at tlui latter point. 

It is clear that, as in general relativity, the covariant derivative must bo 
used in the divergence. The simple derivative, as used in (2.4), applies when 
we are using a rectangular co-ordinate in the direction considered ; so that 
progress along it involves no change in the mode of resolution of ij;. If then 
we employ an angular co-ordinate we must use the covariant derivative in 
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order not to bring in the spurious change due to the altered directions of 
resolution. 

In order that ^ (cc, 6^) may be single-valued, f the coefficient e“ must be a 
periodic function of 6;^ with period 2tv. We therefore analyse it into its 
Fourier components and analyse the general state into elementary 
states corresponding to the different values of The integer n is then a 
parameter of the elementary state. Thus, for an elementary state, we have by 
( 6 . 2 ) 

=: (6.4) 

and we have therefore 

= in, (^ == 0, it 1, 2, ...). (6.6) 

The possibility of M having other than algebraic values is excluded by the 
afore-mentioned condition that the transformation has to apply to states 
composed of the sum of a number of ^j^’s. 

In quantum theory differentiation operators are usually called momenta, 
and is accordingly called angular momentum. By (6.6) angular momentum 
is quantised. The “ spin term ’’ in the angular momentum is due to 

the operator being a covariant derivative. 


§ 6. Transformation to Polar Co-ordina/tes, 

In § 4 we introduced angular elements dx . dx and we now consider 

the analogous angular divergences rv> The multiplication is similar 

Let 

r = “1“ EjSJg -f- (6.1) 

so that = — 1, Multiply the equations of (2.8) by initial and final E^ 
respectively; we obtain 




‘r00 


+ E; 
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=== 0 . 

( 6 . 22 ) 


t Strictly, in order that ^ may change to — tj# after a revolution. The problem of one 
charge is highly abstract, and the rotations here considered do not begin to have a physical 
interpretation until we reach the problem of two charges. Rotations involve a singularity 
at the centre of rotation, which is allowed provisionally on the understanding that it will 
be replaced by a second charge ; the combined ^ of the two charges will then be single- 
valued, each contributing a factor —1 after a revolution 2n. Unless one is prepared to 
plunge directly into a highly complicated problem, it is difficult to avoid provisional 
adaptations of this kind. 
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Since the rotations 623, 631, 612 anticominute only one of them, or one com- 
bination of them, can be used as a finite co-ordinate. The same limitation 
occurs in elementary geometry where only one such rotation can be used as a 
polar co-ordinate Since B23, B31, B12 are mutually perpendicular, the three 
terms corresponding to them combine into a single term B® 3/98, and 6 is 
evidently in a plane containing r. Thus (6.21) reduces to 

Since we have not modifi.ed <{/ it is still referred to constant rectangular 
directions. In order to use 6 as an angular co-ordinate of a state, like fi,, in § 6, tj^ 
must be transformed. Bquation (6.3) will, however, continue to hold if we 
substitute the covariant derivative Mg for the ordinary derivative 9/96. By 
§ 5, Mg is quantised and equal to in. Hence (6.3) becomes 

(“I + + Er4 i- - <1^ = 0. (6.4) 

This is equivalent to Dirac’s wave equation (“ Quantum Mechanics,” p. 262, 
{1. 4) ) ; he gives different matrix coefiGLcients but they satisfy the same com- 
mutative relations as ours. (Bg is perpendicular to B, and antiperpcndioular 
to Ert.) 

If we use the angular co-ordinate <f> instead of r, we must also replace 9/9^ 
in (6.3) by the covariant derivative (9/9^ ~ Pie)- This gives an extra term 
l/2r in (6.4). If 1}; is a solution of (6.4) the solution of the eqiiation including 
the extra term is (('• This may also be written is transforma- 

tion abready indicated in (4.7). The question of quantisation of Mg does not 
arise since the real rotation is hyperbolic. Consequently, we usually retain 
the Imear co-ordinate r. 

We have deferred mention of an important point. If (6.21) and (6.22) are 
multiplied respectively by and 4; and added, we obtain =? 0 ; so 

that there is no flux along r. This means that our equations relate to a trivial 
problem. The only directions of flow contemplated in (6.2) are r, 612, 823, 
831, and since the last three are rdati/oity rotations which cannot change the 
probability, the change of flow is actually restricted to the direction r. The 
equation gives the obvious result that under such restrictions the flow is con- 
stant. Equation (6.4) is illusory, because the quantum condition that n must 
be an integer or zero is further restricted by a relativity condition that w is 
zero. 
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The triviality is removed by substituting for the rotational angle 6 a corre- 
sponding strain angle, and for the relative time corresponding to a Lorentz 
transformation a proper time 5 corresponding to a strain transformation. 
The substitution of a non-relative time (which in current quantum theory is 
effected by substituting a real for an imaginary variable) does no harm at this 
stage, for we have already eliminated the possibility of Lorentz transformations 
by taking the three-dimensional vector r to be definite. If it were desired to 
retain relative time a four-dimensional vector should have been used. 

The rotations are changed to strains by altering the sign of the corresponding 
terms in tj>*. The equation corresponding to (6.3) is then 

and s replaces in (6.3). Multiplying by and and adding, we obtain an 
equation wbicb is no longer trivial, and allows flux of probability in the direc- 
tions r, 6 and s. There is no longer an overriding condition w = 0 ; so that 
(6.4) is rehabilitated. 

It will be seen that the polar equations (6.3), (6.4), (6.5) are not derived 
directly from the Cartesian equations (2.8), but by considering conserved flow 
of probability in a three-dimensional continuum r, 0, s, which has only one 
dimension in commonf with the continuiun x^, x^. The change of time 
might have been avoided if we had adopted at the outset an independent 
variable ^ antiperpendicular to three-dimensional space, so that l^f^djdx^ 
replaced in (2.8). Since E, commutes with E^g, the term 'Bfudldx^g 

appears with the same sign in (6.21) and (6.22). 

§ 7. The Symbol P. 

Eor two charges we introduce two complete sets of symbols E,j and 
Every E,i commutes with every E,,. It was pointed out by G. Temple that 
there exists an operator 

P = ^|b.F. (7.1) 

wMcIl satisfies = — 1, and transforms one set into tbe other according to 
the law 

F^ = ~-PE^P. (7.2) 

t In Dirac’s language only one dimension can be represented by a diagonal matrix at 
the same time as the Cartesian co-ordinates. 
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It follows that 

PF^ = B^P, PE^ = F^P, PE^F„ = Eje'^P. (7.3) 

The most general displacement is dx = S S E^F„ so that the generalised 

M V 

space is 256-dimensional and complete numbers of the new series each contain 
266 terms. We divide dx into two parts 

i;tfl 121) 

dx - dx^ H- dx'‘ = S dV 4- 22 C dx/, (7.4) 

I I 

where 

Y.. = I- (E.F. + B.F,). J:,, = I (E,F, - BJFJ. (7.6) 

A single suffix notation for the y’s and Cs is often sufficient and is used in 
(7.4). 

By (7.3) and (7.5) 

PYm. = Ym.P> PC. = -CvP- (7.6) 

Thus P commutes with dx* and anticommutes with dx®. The vector 
j = S (Yf-i/ + Wm“) likewise divisible into two parts. By a simple general- 
isation of (2.3) its components are 

= (7.7) 


§8. IntercMnge of the Charges. 

We denote tke co-ordinates of the two charges in space-time collectively by 
Xy x' so that the combination gives a point {x, x') in an 8-dimensional continuum. 
It results from the interchangeability of the two charges that what is physically 
the same point or configuration A is represented analytically twice over at 
(ojj x') and at (x\ x). Actually there can be only one probability of the con- 
figuration A ; we have to divide this probability and assign one part to (a?, x') 
and the other to {x\ x). This division is necessarily arbitrary. If our analytical 
equations show that a quantity of probability has jumped from {x^ x') to 
{x\ x) the jump means nothing physically and there is no real breach of con- 
tinuity. 

Thus the problem of conserved flow of probability for two charges is not a 
simple extension to eight dimensions of the equation of continuity div j = 0. 
In four dimensions the rule was that probability must flow continuously ; 
while for eight dimensions the rule is that probability must flow continuously 
or it may jump from one point to a complementary point. Naturally, it is an 
embarrassment to continuous analysis to allow a jump of any kind, even though, 



Theory of Electric Charge. 29 

as here, each point has only one complementary point to which a jump may be 
allowed. 

The only successful method of dealing with this is to build a reservoir of 
probability outside the eight dimensions of the state. Probability can flow 
continuously from the state into the reservoir and vice versa. We then govern 
the continuous flow in the reservoir by the condition (which will be found to 
be a quantising condition) that the amount flowing from the reservoir into the 
state at the point {x, x') at any moment is always equal to the amount flowing 
from the state into the reservoir at the point {x\ x). 

The reservoir is a fictitious analyiiical construction for the purpose of replacing 
jumps by continuous flow. If it were not for the jumps there would be no 
object in introducing dimensions outside the actual dimensions of space-time. 
The jumps in their turn are a fiction necessitated by our replacing actual 
microscopic space which must be an abstraction of the relations of indis- 
tinguishable particles by a geometrical space correlated to the physics of 
distinguishable macroscopic bodies. 

§ 9. Continuous Interchange. 

When and are represented by matrices the wave function is denoted 
by {Xj a?'). Then and denote the same matrix, but E^ forms chain 
products with the first suffix and E^ with the second. We regard x, a as 
co-ordinates of charge No. 1, and x'^ p as co-ordinates of No. 2, a and P being 
^‘spin co-ordinates.” 

It can be shown that 

P4^a^ = == (9*1) 

Eor by (7.2) 

E^t];,^ = (iP)E^(iP)^,„ (9.2) 

which signifies that instead of performing a certain operation on the second, 
suffix, we can make the change in ^ indicated by iP, perform the same operation 
on the first suffix, and then change ^ back again. (The change iP is self- 
reciprocal since (iP)^ = 1.) Clearly the change indicated by iP must be 
reversal of the two suffixes. It might in addition include some other self- 
reciprocal change Q which would be innocuous provided that Q commutes with 
E;^,. There is an equation similar to (9.2) for every E^ and F^, so that Q 
would have to commute with all of them ; Q must therefore be algebraic.f 

. t ^ algebraic number is defined to be a symbol wMcb commutes with every symbol in 
the calculus. 
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The only self-reciprocal algebraic operators are ± 1. By a more direct proof 
I find that the sign is as stated in (9.1). That the sign attached to i must be 
the same for 4* S’Jid 4** is verified by inner multiplication 


In the inner products oc and P are dilmmies, so that 4 ^*b|}4*i«P — 

Since = cos ^ + P sin ^ = P, (9.1) can also be written 

= = ( 9 - 3 ) 

Consider the rotation 

ji — gi ff-H) ]i-i = 6“* tf’-K) X. (9.4) 

Take first the relativity rotation, so that 4 j -<■ kik ’^ 

When X = gives 

4a/s — 4'P« 4'*«P"*-— +%«• 

Further the transformation applied to the vector giving the position of the 
two charges relative to the origin, gives 

S (E,*,. -h F,.fl;;) (E,*, Fy,) 

= -SP(E,»^-fFy,)P 
= S(E,ajV + PA) by (7*2). 

The complete relativity transformation for x = it: is therefore 

(x, x') — 4;^« (a;', a:), 4»*a/8 (», ®') -> - 4'V (»'. »), (9.6) 

that is to say it interchanges the co-ordinates (both positional and spin) of 
the two charges and in addition reverses the signs of 4’> 4^** 

The strain transfornaation, 4* ^4^> 4'* 4*^» differs from the relativity 

rotation at intermediate values of x but meets it again at x = for that 

value gives just the same result. This is evident because when x — k, it 
by (9.4), 

The relativity transformation is of no great interest since there can be no 
real change of probability in that direction as was seen in § 6 ; but the strain 
transformation is of great importance because it gives a route (through the 
reservoir ”) along which probability can flow continuously from (a?, x') to 
(a?', x). We use the strain transformation in the way explained in § 6. Lot 

(*. a;', x) = * 4'a/3 {x, x', 0), 4;*,^ (», x', x) = 4;*.;8 {x, a:', 0) 

(9.6) 
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For fixed values of x, tlie distribution of tj;, 4** domain a?, cc' forms 

sub-states, x being the parameter defining a particular sub-state. By turning 
X into a co-ordinate we combine tbe sub-states into a state, the distribution 
over the nine-fold domain being the state. To adapt this to the physical 
problem as described in § 8 we have to impose two conditions. Firstly, 
probability must be conserved in the nine-dimensional state ; this is expressed 
by the usual wave equations with the inclusion of the term arising from the 
added dimension. Secondly, if is the component of j in the added dimension, 
the contributions oij^ to div j at (a;, a;') and x) must be equal and opposite. 


§ 10. Quantisation of x~Momentum, 

Regarding (9.6) from the point of view of a transformation, as x increases 
the co-ordinate frame is transformed by strain so that the point (a?, x') changes 
to a different point in the old frame and 4 undergoes the consequential change 
of a contravariant vector. When x = the result of the strain is given by 
(9.6), viz., 4ft/3 in the strained frame has a value equal to — •4j8a(2J?'> oo) 
in the original frame. 

The relation between the strained and original co-ordinate frames is that 
every point (cc, a?') is changed into its complementary point {x% x). This holds 
not only for four dimensions but for every dimension of a complete vector x. 
But a co-ordinate frame of space-time does not take cognizance of an order of 
numbering of points that are referred to it, so that this alteration of order 
is not a change of space-time frame, though it is a change of the eight- 
dimensional frame. The physical frames being indistinguishable, we have 
the result 

'J'a/3 »') = — (10-1) 

botli being referred to tbe same fonr-dimensional frame of reference. Tbis 
is tbe rermi-Dirac law of antisymmetry of wave-functions of interchangeable 
charges. 

What we have here determined is the condition that two interchangeaWe 
points in four dimensions can be represented for analytical purposes by one 
point in eight dimensions. Interchange of the points, which is a simple 
transposition of the arguments of a function without change of co-ordinate 
system in four dimensions, is a strain of the eight-dimensional co-ordinate 
frame. The effect of the strain on the factor 4 of a contravariant vector is 
known ; the condition that transposition of the arguments of 4 without change 
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■of four-dimensional co-ordinate system must give the same result is here 
found to be that t}; is an antisymmetrical function. 

The covariant de;rivative separates out the “ real change ” of tj; from the 
change attributable to change of co-ordinate frame. For the 3 ^ co-ordinate 
we reach different results according as our standpoint is eight-dimensional or 
four-dimensional. In eight dimensions the factor — 1 in (10.1) is part of the 
effect on i]; of straining the co-ordinate frame, and is not a “ real change.” 
In four dimensions there is no cliange of co-ordinate frame ; and after rtjwriting 
(x, x') as i]j| 3 a (aj'j x) in accordance with the renumbering of the points 
whatever factor is left over is a real change of Thus the factor — 1 is a teal 
•change. 

We now make the transition from eight dimensions to four dimensions. As 
we have seen the price of this step is that we introduce the real change of by 
a factor —1 when increases by tc ; or equivalently that we introduce the 
■corresponding covariant derivative or angular momentum 

This step may also be described as the recognition that a; and x' refer to the 
■same world and not to disconnected worlds arbitrarily combined to form an 
eight-dimensional domain. Until the points deBoribcd by x and x! art^ in tlie 
same world there is no moaning in speaking of a “ distance ” b(4weon them. 
Thus this step introduces for the first time the physical conception of a distance 
between two entities. We may expect tliat the conditions of introdiKjing the 
conception of distance will automatically introdxice the energy and momentum 
associated with distance, i.e.., the electrostatic energy of the entities separated 
by the distance. This expectation is fulfilled, for we sliall find that the electro- 
static energy arises from the angular momentum due to the factor —I 
which is introduced by the same step. 

Writing the real change in the form as in ( 6 . 2 ), (5.3), wc hav(i 

= — i}; = ij,. (10,2) 

'Thus e’^^'x can he analysed into terms of period 27 t(2w -f 1). As in § 6 the 
general state is obtained by superposition of elementary states corres|>ouding 
to the separate components, and for an elementary state 

Mx = i( 2 w-(-l). (10.3) 

To verify that the condition at the end of § 9 is fulfilled, we must calculate 
explicitly. Let 

X = S -f + F„) (x^ -j- J + S HK. ~ (»m - 


*'.)• 

(10.4) 
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The point that is being considered is the end of this vector ; the new direction 
of flow at that point, giving the component is in the plane of rotation (P + i) 
and at right angles to x. It is therefore the direction of dx when a perpendicular 
rotation (P + i) is given.f Since i commutes with all symbols and P commutes 
with I (E^ + Fj^), we have 

c?x = P dO . S |(E^ — F^) — x'f) 

(10.5) 

where r^^ is the distance between the charges, and 

B, = S Z^E^, F, - S Z^F^, = {x^ ^ (10.6) 

so that B/y = — 1. Hence by (7.7) 

= (10.7) 

reckoned on the same scale as the components jf/, in the plane x, x'. 
Accordingly in the divergence equation we introduce a new rectangular 
direction |P (B^ — F^), E^ and F^ being fixed symbols independent of the point 
considered. This is the new dimension of flow at the point considered and at 
any other point in the same line r^^? though not at points off this line. The 
component in this direction is equal and opposite at (cc, a?') and (cc', cc), for 

(jr/, x) = ^ V == (OJ, X% 

so that interchanging the co-ordinates is compensated by interchanging E^ 
and F^ in Hence by (10.7) is reversed in sign. For a uniform strain 
the covariant derivative of ^ is or i^n + 1)^]^ irrespective of the argument 
of 4^, Thus the covariant derivative is equal and opposite at the two 
points ; and what it contributes to the divergence at the one point it takes 
away at the other. 

§ 11. Vector Density. 

The product of a number of infinitesimal displacement vectors gives a volume 
element 

dv = dx^) dX( 2 ) dX( 3 j . . . (11.1) 

t The direction is given by the perpendicular rotation not by the strain. For example, 
if we are given a radius in the direction Ej and a strain in the plane and wish to find a 
geometrical construction for the second direction Eg defining the strain, it is no use examin- 
ing how the end of the radius vector moves under the strain or antiperpendicular rotation 
Ei 2> because the antiperpendicular rotation leaves perpendicular directions unaltered. 
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By (3.1) the volume element is a space-vector ; but since it does not t mnsform 
like a displacement vector under strain, it is not a contravariant vc(>tor. 

A finite volume or range of displacement can always be resolved into diagonal 
volume elements, so that without loss of generality we can confine attentifm 
to volume elements which are diagonal if r»?ferred to unstrained co-ordinates. 
Bor a single charge the full diagonal volume element is Av = ... 

For two charges we write 

dv dv'dv" (11.21) 

where 

dv® = Yjdajj® . YgdiKg* ... dsijg/, dv® = ^id%" . ... (11.22) 

For a strain transformation k, we have 

dv'* = kr{iAx^1^^x^k ^ ... Yiae dsCiaj'A 

In general this is a highly complicated result, since k will not commute with all 
the y’s. But when k = the result simplifies. Since k commutes with 
every y and anticommutes with every X, by (7.6), wo have 

dv'* = eM«Pxdv* dv'“ = dv» dv' e™^’*dv. (11.3) 

The vector j measures the density of probability, and to obtain a finite 
probability we must multiply by a volume element and integrate. To preserve 
the symmetrical relation of and ij'’" to the co-ordinate frame tlu^ product 
must be written in the form 

dv^jdv* = dv*4'<l^*dvi. (11.4) 

As in the usual tensor calculus we introduce vector densities 3 -- 'F'F* such 
that 

dvl4' = dt)i'F tI^*dv='FW, (11.5) 

where du^ is imarimt. For a general strain the transformation of dv^ would 
require a special investigation. (I am not sure even that simple factorisation 
of dv into dv* . dv* would be possible in all cases.) But for the strain e*‘’x 
the difihculty of non-commutability does not arise, and we. have by (11 . 3) 

dv'i = e8«‘’xdvl. 

Sinilarly for the strain e**x ^ i^ave dv'* = 

Hence the transformation of vector density corresponding to (9.6) is 

(®, X) = a!', 0). (11.6) 

The exponential factor becomes algebraic when x if* ^ multiple of 27t/137. 
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The probability in any integrated volume of the domain x, x* depends on 
T** ; so that when these return to their original values we have the same 
probability distribution over the. domain, i.e., the same sub-state. If they 
difEer from their original values by algebraic factors we still get the same sub- 
state but with a changed total probability. The same sub-state thus occurs 
137 times in a revolution of x ; or if we count interchanged co-ordinates as the 
same, it occurs 274 times at intervals of 7c/137. 

When the same sub-state returns at 7r/137, the point (a;, x') is not strained to 
(a?', x) but to some other point (a, p) which in general cannot be represented 
algebraically. For this reason we get no independent determination of the 
real change of probability due to a displacement All we learn is that inter- 
change can be effected by a change Sx = 'n:/137 (involving a real change of 4*) 
followed by a displacement from (a, (3) to {x\ x). The co-ordinate frame being 
unaltered during the latter change, the real change of ^ is equal to its apparent 
change exp{(ci!;' — a)9/0a + (a; — (3)0/3p}. It is only by using the result 
already found in § 10 that we can infer that the changes of x of (x, a?') 
provide respectively 1/137 and 136/137 of the whole real change of 
The covariant derivatives (real changes) of ^ and T are the same, since 
these functions differ only through the transformation of the system of reference. 
Thus it does not matter whether we write 4^ or Y in the wave-equa^on written 
in terms of covariant derivatives. We have introduced T for the purpose 
of finding the recurrence of sub-states ; it will not be required again. 

It will be noticed that we have included the independent variable in the 
volume element. Ordinarily a finite probability is obtained by integration 
over all co-ordinates other than the independent variable ; so that the quantity 
here considered is related to ordinary probability in the same way that action 
is to energy. We may call it the “ combining probability ” of the system ; 
it is the only probability of physical importance, since it is only as it combines 
with the rest of the universe that physical manifestations of the system occur. 
When two systems are combined to form one system, their independent variables 
^ 1 , §2 ^^0 replaced by |f(5i + ^ 2 ) forming the new independent variable for the 
whole system, and — $ 2 ) forming a new internal co-ordinate for the whole 
system ; so that the systems taken together have one extra relation as com- 
pared with two disconnected systems. When two separate charges are com- 
bined to form a system of two charges this additional relation is the distance 
between them. 

Thus, the throwing out of the independent variable from the probability 
elements does not occur until the combination of systems is complete, i.e., 
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ideally until the system comprises the whole universe. Until that staj^e is 
reached, it is the combining probability that determines the state. This 
point is of some importance, for the independent variable must be one of the 
symmetrical components as/, and its omission from the volume element would 
change the factor from 137 to 136. 

§ 12. Energy of Interohmige. 

We deal first with the complication that arises because the angle x gives a 
multiple representation of sub-states. To obtain a single representation, let 
Y = 137x ; then the values of y from 0 to 2?: give all the sub-states comprised 
in the state once only. The corresponding covariant derivative is 

M, = M^/137 = (2n-(-l)^7137. (12.1) 

The angular momentum of the state is not M^. This is clear if we 
remember that angular and linear momenta belong to the state or wave 
function and are not in general connected with the displacements of particles. 
In so far as “motion of charges” is represented in wave mechanics, it is 
represented by the vector (sometimes called the charge-current vector) not 
by the momentum vector p^. (In the elementary equation for one chargi' the 
two vectors coincide.) When as hero the state contains a cyclic co-ordinate y, 
we can “ ignore ” it as in dynamics, inserting the corresponding monwmtum 
in the Hamiltonian. In §§ 9, 10 we found a special property of tlui trans- 
formation y = 1377r, which we could turn to account in deducing the inagnitudo 
of the covariant derivative ; but that must not be confused with the property 
of y as the cyclic angle of the state. 

It is less easy to recognise this because the other momenta S/clas^ in th(! wave 
equation, are conjugate to linear displacements, which at first sight seem to 
have nothing to do with changes of state and to be definable only by refeirence 
to the conception of motion of charges. This is because we have twiglected 
the curvature of space-time and so have been forced to adopt a nou-relativistic 
conception of displacement in space-time. In fiat space-time there cun bo no 
unique scale relation between linear and angular displacements and tlie (luestion 
of adopting My rather than would be meaningless ; in fact the wave 
equation that we are investigating could not exist. In relativity theory dx 
is defined, not by reference to an anterior conception of linear displacement, but 
by the corresponding angle of rotation of space-time about its centre of ourva- 
, true ; this definition is contained in the law of gravitation The 

rotation is defined as a transformation of state in § 4 ; in this case it is the 
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transformation where Ej is the direction towards the centre of curva- 

ture and d6i is in angular measure. Thus like dy is the measure of 
a transformation of state. Single-valued representation means that when 

JdOj = 2 tc the same state returns ; we therefore represent it geometrically 

hy a point indistinguishable from the point of departure, and the point is 
said to have “ gone round the world.” In the wave equation 9/96i (contained 
in djdx^ occurs with a coeflB.cient enormously larger than My ; this, however, 
is because the term is an averaged sum of momenta corresponding to the 
pahing of the particle considered with every other particle in the universe (see 
Paper V). 

Thus it will be seen that single-valued representation is implied in all our 
geometrical comparisons of scale value in different directions. 

By (10.6) an angular displacement dy gives a vector displacement 

ri2.dy.iP(E,-F,). (12.21) 

Also by (10.4) and (10.6) a linear displacement dr^g = 12^ — das-/) is 

represented vectorially by 

drig.i(E,-P,). (12.21) 

Since the eigenvalue of P is i and P anticommutes with | (E, — E,), this com- 
parison shows that dr^g and r^gdy are. perpendicular linear elements. That is 
to say r^g is the radius for converting y to linear scale. (This, for example, 
decides the question whether r^g or ^jg is the proper radius to take.) 

Hence the linear derivative is 3/»'ig0y and the covariant derivative or linear 
momentum is 

My (27t -j- 1) % ^2^2 

rjg ISTrjg 

by (12.1). 

The direction of the displacement is, as we have seen, P . i (E, — P,) ; but 
we must distinguish between the symbolic coeflGLcient of the displacement and 
of the strain ; otherwise we lose the i part of the strain (P -f i). In general 
the symbolic coefdcient of (12.3) would be (P + 0 • i (E, — E,). The most 
convenient way of describing the direction of the above momentum is as 
follows. If we choose a representation such that the vector momentumf in tlie 
r^g direction is algebraic the interchange energy-momentum is 


t By the vector momentum I mean the momentum including its symbolic coefficient. 
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The correspondence with other momenta in the wave equation is seen if we 
notice that to J (E^ + Fi), | (E^ — F^), etc., there should correspond terms in 
|(F + i), J (P — i). The latter does not appear because there is no angular 
momentum associated with it. The factor in the former has been absorbed 
jby using the diameter of the circle of rotation instead of |ri 2 * 

The second term in (12.4) gives •— (2w + 1) /ISTr^g. We have required the 
representation to be such that momentum is algebraic ; that is to say, the 
wave equation contains djdr^^ without symbolic coefficient. Hence, as in § 6, 
the term has the effect of replacing cp by This has no effect on 

the eigenvalues of the solution ; and indeed the wave function is often left 
ambiguous as regards an external power of r.f I think that actually this 
second term is of considerable interest in connection with the packing fraction 
and other developments, but inasmuch as it does not affect the ordinary 
theory of energy-levels, etc., it is not counted as an “ energy ” from the ordinary 
standpoint. 

Thus the interaction energy as ordinarily understood is 

§ 13. Remarks, 

. By (12.5) the eigenvalue of the minimum energy of two interchangeable 
charges is ± l/lSTr^g. This is accordingly the interchange energy of two 
electrons or protons or an electron and proton. It is a perhaps unforeseen 
result that at this stage of the theory protons and electrons are indistinguishable 
charges ; this is in accordance with my theory of protons and electrons (Paper 
VI) by which the apparent distinction arises through the introduction of curva- 
ture of space-time into the wave equation ; the dual solution is due to the 
existence of a quadratic term which vanishes in the flat space-time here 
treated. 

The possibility of values of n other than 0 or —1 in (12.5) suggests that there 
may be a kind of ^'excitation’' equivalent to a three-fold, five-fold, etc., 
increase of the electrostatic energy of two charges. I cannot say without 
further development of the theory whether this is likely to be a practical 
possibility ; it may be prohibited when we deal with systems of more than two 
charges. 


t Cf, Dirac, “ Quantum Mechanics,’* p. 142. 
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The state can include other cyclic co-ordinates besides y. Such a co-ordinate 
must be in a direction which commutes with the (P -j- i) rotationf ; any 
rotation satisfies this. If there are several such co-ordinates they must com- 
mute with one another, so that the number is in any case very restricted. 
These additional rotations or strains do not interchange the charges, but if 
continued through 27r lead back to the original state. There is no earlier 
return of the original state when account is taken of the variation of the 
volume element ; for the transformation of the volume element (which is 
highly complicated owing to non-commutation) is not in the same direction 
as the transformation of and does not combine with it. The transformation 
is an exceptional property of the symbol P ; for other directions 
a different symbol occurs in the transformation of tj; and dv^ so that the product 
does not become algebraic until the angle is 27r. Accordingly, the energy of 
such cyclic co-ordinates is i njr ^^ ; this is called energy of excitation. It 
appears in the wave equation as in (6.4:). 

It is to be noticed that 0 is a possible value for other cyclic momenta, 
but not for the x momentum which is restricted to odd values of n. That is 
to say, excitation energy is permissive but interchange energy is compulsory. 
This is because excitation energy has only to satisfy conditions at a complete 
revolution, but interchange energy has also to satisfy conditions at the half 
revolution where the interchange occurs. 

The symbol iP can be resolved into two factors 


iPj — i (—* 1 + E23P23 + 

It is easily verified that — iPiP 2 == — = P, and that P^^ = — 1, 

Pg^ =: — 1 and Pi commutes with Pg. 

We can always replace the E, F symbols in an equation by any other group 
of symbols which possess the same mutual commutative properties and the same 
eigenvalues ; so that when the general equation is simplified by a special 
choice of axes or adaptation to a restricted problem, it may sometimes be 
possible to use a simpler set of symbols. 

t Non-commuting co-ordinates can be used for specifying position in an infinitesimal 
domain ; but to include, for example, a whole rotation from 0 = 0 to 27r as required in 
quantisation co-ordinates must be in commuting (antiperpendicular) directions. The 
apparent exception afforded by the ordinary space-co-ordinates in four perpendicular 
directions is due to neglect of space-time curvature. In a curved world rectangular co- 
ordinates are restricted to an infinitesimal domaiu. 
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In particulax if for special problems tbe wave equation is found to contain 
only the symbols E23, E31, E12) I'28> I'ai* S'i2> equal to 

its eigenvalue i since it 'commutes with every other symbol in the equation. 
This win make the equation non-relativistic, for a Lorentz transformation 
would necessarily re-introduce E4, F4 which do not commute with P2. In 
these conditions the interaction energy ( 12 . 5 ) reduces to 

rh *Pi/ 137^12 = ± i ( — 1 + Ea 3®'23 + ®si®’3i 4 " EiJ^i2)/l^'^’'iz- 


A further simplification is possible. To represent the complete set of 
symbols it is necessary to use four-rowed matrices, but when only the above 
symbols occur their commutative properties can be represented by Pauli’s 
two-rowed matrices fagi. The interaction energy accordingly 



Apart from the coefiS.cient 137 determined by the present theory, this is a 
familiar expression for the energy in non-relativistic theory. Its validity 
depends on whether it is possible legitimately to get rid of terms containing 
E4, E5, etc., in the wave equation by special choice of axes. 

So far as I can see, the present deduction of the interchange energy is rigorous 
and the numerical coefficient is definitely the integer 137 . According to current 
theory the coefficient is It would follow that hoj^Tte^ is exactly 137 . 

In stating this result I can only take responsibility for my own part of the. 
deduction ; it remains to be seen how far the current identification of the 
coefficient with hoji-Kf^ is rigorous. If the neutron is accepted as established 
observationally the current theory cannot be exact ; for it gives a wave equation 
for a proton and electron which has no solutions except those identified with 
the hydrogen atom. According to my own theory there is an additional 
quadratic term in the wave equation arising from the curvature of space- 
time. For a single charge the resulting quadratic equation has two sets of 
solutions corresponding to electrons and protons ; presumably for two charges 
there are also two sets of solutions corresponding to hydrogen atoms and 
neutrons, and generally for more complicated systems the two solutions 
correspond respectively to extra-nuclear and nuclear binding. 


This paper contains an improved development of the author’s theory of the 
fine-structure constant It is believed that the value 137 is here 
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obtained by pure deduction, employing only hypotheses already accepted as 
fundamental in wave mechanics. Starting from the principle that the wave 
equation expresses the conservation of probability in a steady state, it is 
pointed out that, owing to interchangeability, the conservation of probability 
for two charges is not a simple extension to eight dimensions of the result for 
one charge in four dimensions. It is necessary to add a new direction of flow 
of probability between the two configurations corresponding to interchange. 
The Fermi-Dirac law of antisymmetry is deduced, and it is shown that this 
quantises the flow in the new direction. It is found that the same state (i.e., 
distribution of probability) repeats itself 137 times as frequently along the 
cyclic co-ordinate corresponding to interchange compared with the other 
cyclic co-ordinates corresponding to excitation. The matrix associated with 
the interchange energy differs from that given in the earlier papers, and in 
special cases it reduces to the form |(1 -f (a, o') ) commonly employed in non- 
relativity theory. 


The Viscosity of a Fluid Containing Small Drops of Another 

Fluid. 

By G. I. Taylor, F.R.S. 

(Received June 30, 1932.) 

The viscosity of a fluid in which small solid spheres are suspended has been 
studied by Einstein as a problem in theoretical hydrodynamics.* Einstein’s 
paper gave rise to many experimental researches on the viscosity of fluids 
containing solid particles, and it soon became clear that though complete 
agreement with the theory might be eapected when the particles are true 
spheres, some modification is necessary when the particles are flattened or 
elongated. The theory of such systems was developed by 6. B. Jeffery, f 
who calculated the motion of ellipsoidal particles in a viscous fluid and their 
effect on the mean viscosity. Some of his conclusions have been verified by 
observation.^ 

* ‘ Aim. Physik.,’ vol. 19, p. 289 (X906), and a correction to that paper, ‘ Ann. Physik.,* 
vol. 34, p. 591 (1911). 

t ‘ Proo. Roy. Soc.,’ A, vol. 102, p. 161 (1922). 

} G. I. Taylor, * Proc. Roy. Soo.,’ A, vol. 103, p. 58 (1923). 
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So far no one seems to have extended Einstein’s work to liquids containing 
small drops of another liquid in suspension. The difficulties in the way of a 
complete theory when solid particles are replaced by fluid drops are almost 
insuperable, partly because the correct boundary conditions are not known, 
and partly because a fluid drop would deform under the combined action of 
viscous forces and surface tension. Even if the boundary conditions were 
known to be those commonly used iu hydrodynamical theory, the calculation 
of the shape of the deformed drop would be exceedmgly difficult. When the 
radius of the suspended drops or the velocity of distortion of the fluid are small, 
surface tension may be expected to keep them nearly spherical, and in that 
case Einstein’s analysis may be extended so as to include the case of liquid 
drops. For this purpose the following assumptions will be made : — 

(1) The drops are so small that they remain nearly spherical. 

(2) There is no slipping at the surface of the drop. 

(3) The tangential stress parallel to the surface is continuous at the surface 

of the drop, so that any film which may exist between the two liquids 
merely transmits tangential stress from one fluid to the other. 


A general method for analysing the slow motion of viscous fluids has been 
given by Lamb,* according to which the components of velocity may be 
regarded as containing three types of terms. The complete expression for one 
component of velocity is 


= f 

Lu, 


9pu 


+ 


ij^ifZn+a 


y. 2{2n + l)dx ' {n + l)(2n + l){2n + S)du\^+y. 


'_&-V 






y 


925 


( 1 ) 


The terms in the first square bracket are connected with the pressure distribu- 
tion, which is represented by ^ being a solid harmonic function of 

degree n. The terms in the second bracket represent an irrotational motion 
which can exist in a field of uniform pressure. The terms in the third bracket 
represent vortex motion which can exist in a field of uniform pressure, 
an arbitrary function of degree n. 

In Einstein’s equations the co-ordinate axes were chosen parallel to the 
principal axes of distortion, and with this choice of axes terms containing Xn 
disappear. Einstein used the most general type of flow near a solid sphere, 


* “ Hydrodjnamica,” chap, 11. 
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but little loss of generality is suffered by taking the special case when the 
mean motion of the whole system is two-dimensional. In this case, if the 
origin of co-ordinates is taken at the centre of a drop, the flow at great distances 
from it may be represented by the irrotational flow ^2 ~ i {x^ — y% the 
constant J a being chosen so that the flow is identical, except for a rotation of 
the whole field, with the familiar case of uniformly shearing laminar flow 
which is commonly represented by taking the axis of x in the direction of flow 
when the system is {u = QLy,v = 0). 


Choice of Functions and 
Outside the drop the appropriate functions are 

while inside the drop 

^'2 == B 2 (aj® — y\ j?2 = — V^) (3) 


where B.g, A.g, Bj, A 2 , axe constants to be determined by the boundary 
conditions, (x and ix' are the viscosities of the main body of fluid and the drop, 
r® = a:* 4- + z\ and a is the radius of the drop. 

Substituting these expressions in (1), the components of velocity outside the 
drop are 


w =i A_, + [- 


Similarly inside the drop 


M'=A2a-2[^- ~x{a^ — y^)j + 23^00 

v' = Ag a-2 [“ ^ ^ (a^ — S'®)] 2 B 2 y 






(5) 
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Boundary CondUions at r = a. 

Continuity of velocity requires 

u = u' , V = v', w = ui' 
and the drop remains spherical if 

+ + = 0 

= i A_. rt B., a-. [_5* - s^) + 2»%] + J „ 


SO that u^u' ii 


5 2 

M' = - ^ A^a-^ a; - f) + 

JA-3-6B_3 = - 2^^ 


2 B_s + Ja=-A2 + 2B2; (9j 

when (8) and (9) are satisfied it will be found that « = «' and «; = w' so that 
all three conditions (6) are satisfied. iia so that 

To satisfy (7) a formula given by Lamb may be used, namely, 

a thM ejuatiaa betw..„ tie ta aadetenoaed oomtante, 

i ^-3 3B_5 4- j a =s 0 

.nd ti. pteWeea will be eeluble in tile form il only one farther eonation i, 
m order to satisfy both conditions for continuity of tangential 

J^:r r girr;r:fo:.T;rr ‘ " ‘ - 

^ (£t 1 ^ + (^ l)T2^+’‘l)t8t + s) 


In the present case this reduces outside the drop to 
p ~ ^-3® L;3 - (*' - 2/®)] - 8B_3 a® r 




* See Lamb, 2.C. 


+ oats (12) 
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and inside the drop to 


(X ® 


Iy ^ » (aj® — /)]+ X, (13) 


with somewhat similar expressions for and 
Writing 

A_3 - 16B_3 + a = Y. ^A2 + 4Ba = Y'] 


4A. 


40B_, 


n 19 A 


= P' 


(14) 


the stress components on the outside of the surface r = a are 


= yic — — y^) 

— = — yy— pa~ V (aj® — y^) 
H- 


«£« 

[A 


Pa“®z (a^ — y^) 


>> 


(15) 


while identical expressions serve to express the stress components inside, 
provided [Ji, |3, y are replaced by \i/, |3', y'. It will be noticed that it is not 
possible to ensure continuity of all three components of stress* To do so 
would require both (x^ = fx'P' and (xy = ^x'y', and these equations cannot 
both be satisfied as well as (8), (9) and (10). 

To apply the condition of continuity of tangential stress it is necessary to 
transform the stress components p^, p^^ into components p^^ acting nor- 
mal to the surface of the sphere, pre parallel to the surface of the sphere and 
in a plane passing through the axis of x, p^^ parallel to the surface of the sphere 
and perpendicular to the axis of cc. The scheme of direction cosines for this 
transformation is 



Prx- 

Prv- 

Pfd> 

Ptt 

xjr 

yjr 

zjr 

Pre 


xy a~^ (1 — a?/a^)* 

xz a“® (1 — a^ja^y 


0 

-za-i {1-a^la^f 

y a~^ (1 — x^/a^y 
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Applying tWs transfonnation, the stresses at »• = a in the outer fluid are 

frr = — y^) (y — P) ' 

_ p-yx jx^ — y^ — dF) 


B-s 


i [i' + fi.’ 


Identical es^tressions serve to represent the stress at r == a inside the drop if 
( 3 , Yj replaced by P', y'j It will be seen from (16) that continuity of 
both fr% and is ensured if 

[AY = (jiY or A _3 — 16 B _3 + a = (|j Ag + (17) 

but when (17) is satisfied p,, is discontinuous at r = a. 

Determination of A_ 3 , B_8, A^, 

The four equations ( 8 ), (9), (10), (17) can now be used to determine the 
constants. The solution is 

A — + T3 « ¥■' A _ 21a(JI. 

2\[r' + (r/’ + ^®~4(tr' + ix)’ 

„ 8 ) 

Viscosity of the Suspension. 

The effect of the presence of solid spheres in suspension on the viscosity of a 
fluid was shown by Einstein to depend only on p_ 8 , and the same reasoning is 

stiU true when the spheres are liquid. In the case of a solid sphere A_ 3 = — ^ ; 

thus it will be seen from (18) that Einstein’s expression* 

[i’' = tr (1 + 2-5 <D) (19) 

for the viscosity of a fluid containing solid spheres must be replaced by 

(ax = EX {1 + 2-5 <D (20) 

when the spheres are fluid. In these formulae [ji.’' is the mean viscosity and $ 


‘ Ann. Physifc,’ vol. 34, p. 692 (1911). 
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is the small proportion of the whole volume occupied by the spheres. The 
two formulae are identical, as would be expected when jji' becomes infinite. 

The factor by which Einstein’s term must be multiplied in order 

to take account of the currents set up inside the drop, may be compared with 
the factor* by which Stokes’ expression for the resistance of a solid 


sphere in a viscous fluid must be multiplied in order to take account of the 
internal currents in a liquid drop falling through another liquid. 


Limits to the Size of Drops cmitained in a Shearing Fluid. 

In order that the drops may be nearly spherical the pressure difference 
due to viscous forces must be small compared with that due to surface tension, 
namely, 2 T/a, where T is the surface tension. 

The difference in pressure between the inside and outside of the drop is 

[prrl inside -brr] outside, 

and from (16) this is 

P = [(X' (y' - p') - tx (Y - P)] 

a 

tence substituting from (14) and (18) 


P = /I? a' + 4(x') 

tx'+[xU^^ • 


( 21 ) 


•— 

The maximum and minimum values of 


are ± 1, so that the drop will 


be nearly spherical so long as a is small compared with 

_|£±j^/2T\ 

/ 19(i' , . \ \ a / 

V 4 + 

On the other hand, the drop whose radius is 

2T'(tx-+>) 


( 22 ) 


a = 




(23) 


is of such a size that the disruptive forces due to viscosity tending to burst 
the drop are about equal to the force due to surface tension which tends to 
hold it together. An approximate expression of this kind might have some 

* Hadamard, ‘ C.R. Acad. Sci./ Paris, vol. 152, p. 1735 (1911). 
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interest in connection with the mechanical formation of emulsions, but since 
the fluid would certainly be turbulent in any emulsifying machine, the appro- 
priate value to be taken for a would need much consideration. 

Summary. 

Einstein’s expression for the viscosity of a fluid containing solid spheres in 
suspension is extended so as to include the case when the spheres are liquid. 
The expression obtained is valid provided the surface tension is great enough 
to keep the drops nearly spherical. When the rate of distortion of the fluid 
or the radius of the drop is great enough, the drops tend to break up, and an 
approximate expression is given for determining the size of the largest drop 
that can exist in a fluid which is imdergoing distortion at any given rate. 


• On the Theory of Errors and Least Squares. 

By Harold Jeffreys, M.A., D. 8 o., E.K.S. 

(Received July 1 , 1932.) 

1 . In my “ Scientific Inference,” chapter V, I found that the usual pr(«enta- 
tion of the theory of errors of observation needed some modification, even where 
the probability of error is distributed according to the normal law. Om* change 
made was in the distribution of the prior probability of the precision (lonstant 
h. Whereas this is usually taken as uniform (or ignored), I considered it 
better to assume that the prior probability that the constant lies in a range 
dh is proportional to dhjhl This is equivalent to assuming that if hjh^ = hsjhf, 
A is as likely to lie between and as between A 3 and h ^ ; this was thought 
to be the best way of expressing the condition that there is no previous know- 
ledge of the magnitude of the errors. The relation must break down for very 
small A, comparable with the reciprocal of the whole length of the scale 
used, and for large A comparable with the reciprocal of the step of the scale ; 
but for the range of practically admissible values it appeared to bo the most 
plausible distribution. 

The argument for this law can now be expressed in an alternative form. 
The normal law of error is supposed to hold, but the true value x and the pre- 
cision constant A are unknown. Two measures are made : what is the prob- 
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ability that the third observation will lie between them ? The answer is 
easily seen to be one-third. For the law says nothing about the order of 
occurrence of errors of different amounts, and therefore the middle one in 
magnitude is equally likely to be the first, second, or third made (provided, 
of course, that we know nothing about the probable range of error already). 
Now let us see what distribution of prior probability will give this result. We 
suppose that the prior probability that x and h lie in ranges dx, dh iBf{h)dxdh. 
Suppose that the first two observed values are i a. The probability of obtain- 
ing these, given x and h, would be 

h {x-a)^ ^ Jh_ g-A*{aj4*o)“ _ ^ (]i ) 

\/tu y^TC iz 


Hence, if T (cc, h) dx dh be the posterior probability that x and h lie in ranges 
dx, dh, 

l(x,h) (2) 

The probability that the third observation will lie between x^ and x^ + dx^ is 
therefore proportional to 

rco roo 7 , 

I (a;, A) JLe-^^*^^^-^^'dhdx 

Jo J-w 

oc j j* h^f {h) exp [— {x — ^x^)^ + ^ 

X f ” AV {h) (a*+4«,«) (3) 

-'o 

some numerical constants being omitted. Then the probability that x^ wil 
lie between two given values h and e is found by integrating with regard to x^ 
between these limits, and is proportional to 

r hf{h) (erf Vd) ho - erf V(|) hh} dh. (4) 

Jo 

Our principle is that x^ is J as likely to lie between 0 and a as between 0 andoo ; 
hence 

r hf[h) erf V(|) hadh^l hf{h) dh (5) 

Jo Jo 

This is to hold for all values of a. If we take ha as a new variable, and/(^i) 
is a power of h, a cancels from the equation ; the problem then reduces to 
determining what power of h we must choose. If, on the other hand, / [h) is 
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not a power of A, a does not cancel throughout, and (6) cannot hold for all 
values of a. Hence/ (h) is a power of h, and we proceed to investigate whether, 
if we take it proportional to Tf\ (6) will hold. We first take 

ha = ^ ( 6 ) 

erf Vf 5 « = ^ J” {»)‘ 5 - i (!)' ? + 5 ^ (I)' 5‘ ••■} '*5 



Also 

= ( 8 ) 

so that (6) is verified for / {h)cc h~K This is therefore a possible form for the 
prior probability. Further, if hf{h) was proportional to P, where y 5 ^ 0, 
we should have to satisfy 

r^i'e-«'{l-3erfvf = (9) 

Jo 

If Y is positive we multiply the integrand by a larger factor the greater 5 
is, and therefore by larger factors when it is negative than when it is positive ; 
and therefore (9) cannot hold for any positive, or similarly for any negative, 
value of y. Thus the only solution is y = 0, and 

/ (h) oc l/h. (10) 

2. Let us now reconstruct the theory of Least Squares on the supposition 
of this distribution of prior probability, as has been done already for the 
determination of a single quantity from a series of measures. Suppose that 
we have n linear equations of condition in m unknowns, namely 

«rA = Or, (1) 

where the summation convention is understood and all the c, are subject to 
errors following the same normal law. Then for any set of values of and 
h the prior probability of a given measure of c, is proportional to 

JL 


( 2 ) 
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and for the complete set to 


where 


i g-2A»W 

Wit! ® ’ 


with 


W = iS («„!», — C,) — C,) 

r 

= i — 2 + 6), 

6 ^^ = 5 = ^rs^r 9 ^ • 


The prior probability that h, ajg, ...3 li® ranges dh, dx^^, 
portional to 

i dhdx^.,, dx^, 
h 


(3) 

(4) 

(5) 

( 6 ) 

dXy^ is pro- 

(7) 


and hence the posterior probability that they lie in these ranges is proportional 
to 

exp {— iWSff) dh dx^.,. dx^. ( 8 ) 

Then the most probable values of the x^ are given by the usual normal equations 

— d, = 0, (9) 

and will be denoted by Put now 

Xt-yt = zt-, Or — ci„y, = e\. ( 10 ) 

Then 

2 W — Sc/^ = (a„x, - e,) (a,^t — c^) — {a„y, — c,) {a^t — ^r) 

= ar.«rt {iVs + 2 ,) (y* + Zt) — y,yt} - 2 a„c, (y, + z,) + 

= + 26 rty#s — 

= ( 11 ) 


by (9). Now the c', are the residuals when the values y, are substituted for x, 
in the equations of condition. If we write 


Also 


Sc7 = c2, 

2W = c2+&.^^,. 

= Ks2!s)^ 


( 12 ) 

(13) 

(14) 


and therefore is a positive form. Then the probability that % ... z^ and h 
lie in the given short ranges is proportional to 

exp {— ¥ (c^ + 6 ,jZa)}. 

E 2 


(15) 
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We now make tke familiar change of variables 


— ^2 H" ^2s^s 
1^2 — % + 

1 “ “H 


(s = 1 . 3 »») 

(s = 1, 4, ..., w) 

y 


(16) 


Then is reduced to a sum of squares 

+ ( 17 ) 

when the X’s are suitably chosen. We require the distribution of the prob- 
ability of ^ for the aggregate of the other variables. The Jacobian of this 
transformation is 1. Hence the integration with regard to ... -i gives 

fOO ,'•00 

A""’- exp {— A® (c^ + I e"'***''*^'* | e-WS«‘ . . . 

J —00 J — 00 

J-oo ^ n / (b^b^ 

Also 6A...6,_,6„ = D= 1 | 6 .,||, (ID) 


and 6i, 62, ..., is the discriminant of the quadratic with Zj, put equal to 
z®ro, and therefore is equal to the minor of 6^ in D. Denoting this minor by 
Bji, we have therefore 

6 „ = D/Bu. ( 20 ) 


Now the probability that Zj, lies in a range of dz^ is, save for a factor independent 
of Zi and h, 



exp {— A® (c® + 


n ft {n — m — 1)} 

2(c2 + 6,„2jLi*)S<«-™+l>' 


(21) 


To determine the numerical factor we notice that it is certain that lies between 
±00 ; hence finally the probability that 2^ lies in a given (feq is 


/b^\* n {|(xz — m — I)} 1 I 

\ TC / n (I- («, — m — 2 )} c 1 . 




dzy. 


( 22 ) 


If there is only one unknown, we have m = 1, c® = wu'®, where o' is the 
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standard deviation. Also 6^ = ^ by inspection of the form taken in this case 
by Hence (22) reduces to 


ntt(n^2)l 

n{i(n-^d)}^7z^ g'\ 


dz, 


(23) 


which is identical with the form already obtained.* 

The posterior probability is therefore not distributed according to the 
normal law, except as an approximation valid when n is large. For moderate 
values of n we can estimate the required modification by putting, in the one 
case, 

Zj^ = tan 0, ‘ (24) 

and in the other 

2 ; = g' tan 6. (25) 


In either case the probability of an error between 0 and % or z is 

4; (6) = j* cos” 1 2|^’' cos” " ™ ~ ^ 6 die, (26) 

where in the case of one unknown we put m = 1, This function has been 
tabulated-t The z of the table is the present tan 0, and the x of the table the 
present sin^ 6. The value of % or z (notation of this paper) corresponding to 
(J; = J is such that the true value is equally likely to lie inside and outside the 
range from yi — z^ to + Zi, and therefore is the probable error as usually 
defined. 4^ = J makes the probability of an error numerically greater than 
equal to | ; 4^ makes it equal to Using the tables we find for 
these values of 4^ the following values otu = tan 0. 




= i- 


1- 



— m + 1. 

u 

M-y/ (n — m) 

u 

u^/ {n — m 

) w 

1 

> 

2 

1-000 

1-000 

1-732 

1-732 

6-31 

6-31 

3 

0-577 

0-816 

0-894 

1-265 

2-06 

2-92 

i 

0-442 

0-766 

0-664 

1-151 

1-359 

2-354 

5 

0-370 

0-740 

0-550 

1-099 

1-066 

2-132 

6 

0-325 

0-728 

0-477 

1-066 

0-901 

2-015 

7 

0-293 

0-718 

0-430 

1-052 

0-793 

1-943 

10 

0-234 

0-703 

0-341 

1-022 

0-611 

1-833 

00 

0 

0-674 

0 

0-967 

0 

1-644 


The values for n — m infinite are derived in the usual way from a table of the 
error function. 

* “ Scientific Inference,” p. 69. 

Karl Pearson, “ Tables for Statisticians and Biometricians,” Pt. 11, Table XXV ; 
J. Wishart, ‘ Biometrika,’ vol. 17, pp. 68 ; 469 (1926). 
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■ For n = 2, w = 1, it is exactly as likely as not that | z | is less than o', that 
is, that the true value lies between the observed values. The probabh'. error 
of the mean is then equal to the standard deviation and to — 1). 

The usual practice is to suppose that the standard error of the mean is 
o'/y'(w — 1) and to compute the probabilities of errors from a table of the 
error function. The above table shows that for values of n up to 10 the true 
limits of error are appreciably wider. For each value of tj' an approximate 
representation was sought in the form 

\ n — m + 1 (» — m -f 1)®/ 

the constants being chosen so as to give agreement at n =s 4, 7, oo . The 


results were, for 

tp= i A = 0-674, B = 0-.'14, 0 = 0-83 

4^= i A = 0-967, B = 0-4l, 0 = 1-34 

= A = 1-644, B = 0-66, 0 = 4-36 


These were found to give a good representation for n — m -f 1 1> 4, and tlus 
first two also for n — m + 1 = 3, but all broke down for n — m f- 1 =2, 
Wishart gives formulae for 4' (y) in descending powers of ?;., or n *■- m -f- 1, 
valid for large values, which can be used if greatf-r accuracy is desired ; but 
the present seem likely to be enough for ordinary purposes. 

Where the results of several reductions are to be combined, it may be dc.sir- 
able to have the standard error of each, derived from tlic formula 


J -00 


wheie E {z^) is the probability function of (22). This can be written 

. f " 6 tan^ 6 c?0 

^ Jo 1 


.t'2 


008 ^“* 

Jo 




n • 


(28) 


(29) 


when w > 3 ; for w 3 it is infinite. 

Where the method of least squares is used we have similarly 


Oi = c 


B 


IL, 


(w — m — 2) D 


(30) 


It appears therefore that for small values of m — m the posterior probability 
falls off so slowly with 2 that it is not till w — m = 3 that it is possible to com- 
pute a standard error at all. 
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Summary. 

It is shown that where we have no previous knowledge of the probable degree 
of precision of a set of observations, the correct procedure is to assume that 
the probability of a value of h in the range dh is proportional to 

The result is applied to the theory of least squares, with definite results. 
It is found that 'where the number of observations is small, the probability 
of error is more widely distributed than is given by the usual formula. In the 
extreme case of two observations and one unknown, the probable error of the 
mean is equal to the standard deviation. 


Contributions to the Mathematical Theory of Epidemics. 

II . — The Problem of Endemicity. 

By W. 0. Ejermack and A. G. MoKendriok. 

(Communicated by Sir Gilbert Walker, F.R.S. — ^Received April 9, 1932.) 

(From the Laboratory of the Royal College of Physicians, Edinburgh.) 

hdroduotion. 

In a previous communication* an attempt was made to investigate mathe- 
matically the course of an epidemic in a closed population of 'susceptible 
individuals. In order to simplify the problem certain definite assumption-s 
were made, namely, that all individuals were equally susceptible, and that 
death resulted, ot complete immunity was conferred, as the result of an attack. 
The infectivity of the individual and his chances of death or recovery were 
represented by arbitrary functions, and the chance of a new infection occurring 
was assumed to be proportional to the product of the infected and susceptible 
members of the population. In spite of the introduction of the arbitrary 
functions, it was shown that in general a critical density of population existed, 
such that if the actual density was less than this, no epidemic could occur, but 
if it exceeded this by n an epidemic would appear on the introduction of a focus 
of infection, and further that if n was small relative to the population density, 
the size of the epidemic would be 2n per unit area. It was shown that these 

* * Proc. Roy, Soo.,’ A, voL 115, p. 700 (1927). 
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conclusions could be readily extended to the case of a metaxenous disease, 
that is, one in which transmission takes place through an internieidiate host. 

It is the purpose of the present paper to consider the effect of the (iontinuous 
introduction of fresh susceptible individuals into the population. It appeared 
desirable to investigate this point, since it might make it possible to interpret 
certain aspects of the incidence of disease not only in human communities 
where there is usually an influx of fresh susceptible individuals either by 
iinmigration or by birth, but also in the animal experiments carried out by 
Topley and others— where fresh animals were introduced at a constant rate 
into the cages in which cases of disease were already present— from which 
certain definite results were obtained. 

In order to make the present enquiry more general an attempt has also been 
made to include the effect of the partial immunity which may follow an attack 
of disease. The susceptibility of the individual who has recovered from an 
attack is assu m ed to be a function of the time which has elapsed since his 
complete recovery. In general this function will either remain constant or 
will increase with the time. This point is rather important as it will be shown 
that it enables us to reach certain conclusions even when the function character- 
ising the susceptibility is otherwise quite arbitrary. 

It will be seen therefore that in the most g(meral syst(>m which, is under 
investigation there will be four classes of individuals : Those which have never 
experienced an attack of the disease in question, these for convenience wc 
shall call “ virgin ” (i) ; those who have experienced one or more attacks 
of the disease but have recovered (x ) ; those who at the moment in question 
are actually suffering from the disease (y) ; and, finally, there are the dead («). 
All those who enter in to the community first of all pass into the virgin group. 
In order to make the results as general as possible we shall in the first instance 
assume that the number so entering this group has a constant component m 
which may be regarded as representing immigration, and a second component 
of the form + [xa: + vy, which may be regarded as representing births, 
the birth-rate of the virgins being '(i, of the recovered (x, and of the sick v. 
By choosing suitable values of m, '[x, jx and v the results for various special 
cases are readily found. Thus taking jx = [x = v = 0, we have the case 
where i mm igration alone is operative, whilst taking m = v = 0 and fx == (x, 
we have the case where there is no imnodgration, but where all the healthy 
individuals multiply at the rate [x. 

In the mathematical sections which follow, the general case is worked out 
first of aU for constant recovery, death and infeotivity rates. Five selected 
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special cases are then considered, and the results are shown in Table I. The 
same problem is then worked out for the case in which the recovery, death and 
infectivity rates are represented by arbitrary general functions instead of by 
constants. The results obtained are then checked by replacing the arbitrary 
general functions by the constant coefficients. From the general results 
the equations for the five selected special cases, this time with arbitrary general 
functions, are worked out and discussed, and a summary of the findings is 
given in Table II. Some of the more interesting points which emerge are 
noted in the general discussion in the final section. 

In dealing with the equations referring to constant coefficients the problem 
of the stability of the steady state is worked out. In the general case with 
arbitrary general functions, the equations representing the result of the intro- 
duction of a small disturbance introduced at a particular time have been 
formulated, but the detailed discussion of these equations and the stability 
of the steady state is reserved for a future communication. 

The results arrived at in this paper refer to the case where only one disease 
is operative. It should be emphasised that this implies that the one disease 
under consideration is thus the only cause of death, and is consequently the 
only means of balancing in a steady state the increase of population due to 
immigration and birth. But it is obviously desirable to allow for deaths which 
may occur from other causes. The methods which are developed in the 


Table I. 



X. 

X. 

Y. 

TJ. 

U. 

General Case 
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m +fi^ + #1 4 
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Tc 
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d — V 

d V 

d — V 

(1) m — 0, = /i., V = 0 
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Tc 

1 

k 

/d i\ 

d \k k/ 

* .4 

In / d l\ 
d\l kj 

(2) w — 0, ^ = ja, V — 0, 2 0 

d 

h 

0 

k 

d 1 

'‘I 

0 . 


d 

1 

m 

d 

TUI 



h 
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(4) £t=s:Lt=si;=:Z=:0 
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0 

m 

m 

0 



J 
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1 
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n — — 
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0 

\ / W 
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Table I — (continued). 



V. 

V* 

V. 


(d + 1) + juL — + ;i. 


d (m + + 

\ A 


d V 

d — V 

d — * V 

(1) m = 0, ft — fi, V = 0 

li{d+l)(d ?\ 

U k) 

jd/d l\ 

d\l k) 

fA{:r + 

Va 

(2) m — 0, /Z = /a, V = 0, ? = 0 

d 
^ A 

^ 0 

d 

fi ... 

A 


m{d + 1) 

ml 

j 

m 


d 

a 


/4.\ ##. " fA ~ V — Z =s 0 * 

m 

0 

m 

^5) Jl — — vs=d = 0 .. 



0 



W 


Equation for a. 


General Case 

d — V 


\ 

fd ^ l\ 

(1) m — 0, /i — ja, V = 0 

'‘(fc fc) 


d 

(2) m = 0, ja ss jtx, V — 0, Z = 0 


(3) ji = ^ = V = 0 

m 

(4) ;1 « ft — V = i 0 

m 

(5) /l—/i'-v'=d = 0 

9 




j k (m + Jii + fiL'j - fi'[ , , 

"a^ + ■{ \ k ^ f fa + fcfw+ja*. + /a..| 

k ■ ■ J \ Ai 


{ 


= - fcy 

V+^a+ ¥ + u(J = 0 
I d*! k 

[ a = - fcY 

a® + /LtfZ « 0 

[a = - feY] 
fa- + ifcm — 0 

i ' 

La = - AY 
r a® — a + Am — 0 
l.[a = - fcY] 

| a{a + fc (»-|)}=0 
La - - AY 
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Table II. 


j 

1 

X. 

X. 

Y. 

U. 

u. 

Equation for V. 

V. 

V. 

W: 

General Case 

D 

K 

LVF (V) 

NV 

1 

DV 

LV 

DV = m + ji ? + /i»LVF (V) + kNV 
K 

LV 

DV 

t 

DV 

(X) m ^ Of Ji — fi, V — 0 

D 

K 

LVF (V) 

NV 

DV 

LV 

e'(V) = 5/'1 _ J_) 

L Vft KV/ 

LV 

DV 

DV 

(2) m — Of Ji-HfV — 0 

1 

K 

0 

N/x 

K 

ii 

K 

0 

1! 

> 

0 

h 

K 

K 

(3) /i *= /X = V s=s 0 

D 

K 

L^'F(V) 

wN 

D" 

m 


< 

11 

T »?- 

5 

m 

m 

(4) jS = /t = » = 0 

Ig^O 

1 

K 

0 


m 

0 

V = w 

0 

m 

m 

(5) — v = 0 

dg = 0 

0 

VF(V) 

i 

NV 

0 

V 

71 = V(F(V)+N) 

V ‘ 

0 

0 


following pages can also be applied to the problem as modified by this factor, 
and it is hoped to deal with this more complicated case later. 


1. Constant Rates. 

Let ns consider a population comprising four classes of individuals : — 

(1) H individuals who have never been infected — virgin ’’ ; 

(2) X partially immune individuals who have recovered from at least one 

infection ; 

(3) y individuals who are sick, and capable of transmitting the disease ; 

(4) z individuals who have died of the disease. 

These numbers will be taken as referring to unit area, so that they really 
represent population densities. This holds throughout the present paper. 
The relationship between the different classes is shown in fig. 1. 


susceptible 



Fiq. 1 . 


In^the present section we shall consider the case where the chances of death 
d, and of recovery Z, are independent of the stage of illness^ and where the chance 
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of infection of a particular virgin is proportional to the number of contacts 
made with individuals already infected, that is to say, it is equal to Tty, whilst 
the chance of infection of a recovered person is similarly equal to Icy. In 
order to accommodate an immigration of fresh individuals from without at a 
constant rate, and also reproduction at a constant rate by the three groups — 
virgin x, recovered x, and sick y — ^the rate at which npw individuals accrue is 
taken J;o be m = w + (zi -f fi® vy. In particular cases, suitable values 
of m, (z, (z and v may be taken. Clearly u, the rate at which individuals pass 
into the recovered group, is equal to ly, and v the rate at which virgins turn ill 
is xky, because, as explained above, the chance of any particular virgin 
becoming infected is ley. Similarly v, the rate at which the recovered turn ill 
IS equal to key. Also v=:v + v, measures the incidence of the disease, and 
w — dy measures the incidence of deaths. 

We have then the following equations : — 

ix — — , _ 

^ — M — w = m + [za;+(zx + vy — hxy, (1) 

doj 

^ = u— V = ly — ]exy, (2) 

dy - 

— —v — w — u = kxy + hxy — dy — ly. ( 3 ) 

We shall now find the conditions for a steady state, that is such that 


— = ^ ^ _ n 

dtt dt dt 


Clearly if X, X, Y, U, etc., are the values of i, r, y, u, etc., consistent with a 
steady state, then 
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as tlie result of an arbitrary disturbance introduced when the system was in a 
steady state. The behaviour of this system will clearly indicate whether the 
steady state is stable or unstable. 

Let = X + i!? = X + aii-d so on. We substitute these values of 

X and y in equations (1), (2) and (3), and we shall neglect any terms in which 
products of "i', x' and y' occur. After reduction we obtain the set of linear 


differential equations : — 

= PlF + + v/ - kYx' - kXy', (5) 

at 

'^ = ly'-kXy'-kYx',^ (6) 

^ = kXy' + kY~S + kXy' + kYx' - dy' - ly’. (7) 

at 

Putting X = ^ , X = as found in (4), these equations reduce to : — 

h ^ 

^ = ^x' + ^' + vy'-d,J-hYx', ( 8 ) 

^ = -kYx', (9) 

^ = AYF + (10) 


The solution of equation (9) is 


x' = re-»=«. 


The values of x' and y' will then be given by 
x' = r ie“'‘ + 7 

and 

y' = 

where and are the roots of 


( 11 ) 


[I-ifcY 


0 . 


( 12 ) 


kY, 


— X 
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rj and Sg are given in terms of r by the equations 

(iI + AY-iY)F3+ (If + (v-d)s3 = 0 I 

fcYF + hYr + AYss = 0 J ’ 


( 13 ) 


and and ^2 are suitably adjusted in accordance with the initial con- 

ditions, and with equations (8) and (10). The determinant (12) reduces to 

We shall now examine the nature of the roots oq and ocg- Since 

1 


Y = 


d — V 


+ (1 -j 

1 k 


must be positive, a necessary condition for a steady state to exist is d ]> v. 
The coefficient of a in (14) may be written 


d — V 


m+ (i. j) + (i 


-/ d 


d- 


ifc + (X + (JIV 

d — V 

and is therefore positive. 

The term independent of a is also positive. The quadratic has therefore 
either two real negative roots, or two complex roots, the real parts of which are 
negative. The only exception is when the coefl&cient of a or the constant 
term is zero. This can only happen in particular cases which will be con- 
sidered later. It follows that, in general, the steady states found above 
correspond to stable states ; any disturbance results in either damped vibra- 
tions, or in an aperiodic return towards the steady state. 

We shall now consider certain special cases, each of which may be worked 
out separately. 

(1) m = 0, = ^, V = 0. This means that there is no immigration, and 

that all healthy persons reproduce at a constant rate. 

(2) m = 0, ]I = [A, V = 0 and = 0. The conditions are as in case (1), 
but in addition the disease is fatal. [It is to be noted that in this case the 
recovered play no part, so that equation (9) disappears, and with it the solution 

X = 
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(3) = jjt = V = 0. That is to say, immigration is operative but there is 
no reproduction. 

(4) ]! = jx = V == 0 and I = 0. The conditions are as in case (3) but in 
addition the disease is fatal. [As in case (2) there is no solution x = 

(6) m = '[I=jx = v = 0 and d = 0. That is to say, there are no deaths, 
births or immigrations. Here we are dealing with a closed population, and 
with a disease which is never fatal, and may be recovered from. In this case 
the total population n is fixed and n = X + Y since X is zero. It follows that 



I 

whence as m, ]I, |x, v and d tend to zero 


must tend to 3^ — 
k 



(“+ 1 + 


1 ^ 


I 

k 


that is, to Y. 


The possible values of a in this case are there foxmd to be a == — AY, 
a == — AY, and a = 0. The root a = 0 accommodates the circumstance that 
the disturbance may result in a change in the total number in the closed 
population by the introduction of new individuals. Of the other two roots, 
a = — ■ A Y appears only when virgins are introduced ; if the disturbance 
consists entirely in changes in the numbers of sick and recovered the only 
significant root is a = — - AY. This may readily be verified by treating the 
case separately. 

The results in these special cases are summarised in Table I. 


2. Variable Rates. 

We shall now consider the more general case when the recovery rate le 
and the death rate de are no longer independent of the duration of the illness 6. 
Likewise the chance of a virgin being infected by an infected individual who 
has been ill for a time 9 will now be taken as A^, whilst a recovered individual 


susceptible 



FiO. 2. 
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wh .0 has been recovered for a time t is assumed to have the chance k{x, 6) of 
being infected by a person who has been ill for a time 0. We shall assume that 
^:(t, 8) is of the form where and are functions of t and 6 respec- 
tively. Fig. 2 will make the meanings of these symbols clear. The immigra- 
tion and the birth-rates remain constant as before. We shall consider that the 
system is a closed one which has been in existence for an infinite period of 
time. 


The following equations are readily obtained : — 


1 

IS 

II 

(15) 

dx 

(16) 

dy 

(17) 

dz 

dt ^ 

Also 

(18) 

8 o 

II 

(19) 

# 

where utK dX denotes the number of individuals at the time t, who have been 
born for a period between X and X 4- dX. 

II 

o 8 

(20) 

where denotes the number of susceptibles at a time t who have been 

recovered for a period between t and t -)- dx. 

y=\ Vte d0, 

JO 

(21) 

where % denotes the number of individuals at a time t who have been sick for 
a period between 0 and 0 + d0. (Clearly is identical with v^) 

Mj = m -|- [ia: -f (ioj -f- vy, 

(22) 

««= [ l^tadQ, 

Jo 

(23) 

Vt=Vt+ Vt, • 

poo poo 

Ut = k{x, 0) d% dx, 

Jo Jo 

(24) 

(25) 

= » 1 d%f. 

Jo 

(26) 

= 1 d^v+Q d 6, 

Jo 

(27) 
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It is now necessary to express Uf,^, u^, etc., in terms of Ut, etc. The rate 
of infection with time of the group of individuals, the parameters of which, 
at the moment, lie between t and t + Si, and X and SX, is by definition equal to 



poo 


but it is also given by 

SfSX&+ 

\dt ax / 

Hence we have the equation 






poo — 

= — j hfVf$ d6, 



= — Ut>J (0. 

(28) 

where / (i) is written for dd. 


Now 

whence 





(29) 

the lower 

limit of integration being taken as zero, since % = v*. 


Hence 

/(«) = [" e~ O's' d0, 

Jo 



= j d6, where = e~ 

(30) 

or 




•mm poo ^ 

f{t)— dQ, where Kg is written for he Ng. 

Jo 

(31) 


The solution of equation (28) is then 

UtK = 6 Jo-' ^ . 

Substituting = i — X + this may be written in the form 

* c/. Kermaok and MoKendrick (foe. cit,), and MoKendriok, *Pioo. Edin. Math. Soc.,’ 
vol; 44, p. 122 (1926). 
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which with the substitution X' = i becomes 


Thus finally equation (19) becomes 




Again, 

dt 0T Jo 

f oo 

<I>Q d%, 


Jo 


since J ( 8 , t) = cOt by hypothesis, 


poo 

= — <Ot ^9 Na dQ, 

Jo 

poo 

= — Ufr cot ®9 <^6, whore <I >9 is written for ^0 N® 
Jo 


where 


Utr <^r f ((), 


roo 

/(<) = 

Jo 


Os Vi^edd. 


Solving equation (35) we have 

= (3,) 

where it must be remembered that/(t) is a function of Vi_s. 

Writing ^(i— t, t) for e~Jo^® depends on the two 

variables ( — v and t, we have 

Mir = Mt-r F (« — T, t). ( 38 ) 

Thus equation (20) becomes 


= [ F (i — T, t) dr. 

Jo 


Also by equations (21), (29) and (30), 


f NsVj.sdO, 

Jo 
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(41) 


and by equation (23) 

= I k i>t-s Nj d0, 

Jo 

rco 

= ^03 where Lg is written for le IST^. 

Jo 

By equation (25) 

rcc rco 

Vi=\ arUf^d-z, 

Jo Jo 

= f O 0 Vt_6 <^0 [ I’ (i — T, t) dT (by (34) and (38) ), 

Jo Jo 

rob rob 

= G{t—z,'z)Uf^rd'z, where6{f — T, T) = £i>TF(i— T, t). 

Jo Jo 

(42) 

By equations (26), (29) and (30) 

poo — 

®t=a;j keVt-sT^^edQ, 

= »rK«v,_9d0, by (31) 

Jo 

= i/(t), by (31). 

Finally by equation (27) 

poo 

Wt= deVt-e'^iigdQ, 

Jo 

1*00 

= d6, where Be = deT^e- 

Jo 


(43) 


(44) 


We shall now find the conditions for a steady state. We shall assume that 
in this condition 

y==Y, = tj, ^, = U, = V, = V, ?* = V and = W. 

We shall also adopt the notation 

L = f'" L, d0, D = [“ D, d0, K = f K, dQ, etc. (45) 
Jo Jo Jo 

We shall in general assume that Be, K^, etc., which are, of course, never 
negative, are zero for all values of 0 greater than 0^, where 0o is some finite 
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quantity. This ensures the convergency of the integrals denoted by L, D, 
K, etc. 

Clearly 

L + D = r (1, + de) e- d0 = 1, (46) 

Jo 

since By assumption L# = = 0, when 0 = oo , 

By equations (16) and (22), 



U = V = m+tS+fiX+vY 

(47) 


U = V, by equation (16), 

(48) 

By equation (33) 

but by (31) 

V = W + U, by equation (17). 

X = Ur6-|o^(‘-^'>‘*^'dX, 

Jo 

/(O^j E(,Vj_9d6 

==VrKjd0 

Jo 

(49) 

hence 

= 

= bLY, by (45), 

— roo 

(50) 


x = 

U| e-^^^dX, 

Jo 

U 

‘ 

Similarly by equation (39) 

X = U 

but 

F (t — T, t) 

and 

/{<) = r 

Jo 

KV’ 

[ F (i — T, t) dr, 

Jo 

4>oVj_od6, by (36), 

(51) 

hence 

= V<I>, 

(62) 


F ({ — T, t) dT = I” e dT = F (V). 


[It is to he noted that O is independent of V.] 


(53) 
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Thus finally 

X = UI’(V). 

By equation (40) 

Y = NV; 

by equation (41) 

U = LV, 

hence 

X = LVF(V). 

By equations (42) and (48) 

V = OVUG(V) = U, 

since 

G (V) == [ G (i — T, t) dx 


Also by equation (26) 
and by equation (27) 


= j to (f — T, x) dx, by (42), 
= to^e Jo * dx, 

= Jl 

<DV' 

V = XKV, 

W = DV. 


From these relations it follows that 


and 


U==V = LV 
U = V = W = DV 



X = LVF(V) 
Y = FV 


Hence, making the necessary substitutions in equation (47), viz., 

U = m + iiX + iAX + vY, 

we have 


DV = m + (iLVF (V) + vNV, 

£1 


(64) 

(55) 

(56) 

(57) 

(58) 


(59) 

(60) 
(61) 


(62) 


(63) 


an equation which determines V. 
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Also tke total number of individuals is 

n=X+X+Y 

= v(= + LF(V) + n). (64) 

We shall now consider the nature of the real positive roots of equation (63), 
Let 

0(V) = tiLF{V) + vN-D + ^+^, (66) 

and let us write F (V) in the form e-fvor where is written for 
co| In general 0,^ will have the following characteristics. It may be 

J 0 

zero when t = 0 and t = s, as o)| may be zero for small values of e, that is 
to say, immediately after recovery there may be complete immunity. It 
will then increase monotonically as co^ is always positive. In general for large 
values of say ^ > t], will become sensibly constant and equal to co. For 
large values of t then, 

A = = pcofd? + 

Jo Jo JV 

= ^„ + co(t — 7]). (66) 


It may easily be shown that for finite positive values of V, F(V) is always 
finite, and that as V increases F(V) always decreases ; also as V increases 

vN— D + ^ + ^ always decreases, so that 0(V) always decreases as V 
^ El * 


increases. Further, for small values of V, 0(V) is very large and positive. 
Therefore there may be either one positive real root, or no positive real roots 
according as 0{V = oo ) is negative or positive. 

Now 


F(V) = 








(67) 


The first integral is simply equal to e. The second integral is equal to 
(t) — where is some value of Q,. between zero and Q, and is 

therefore finite. The third integral becomes ]jy. 

J r» 
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equation (66), When V is very great the second integral vanishes since 
is finite ; and the third integral becomes 




/.oo 


e“ d-r, 




OVo) 


(DVco ’ 


which tends to zero as V tends to infinity. 

Thus F (V)v-^cxi -> s, and 0(V) tends to 

^Le + vN -- D. (68) 


Consequently ©(V) = 0 has no real root if D — vN — piLe is negative, and 
has one real root if this expression is positive. It follows that no steady state 
exists if D — vN — (xLs is negative, and that a unique steady state exists if 
it is positive. It is to be noted that s is equal to the time during which 
immunity is absolute. 

Let us now consider the effect of varying the immigration rate m, or the 
birth-rates pi, p and v, upon the number turning ill V, Equation (65) may be 
regarded as an equation giving V in terms of m, p, p and v, hence 


or 


0© s^TT , 3© s^ I I I 5© ^ 

3S®’"+ 35*“ + 85*“ + ?; *'■ = "■ 
~SV+^ + is5 + LB'S,.+NSv = 0. 


Consequently 

^ = _J_ ^Z=_=5- = = 

dm V©" ajl KV0" d[i ©' 9v 0' ‘ 


(69) 


It has been shown above that 0' is always negative, hence 

av av 3v , av 

dm d\ji 3v 


are each positive. It follows that an increase of the immigration or birth- 
rates results in an increase in the number turning iU and viee versa. 
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Fiurtlier, let us ■write T = V/w, so tliat lOOT is the percentage rate of incidence 
of fresh cases of the disease. Then 

X , Y 

T V V V ’V ’ 


= LI’ + J- + N. 
KV 


Hence 

- 

1 0T riE D 

■T20V dV KV**’ 

But 





Jo 

Therefore 

0Y _ 
0V 


where 

r = 

1 f Of lo"f dx, 

In Jo 


which is always positive. Thus 


0V 



0T 


Hence ^ is positive, and as 


^ !Y' j ^ 

0m ’ 0|[Z ’ 0{i 0v 


are each positive, it follows that 


OT ^ 

0m ’ 0tZ ’ 0[Ji 0v 


(70) 


are each positive. Since T is proportional to the percentage rate of incidence 
of fresh oases of the disease, it follo'ws from the above, that if a condition of 
equilibrium exists, the percentage rate of incidence increases as the immigration 
or birth-rates increase. 


In the pre-vious section dealing 'with constant rates, the question of the 
stability of the steady states has been treated. In the more general problem, 
now under consideration, the question of the stability of the steady states is 
much more difdcult. We shall at present confine ourselves to the formulation 
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of tlie equations wHck describe tbe bebaviour of tlie system after tbe intro- 
duction of a small disturbance at a particular time — T. Considerable progress 
bas been made with tbe investigation of these equations, and it is hoped to 
present tbe results in a later communication. It is meanwhile convenient 
to formulate tbe equations here in order to avoid repetition in tbe future of 
tbe details of tbe epidemiological problem under consideration. 

We shall consider, then, a system in which a steady state bas existed for all 
time, but into which, at a time — T a small disturbance was introduced in 
tbe form of a number of virgins oiJx of age between \ and 
together with a number of recovered persons of whom bad recovered 

for a period between X^ and X^ + (iX^, and a number of infected individuals 
of whom fPsi bad been infected for a period between and 
We shall first of all write down tbe exact equations which define tbe system. 
To prevent confusion we shall, in what follows, limit u, u and v so that they 
refer solely to new virgins, recovered persons, or infected cases occurring as tbe 
result of tbe working of tbe postulated processes within tbe system, and do not 
include individuals introduced from without. Tbe values *5, cc and y, on tbe 
other band, include all tbe virgins, recovered persons, and infected individuals 
independently of bow they originated. 

It follows that tbe equations (22), (41), (42) and (43) for and bold 
without modification, whilst to tbe equations for ’x, x and y (33), (39) and (40) 
an extra term must be added to accommodate tbe introduction of tbe extra 
individuals. 

Thus 

y = [ dQ + [ (71) 

Jo Jo 


where v^s^ indicates tbe number surviving at tbe time of tbe dfi^ 
introduced at tbe time — T, who at that time were of age between and 
6-j dfijL- 


Similarly 

ar=J 

•00 fA — poo 

A In 

(72) 

and 


' V «/ U 

'•CO roo 

1 F (« — T, t) d'v + titr, A'Cr 

lo Jo 

(73) 


In these equations and in those for u, u, v, etc., we write 
a? = X -|- 03^ a? = X -f- y = ^ y\ == U 4" a ~ II 4“ 
Vt = Y + IFi == V 4- v* = V 4- and = W 4- 
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wkere X, X, Y, U, etc., are the steady state values found above, and 
x', x', y', etc., are zero for all values of < < — T. The values x', y', etc., 
are very snaall quantities, provided that 

f oo TOO roo 

UtK^d\, and 

0 Jo Jo 


are small, for they necessarily tend to zero as the disturbance represented by 
these integrals tends to zero. 

After simple reductions, and, where necessary, neglecting small quantities 
of higher order than the first, we have 


dt 




(74) 








■ V) . 


> U, 


(76) 

(76) 


u\ = Mi' + p,®' + V?/', (77) 

u\ = U v't.e de, (|3 = 00 ) (78) 

v't = v' + v', (79) 

v't = i'KV + X f Kov'j.ijdO, from (43) (p=oc ) (80) 

Jo 

wt=\ D«M'*_sd0. (81) 

Jo 

Also from (71) 

2/'t = [ Ns dO + [ MjsdOj (p = oc). ■ (82) 

Jo Jo 

The following reductions are more complicated. 

By equation (72) we have 


®=X+®'= 1"^ (U + M'j_0e pMa.dXi, (13 = oc), 

but by (31) ” ° 

/({ — X') = [ KeVt-x'-sd^, 

= j"Ks(V + M',_,-_s)d6, 

— + [ Ks d0. (83) 
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Hence 


X+x = r (U + u't-K) e- dX + fw*,, dX^, 

Jo Jo 

= JJ (U + U',.d - 1" I" K, de dxj dX + dX^, 

= J- + [“ u',_^ - U r f f ” K« <^6 dX' dX 

K V Jo Jo JoJo 

+ 1 

Jo 

whence 

H' = [ 6"^^^ dX — U [ r dQ dX ' d X + I* utx, dX^, 

Jo Jo JoJo Jo 

(84) 

where ^ = cc , 

Also by ecjuation (42) 

V, = f " Oa (V + v',^e) dQ r G{t-T, t) (U + u%^r) 

Jo Jo 

Writing 

G {t — T, t) = 00^ F (i — T, t) 

= COr Fr + c*>T F' (i — T, t), 

where F' (i — t, t) contains only small quantities of the first order, small 
quantities of the second and higher orders being neglected, we have 

V + r = (" O, (V + v\^e) dQ r (U + u',^r) {<^r F. + o), ¥'{t - t, T)}dx 
Jo Jo 

= [ OV+ j" v',_e <Z6] J“{Uco. F, + Uco, F (« - t, t) + o>, F, «'«_,} d^. 

Too poo 

Thus writing G = co^Ft dr, and G' == co^F' {t — t, t) c^t, so that 
Jo ^ 

G^ = G + G'^ to a first order of approximation ; since V = OVUG, 

= <DVU f o>,F' {t - X, x) dx + m f «,F, dx 4- UG f <^6. (85) 
Jo Jo Jo 

Again by equation (73) 

X + »' = j“ (U + {F, 4- F (« - T, t)} dx 4- j* dx^, 

= f XJFt <iT 4- f HF' {t — T, t) 4- [ FX<-t + j" Ufr, dx-^, 
Jo Jo Jo Jo 

= UF 4- u r F (i - T. t) efr 4- f“ FX,., dx 4- f* dx^. 

Jo Jo Jo 
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Therefore since X = XJF 

a:' = XJ ('’f (i - t, t) dx + fFy*., + (“ dx^ (P = <» )• (86) 

Jo* Jo Jo 

Thus u\ u\ v\ x', x\ etc., are determined by equations (77) to (86), As, 
however, all these functions are zero when t — T, it is easily seen that the 
upper limit p of the integrals involving these unknown functions may be put 
equal to ^ + T instead of infinity. It follows that these functions at any point, 
which have now been defined in terms of finite integrals of their values up to 
that point, must remain finite and single valued for all finite values of 
provided that the initial disturbance is defined unambiguously. 

It is now necessary to express in terms of the number actually 
introduced at the time — T. It can be shown that 




(87) 

Also 


(88) 

Since /(^) = 

roo — . . 

d6, therefore to a first approximation, 

Jo 



7(i) = rK,vde = KV, 


hence 

J 0 




(89) 

It may also be shown that 



u — at ^ ^ ^ 

or, F (- T - Ti, Ti) 

(90) 


But F(^ — T, t) = e ^ approximation /(i) 

therefore F(^ — t, t) = so that 

F (— T — Ti, i + T + Ti) __ 

F(^T-t„t,) 


:<&V, 

(91) 


From the above we obtain finally the five equations : — 

f?+T _ — pi+T - rA ri+T-A^ — 

I dQ dX' dX 

Jo Jo JoJo 

roo 

+ 

Jo 


( 92 ) 
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ic' = U f F' — T, t) c?T + f ^Z'T + [ (93) 

Jo Jo Jo 

ri+T roo 

y' = dQ + dQj_, (94) 

Jo JO 

rf+T 

<= Lsv'i^sdQ, (95) 

Jo 

v'^v'+v\ (96) 


wkere 


r«+T ,'«+T ri+T 

r ^ ovu 6>,F(«~ T, t)(?t + OV 6>,F,uVt^?t+XJG <D9^;V5^^e, 

Jo Jo Jo 

r 


and 

V = x’KY + X f f^v'i-a <ie. 


These five equations contain five unknown functions and are sufficient to 
determine these functions for all values of i > — T. It is often convenient 
to consider the disturbance as occurring at ^ = 0, in which case the necessary 
equations are obtained by putting T = 0 in the above. It is hoped to discuss 
the nature of the solutions of these somewhat complicated equations in a 
future communication. 

We shall now consider special examples of the general case corresponding 
to the five special cases treated on pp. 62 and 63. The results are summarised in 
Table II. The results in each special case may be verified by working it out 
ab initio, and also by substituting for the variables Ig, dg, etc., the corresponding 
constant coefficients when the values detailed in Table I are obtained. 

(1) m = 0, V = 0. No immigration ; all healthy persons reproduce 

at a constant rate. 

(2) m = 0, = p., V = 0 and Ig == 0. As in case (1), but in addition the 

disease is fatal. 

(3) ]I = ^ = V = 0. Immigration operative but no birth-rate. 

(4) = jx = V = 0 and = 0. As in case (3), but in addition the disease 
is fatal. 

(5) m = ]I={x = v = 0 and dg = 0. No deaths, no births, no immigra- 
tion, the total population n^x-\-y. Here we are dealing with a closed 
population, and with a disease which is never fatal, and which may be recovered 
from. The total population in the steady state is 


i^ = X + Y = V(F(V)-f N). 


(97) 



78 


W. 0. Kermack and A. G. McKendriek. 


Tke fifth, case requires fuller discussion. Let us ’consider the value of 
X (V) = V (F (V) + N) — w as V tends to zero. Clearly 

X (V)v-j.o = Limit {VF(V)}v.^o — «• 


We assume that Q, 


't 

“ Jo 


cox ciX has the properties given on p. 70 ; that is, 


it is zero between t = 0 and t = s, then it increases monotonically, and 
finally for large values of t greater than yj it becomes o) (t — yj). 

Thus 

{x(V))v_o = {VF(V)}v^o-n, 


= dr + V j” 


dT + V 1 e-'^^“TdT| - n, 


= I V£+ V(7) - s) + V j” e- 

which, as before, if s and t] are finite 

= f V [h, + « (r - 1 _ 

I .N J v^o 

(S - ->1) V e- - w, 

V J II J V-)*0 




I V-X) 


n, 


— n. 


<!>. - 

Further {x (V)}v->x , hence if, — m is negative, the equation 

(V) = 0 has one real positive root, and may in general have an odd number of 

such roots, whilst if — n is positive, there are either no real positive 

roots, or an even number of such roots. We shall now assume that d(x)/dx is 
never negative. This is the case which is most important in practice, since the 
condition implies that after an attack of the disease susceptibility remains 
constant or increases, but never decreases. We shall also assume in the first 
instance that cOq is not equal to zero. We shall now show that under these 
conditions ^ (V) always increases with V. 


VF 


-<3>v 

e Jo ^ 


{V)=vr 

Jo 

= JL rjL 

Jo 


dK 






d\ 




1 pe-j; 

Jo 


1 dco 7 

0 ^ — r — dT. 


dx 


(99) 
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Thus 

« 

X(V) = ~ lo iT + NV - n. (100) 

O6>0 <Pjo d'V 


Tt is readily seen from the form of tMs expression that x (V) increases with V, 
provided that dcs^/dx is never negative. Let ns now suppose that == 0, 
between t = 0 and t = s, and let = co', a small but finite quantity. 
Then 

fe — rc+Se — poo _ 

YF (V) = Y (Zt + V + V dr, 

w 0 I * €+5e 


= Y (e + Se) 




dx 


( 101 ) 


It follows as above that x (V) constantly increases as V increases, even 
though o^r for small values of x is zero. Thus it appears that if dcxijdx is not 
negative, the equation x ^ ^^ot provided that 

n > 1/ and has no real roots if ^ < 1/ <I>co. The value Wq = 1/ Oco may 
be called the threshold density of population, as no endemic disease can exist 
when the density is less than 1/ Occ. Let us suppose that the actual density 
exceeds the threshold density by a small amount n\ and further let 


From what has been proved above X must be positive if dec jdx is never negative 
and not constantly zero. If do^/dx is constantly zero, co^ is a constant, and 
it is then easy to show that X is equal to zero. Apart from this special case X 
is positive. The equation for V then becomes 

+ n' == ^ — j- XV 4- NV + higher powers of V. 

As Wq = 1/ equation will have a solution V so small that squares and 

higher powers of V may be neglected. Hence to a first approximation 

’'“xfs »dX=„.+ j2^. (102) 

As X is in general positive, Y is less than n\ and X — riQis positive. Hence 
when n' individuals are added to a population already at its threshold density, 
a certain amount of endemic disease will set in, the number who are ill being 
less than the actual excess of the population density over the threshold density. 
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In tie equilibrium condition the density of the healthy population will in 
general exceed the threshold. In the special case where <o is a constant the 
number who are ill will actually equal the excess, and the number who are 
well will equal the threshold. The value of X— apart from simple cases, such 
as CO = constant — ^is related apparently in a complicated way to the function 
cOt, and so far we have been unable to find a simple expression for it. 

Discussion. 

The mathematical results which we have obtained above are very general 
in character, and a complete discussion of all the special conclusions which 
may be drawn would of necessity be unduly long. We shall, therefore, at 
present confine ourselves to pointing out some of the more important features 
of the system which is under investigation. Two important limitations of the 
above theory should in the first place be emphasised. The effect of the age of 
the individuals is not taken into account at all. Other t hin gs being equal, 
indi^duals are assumed to have the same susceptibility, the same infectivity 
and the same chance of dying or recovering whatever their age. In most cases 
this assumption will not be true. In diseases of comparatively short duration 
and especially those confined to particular age periods such as childhood, the 
effect of age may be of relatively little importance, but in diseases which last 
for periods comparable with the average age during life, the effect of age is 
likely to be very much more important. The second factor which has been 
neglected in the above treatment is the effect of death from causes other t.bfl.n 
the single disease which is assumed to be operative, or the removal of 
individuals from the population through some independent mechanism. For 
example, in the case of diseases limit ed to a particular age group the individual 
would automatically pass out of the population susceptible to the disease by 
becoming older. We hope in the future to extend the treatment which has 
been elaborated in the present paper so as to take into account the effect of a 
general death rate, and if possible the effect of age. 

The results obtained above refer partly to the conditions for the existence 
of a steady state, and partly to the nature of the equilibrium so obtained. It 
is of considerable interest that in the general problem a particular system admits 
at the most of only one steady state provided that the susceptibility never 
decreases as time goes on. This follows from the fact that equation (63) has 
only one real positive solution. It may have no real positive solution at all, in 
which case no steady state can exist. Fquation (68) gives the condition under 
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wMcli tMs will occur. Tliis limitation of tlie number of steady states to one at 
most, is not immediately obvious. One did not know for certain that a number 
of steady states might not exist, each being characterised by a different value 
of V. 

In the problem dealt with in our previous paper we showed that a threshold 
population density existed which was such that no epidemic could occur if the 
population density was less than this threshold. In the present problem a 
threshold of an analogous type turns up only in case 5, that is, when the popula- 
tion is closed so that no individuals can leave or enter it. In the other cases 
the population level automatically adjusts itself in conformity with the values 
of the arbitrary functions. Naturally no such adjustment is possible with the 
closed population considered in case 5, and it has been shown that in this 
instance no disease can exist unless the total density of population exceeds a 
certain level. In the special case of constant coefficients this threshold density 
happens to be identical with the threshold density found in dealing with con- 
stant coefficients in the previous paper, being equal to l/k. further, we have 
also shown that in the case of constant coefficients the number of healthy 
individuals remains at the threshold level when the number of the population 
exceeds this threshold, and that the excess are found in the diseased group. 
In the general case, however, this does not necessarily hold, the number who 
are ill may not, and in general will not, be equal to, but form only a fraction of 
the excess, so that the number of healthy individuals in the population will 
usually become greater as the total population increases beyond the threshold. 
The disease rate of the population wdll, to a first approximation, be proportional 
to the excess of the population over the threshold, when this excess is small 
Some interesting results follow from the present work in regard to the effect 
of the rate of influx of fresh individuals on the mortality rate, and the endemic 
level of a population. The mortality rate is equal to W/9^ = DT, the disease 
rate is denoted by V/^ = T, whilst the endemic level of fraction of the popula- 
tion actually infected is Y/n = NT. We have shown that an increase in the 
immigration rate, or in the birth-rate either of the virgin, the recovered or the 
diseased, will result in an increase of T, and therefore in increases of the 
mortality rate, the disease rate and the endemic level. A fall in immigration 
rate or birth-rate will have the opposite effect. Although in obtaining this 
result the various assumptions mentioned at the beginning of the discussion 
have been made, yet it is to be expected that in general a fall in the birth-rate 
would be accompanied by a fall in the prevalence of all contagious diseases. 
We hope to deal with this problem more fully at a later date, when considering 
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a system in wMch allowance is made for deaths or removals from causes other 
than the single disease under discussion. 

The eq[uilibrium states which we have been discussing so far may be either 
stable or unstable. In the former case, when the population is almost, but not 
quite, in equilibrium, then as time goes on it will gradually approach the 
equilibrium condition. When the equilibrium is unstable one or two things 
may happen. The population may gradually move farther and farther away 
from the equilibrium condition, until the disease completely disappears, or 
the population is wiped out. On the other hand, the population may oscillate 
about its equilibrium state, but these oscillations may gradually increase in 
amplitude until they become very great. (As a border line case we have the 
special possibility of continuous oscillations of constant amplitude, but this 
wiU appear only under very special conditions.) We may define the first type 
of instability as aperiodic, and the second as periodic. The nature of the 
equilibrium in the case of constant coefiGicients will be determined by the nature 
of the roots of the equation (14) in a. If one of these roots corresponds to 
unstable equilibrium, then, although the others may correspond to stability, 
yet the state will be unstable. In the same way in an unstable system the 
instability might in general be mixed, that is, the equation in a might have 
roots corresponding to both types of instability. It is readily seen that the 
oondition for stability is that the real roots of the equation should be negative 
and that the complex roots should have negative real parts. We have shown 
that in general this condition is always satisfied in the case of constant coeffi- 
cients. The only exception occurs in the limiting case (3) in which the real 
part is zero, and pure harmonic vibrations result. The exceptional value 
a = 0 obtained in case (5) accommodates a disturbance within a closed 
population resulting in a change in the total number. 

The theory as elaborated in this paper only applies to oscillations of small 
amplitude about the equilibrium condition. When these amplitudes increase 
the theory will cease to hold. It does not give a complete account of what 
happens in a system possessing periodic or aperiodic instability. It only 
indicates the nature of the stability. As, however, there is at most only one 
equilibrium condition the system cannot change to any steady con- 
dition other than one in which there is no disease at all or one in which the 
whole population has been wiped out. Apart from these two possibilities, 
it seems that it is not possible from the above to indicate how a system 
exhibiting periodic instability may behave after the oscillations have reached 
a considerable amplitude. 



Mathematical Theory of Epidemics. 


83 


Sumrmry. 

(1) A mattematical investigation has been made of the prevalence of a 
disease in a population from which certain individuals are being removed as 
the result of the disease, whilst fresh individuals are being introduced as the 
result of birth or immigration. Allowance is made for the effects of the 
immunity produced as the result of an attack of the disease, but the effect 
of deaths from other causes is not taken into account, and the action of the 
disease is supposed to be independent of the age of the individual. 

(2) As a special case of the above, results have been obtained for a closed 
population in which no deaths occur and to which no fresh individuals are 
added, but in which the individuals after being infected acquire immunity, 
and then may be again infected. A threshold density of population exists 
analogous to that described in the previous paper, which is such that no 
disease can exist in a population, the density of which is below the threshold. 

(3) In other special cases investigated when either immigration or birth is 
operative in the supply of fresh individuals, as well as in the general case, 
only one steady state of disease is possible. To reach this state the population 
must be of a certain density which will be determined by the functions character- 
ising the infectivity, morbidity, etc., of the disease. 

(4:) Increase of the immigration rate or of the birth-rate results in an increase 
in the rate of infection of the healthy individuals and also in the percentage 
rate of infection, the percentage of sick, and in the percentage mortality from,, 
the disease. This result is, of course, a necessary consequence of our assump- 
tion that the disease is the only cause of death. 

(5) More particular results have been obtained by substituting constants in 
the place of the undetermined functions assumed in the general theory. 
Further, under these conditions the nature of the steady states has been more 
fully investigated and it has been shown that in all cases, except one, the steady 
states are stable ones. In the exception, a disturbance would result in purely 
periodic oscillations about the steady state. 
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The Absorption Spectrum of Nitrous-Oxide and the Heat of 
Dissociation of Nitrogen. 

By Abun K. Dutta, M,Sc., Department of Physics, Allahabad University, 

India. 

(Communicated by M. N. Saha, F.E.S. — Received May 9, 1932.) 

In some previous papers it has been shown by the author and others* * * § that 
saturated compounds of most substances in the vapour state show continuous 
absorption. A typical example is SOg-vapour, which was recently studied by 
the authorf and which enabled him to make an accurate estimation of the heat 
of dissociation of oxygen. In the present work, the absorption spectrum of 
NgO was investigated with a view to determining the heat of dissociation of 
nitrogen, 

LeifsonJ was the first to investigate the absorption spectrum of 1^20 gas 
and foxmd that the gas shows no selective absorption in the Schumann region- 
He states that the absorption is in the form of two continuous bands, the first 
extending from X 2000 to X 1680 and the second from X 1560 beyond the range 
of observation. Recently Wulf and Melvin§ showed that when NgO is illumi- 
nated with light of wave-length X 2300, it is decomposed photochemically into 
NO and N ; they also noticed that NgO possesses no band absorption. 

Experimental Work, 

As the previous data appeared to be fragmentary, it was decided to investi- 
gate the spectrum in greater detail. The gas was prepared by heating pure 
NH 4 NO 3 and purified by passing through ferrous sulphate solution. It was 
collected in a glass tube 100 cm. long, whose ends were closed by quartz 
windows. The source of continuous light was a hydrogen discharge tube 
provided with thick aluminium electrodes and run from a 2 -kilowatt trans- 
former. It gave a perfectly continuous spectrum from extreme red right up 
to the linait of quartz. The spectrum was photographed in a small quartz 
spectrograph. 


* Dutt, Saha and Deb., ‘ Bull Acad. Sci. Allahabad,’ vol. 1, 

t ‘ Proc. Roy. Soc.,’ A, vol. 137, p. 366 (1932). 

t ‘ Astr. J.,’ vol. 63, p. 73 (1926). 

§ ‘ Phys. Rev.,’ vol. 39, p. 180 (1932). 
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It was observed that NgO gas gave no band absorption. Light appeared 
to be absorbed from about X 2400, but as the position of the cut seemed to 
shift with pressure, it was apparent that the eye-estimation of the cut was 
likely to lead to grave errors. A detailed microphotometric study of the 
intensity of the plates obtained under different pressures was therefore 
undertaken. 

The microphotometer used was of the Zeiss-pattern, belonging to the physics 
department of the Patna University, and I wish to express my thanks to Pro- 
fessor A. T. Mukherjee, Director of the Patna Laboratory, for his kind per- 
mission to use this apparatus. The intensities of the continuous spectrum 
as well as that of the spectrum transmitted through N 2 O under different 
conditions were measured throughout the entire range of wave-lengths and the 
transmission ratios for each wave-length was obtained by comparing the 
intensity of the spectrum transmitted through the gas with that of the spectrum 
transmitted through the empty tube. It may be added that the time of 
exposure as well as the conditions of running were maintained as constant as 
possible. These transmission ratios are shown in Table L 


Table I. 


Percentages of transmitted light at wave-lengths. 


Circumstances under which the 


spectrum was taken. 

A 2618. 

A 2442. 

A 2370. 

j 

A 2294. 

A 2216. 

A 2 149. 

Spectrum transmitted through 100 
cm. of N 2 O at atmospheric pressure 

93-75 

86-25 

81-12 

60-0 

35-0 

1 

8*75 

Spectrum transmitted through 100 
cm. of N 2 O at half atmospheric 
pressure 

96-26 

90-62 

84-38 

71-25 

49-38 

26-75 

Spectrum transmitted through 100 
cm. of NjO at quarter atmospheric 
pressure 

97*75 

92-60 

86-87 

75-0 

56-25 

37-50 


Prom this table a curve was plotted with the percentage of absorption 
(absorption ratio = 1 — transmission ratio) as ordinate and wave-lengths as 
abscissae. The curves for the three different conditions are shown in fig. 1. 
It is seen that all the three curves cut the abscissae at one and the same point. 
This point must, therefore, be taken as marking the beginning of absorption. 
Prom the graph, the position of the beginning of absorption was found to be 
at X2750. 
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Discussion of Results. 

From the above spectrophotometric -work it has been established that NgO 
gas begins to absorb light from X 2760. As the absorption is continuous we 
can suppose that the photochemical reaction takes place as follows : — 

N 2 O + liv (corresponding to X 2750) = NO + N. 

Now X 2750 corresponds to 104-0 kcal. We have, therefore, 

N 2 O + 104-0 kcal. = NO + N. (1) 

Again, from thermochemical data* 

N 2 O -17-7 kcal. =N 2 + i02 (2) 

* Landolt and Bomstein’s Tables, p. 1489 (1923). 
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and 

NO-21-5kcal. + (3) 

From (1), (2) and (3), we have 

JNg + 100-2 kcal = IST 
or 

Ng = 2N — - 200*4 kcal., 
i.e,, 

= 200-4 kcal. =8-7 volts. 

This value of Dj^, seems to be the most reliable so far obtained ; it is discussed 
later. 

In the above- discussion it has been assumed that 1^20 decomposes into 
normal NO and normal N. In the case of SO3, it was found that after a first 
absorption at X 3300, which corresponds to dissociation of SO3 into SO2 and 
normal 0, there is a patch of transmitted light followed by a second absorption 
at X 2300 ; this was interpreted as marking the decomposition of SO3 into SOg 
and an excited oxygen atom in the state. It is very probable that N2O 
should show a similar behaviour. The absorption at X 2750 has been inter- 
preted to indicate dissociation of NgO into NO and normal N-atoms. Leifson's 
(Zoc. cit.) investigations show that the first absorption is followed by retrans- 
mission, which is again followed by a second absorption which becomes prominent 
at X 1550. It is very probable that the second absorption indicates photo- 
chemical decomposition of NgO into NO and excited N-atoms. Now, the 
fundamental state of N-atom is ^83 and the next metastable state is ^D. 
According to Compton and Boyce* is for nitrogen very nearly 2*37 

volts. From these data we can calculate the expected beginning of second 
absorption. We get, 

N2O + 6*91 volts = NO -j-N(2D) (4) 

6-91 volts = 4*54 -}- 2-37 = volt corresponding to X 2750 + volt corre- 
sponding to 482—^0 of N. This corresponds to X = 1840 A. This apparently 
does not agree with Leifson’s value, but as I have already pointed out here 
and also in a separate paper, f the eye-estimation of the beginning of absorp- 
tion is likely to give rise to grave errors. For example, according to eye- 
estimation, absorption of NgO appears to begin at X 2400, whereas the 
microphotometrical studies of the absorption spectrum shows that it begins 
at X2750. It is therefore very probable that if the absorption spectrum 

* ‘ Phys. Rev.,’ vol. 33, p. 145 (1929). 
f Butt, * Z. Physxk ’ (in course of publication). 
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of N 2 O be studied again in a fluorite or vacuum spectrograph, the second cut 
will be found nearer the expected region. 


Discussim on the Heat of Dissodaiion of N^. 

A resume of the investigation on the heat of dissociation of Ng is given in 
Table II ; of these, only a few merit discussion. 


Table II. — ^Heat of Dissociation of Nj. 



Method. 

Value in volts. 

Eucken* 

TKftTTYlfl.l , 

1,9-1 to 10 ‘5 

Langmuirf 


>10 

SponerJ 

Active nitrogen 

11*4 

Gario and ICaplan§ 


9-0 

Gaviolall 

Sensitised fluorescence 

9 * B or 9 • 8 

Sponer^ 

Herzberg** 

Band spectrum data : extrapolation of Ng '* bands.... 
Discussion of ]Sr 2 ‘’' bands 

11*75 

9-1 

Birgett 


9*5 

MuUikenJJ 

General criticism 

9-5 

BirgeSS 


9*0 

Grimmllll 

Electron bombardment 

15*9 

Tate and Loziermf 


8*4 

Turner and Samson*’’** .... 

Excitation potential of tho negative bands of 

8*4 


* ‘ Leibig. Ann.,’ vol. 440, p. Ill (1924). ** ‘ Nature,’ vol. 122, p. 806 (1928). 

t ‘ J. Amer. Chem. Soc.,’ vol. 37, p. 417 (1916). ft ‘ Nature,’ vol. 122, p. 842 (1928). 
t ‘ Z. PbyBik,’ vol. 34, p. 622 (1926). tt ‘ Nature,’ vol. 122, p. 842 (1928). 

§ ‘ Nature,’ vol. 121, p. 906 (1921). §§ ‘ Phys. Kov.,’ vol. 34, p. 1062 (1929). 

II ‘ Nature,’ vol. 122, p. 313 (1928). |||| ‘ Z. Meotroohomie,’ vol. 31, p. 474 (1026). 

H ‘ Z. Pbysik,’ vol. 41, p. 611 (1927). ‘ Phys. Rev.,’ vol. 39, p. 264 (1932). 

*»* « Phyg. yol. 34, p. 747 (1929). 

In the work of Tate and Loziei;, gas was bombarded by electrons of varying 
velocity and the characteristics of the resulting products were studied by a mass 
spectrograph. It was found that the N"'" ions were just produced when the 
voltage of the bombarding electrons reached the value 22^9 ±0 '6 volts. 
The only interpretation of this result is that the ll 2 -molecule is split up into 
normal N, normal and an electron, when it is hit by an electron with 
the energy 22-9 i 0-6 volts. We have, therefore, 

Nj = N {«S) + N+ (3P) + e - (22 • 9 ± 0 • 6) volts. (5) 

But, 

N (*S) + 14-5 volts = N+ (3P) + e 
as determined by Hopfield.”' Hence 

Na = N (*S) + N (*S) — (8-4 ± 0-5) volts. 

‘ Phys. E«v.,’ vol. 127, p. 801 (1926). 
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This method is very straightforward, but the authors poiut out that owing to 
certain unavoidable circumstances of the experiment the accuracy cannot be 
much increased, and the result is uncertain to the extent of ±0*6 volts. 
This value is in good agreement with that obtained by the writer. 

The other set of values is grouped round the fundamental work of Herzberg 
on the band structure of From a study of the band spectrum of 15*2“^ 

Herzberg* came to the conclusions that the normal molecule is formed of 
a normal (^P) atom and an excited N (^D) atom,t while in the excited state 
it consists of normal (^P) and normal N (^Sg) atoms as shown in fig. 2. 

These facts can be represented as follows : — 

N 2 ‘‘- (normal) = N (^D) + N+ (*^P) - 9 - 1 volts (6) 

1^2+ (excited) == N ("S) + N+ (^P) ~ 3 -7 volts. (7) 

The values of 9*1 and 3*7 were obtained by Birge and Spooner’s method from 
the vibrational levels of in the normal and excited states. Again, 

(excited) = (normal) + 3*2 volts, 

3*2 volts corresponding to the transitions of the (0—0) band of Hence 

(normal) = N (^S) + (®P) - 6*9 volts. 

Herzberg further used the relation 

Dth' + Im == (8) 

where 

Ifl = heat of ionisation of N-atom horn 

N (^S) to N+ (3P) = 14*5 volts. 

== heat of dissociation of Ng molecule. 

= heat of ionisation of 1^2 molecule. 

= beat of dissociation of molecule into normal states of the 
atoms, i.e., N (^S) and (®P). 

* ‘ Ann, Physik,’ vol. 86, p. 189 (1928). 

t Regarding the interpretation of the bands of and other similar compounds, CN", 
SiN, 00"^, etc., the present position seems to be less clear than was first supposed by 
Herzberg, While the excited states in all these compounds are assumed to be made up of 
normal atoms, no uniformity is obtained as regards the state of atoms composing the normal 
molecule when detailed numerical comparisons are made. For discussions, Herzberg and 
Heitler, ‘ Z. Physik,* vol. 53, p. 53 (1929). But for evaluating the heat of dissociation of 
Nj these controversial points are not involved. We have to use only equation (7). 
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From the older experiments on the ionisation potential of molecules Herzberg 
took to be 16-7 volts, but this value is uncertain. D«,' was taken, to be 
6-9 volts. Substituting these values in (8) Du, was found to be 9-1 volts. 
The accuracy of this value depends upon the values of D»,' and 



Fig. 2. 

(The abscissa represent distance between the constituent nuclei, the ordinate, tho 
potential energy in volts. The other points are discussed below.) 

In the experiments of Turner and Samson the minimum electron voltage 
for getting the (0—1) band of was found to be 19 volts. Wo have there- 
fore, 

Nj = Nj"'' (excited) + e — 19 volts 
= (normal) + e — 15-8 volts 
(excitation energy of the (0—0) band being 3-2 volts) 

= N («S) + N+ (SP) 4- e - 22-7 volts 
from Herzberg’s value of 6-9 volts for D^-. 
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But (^P) = N (^S) — e + 14*5 as obtained by Hopfield (Zoc. ciL), There- 
fore IsTg = 2IT (^S) — 8*2 volts. This value is subject to two uncertainities : 
firstly, in the measurement of the excitation potential for raising ]Sr 2 to 
This is given as 19 volts, but the actual value obtained was 22 volts. The 
difference is the correction for contact potential which has been obtained by 
comparison of the excitation potential of the line 6402*2 of Ne. Secondly, 
in the assumption that the normal state is composed of all the molecules in the 
zero vibrational state. Birge* also drew attention to this point. 

Gaviola observed that the NH band appears as a result of photosensitised 
fluorescence when about 4 mm. of nitrogen and very little hydrogen are admitted 
to the quartz tube containing the mercury vapour, which is being excited 
by the light of a water cooled, magnetically deflected mercury arc. The NH 
band disappears as soon as the line 2537 of the arc is absorbed or seK reversed* 
Having determined that the intensity of the bands is proportional to the square 
of the intensity of the exciting light, he concludes that atomic nitrogen is 
formed by three body collisions of Ng molecules with two excited mercury 
atoms. According to whether the mercury atoms are excited to the state 
with 4*9 volts of energy, or to metastable ^Pq state with 4*68 volts, the value 
of Dnj obtains an upper limit of 9*8 volts or 9*3 volts. The values are too 
high and it is probable that in this case dissociation takes place with con- 
siderable kinetic energy. 

In conclusion I wish to thank Professor M. N. Saha, P.R.S., for his kind 
interest and valuable suggestions during the course of this work. 

Summary. 

(1) The absorption spectrum of NgO has been observed in the quartz region. 
Continuous absorption was obtained and microphotometer measurements 
were taken to locate accurately the beginning of absorption. 

(2) The beginning of absorption takes place at X 2750, corresponding to 
104*0 kcal. Assuming the process of decomposition to take place according 
to the equation NgO + E = NO + N, the heat of dissociation of Ng has been 
obtained as 8*7 volts, with the help of other thermochemical data. 

(3) A second reabsorption is expected near X 1840 A, and it is thought 
probable that the apparent reabsorption obtained by Leifson at X 1550 would 
shift further to the red side if microphotometer measurements were taken* 

(4) Other methods of evaluating Dj?, have been reviewed and criticised. 

* ‘ Phys. Rev./ vol. 34, p. 1062 (1929). 
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The Mechanism of the Initiation and Propagation of Detonation in 

Solid Explosives. 

By Wilfrid Taylor, PI 1 .D., and Alfred Weale, M.8c., Nobel House, 
Imperial Chemical Industries, Ltd., Stevenston, Ayrshire. 

(Communicated by P, G. Donnan, P.R.S. — Received May 20, 1932.) 
Although half a century has elapsed since the publication of the classical 
treatise of Berthelot upon explosives, the detailed mechanism of the initiation 
and propagation of detonation in liquid and solid explosives is still obscure. 
Detonation is a phenomenon exhibiting a number of specific characteristics 
which differentiate it quite definitely from the explosive combustions of such 
substances as gunpowder and cordite. It is well known that the latter are 
governed by laws relating the rate of reaction to the surface area, the tempera- 
ture and pressure of the surrounding gases, etc., and that heat is the chief 
medium of initiation and propagation, whereas in the case of detonation, the 
reaction wave-front travels directly through the explosive medium in the same 
sense as does a soundwave, and the velocity of propagation is a very definite 
characteristic of the phenomenon. * This stability of the detonation velocity 
is well demonstrated for solid explosives by the photographs in a recent paper 
by B. Jones* ; the speeds are usually much greater than any exhibited by 
explosive combustions, and range from 1600 to 10,000 metres per second. 
Binally, the initiation and propagation of detonation appear to be associated 
much more intimately with mechanical shock than with flame. The weight 
of evidence strongly indicates that the difference between detonation and 
explosive combustion is fundamental and not merely of degree, and the term 
high explosive ’’ is reserved for substances capable of the former property. 

The theoretical treatment of detonation as a shock wave traversing the 
medium and maintained by the accompanying chemical reactions has been 
developed by several investigators.f These writers have built up a quantita- 
tive theory from thermodynamical reasoning and have been able to calculate 
velocities of propagation, which in some cases are correct, but in practice it 
has been found that the thermodynamical conditions, while necessary, are 
not sufficient. Thus, a great number of compositions possessing all the 

* ‘ Proc. Roy, Soc.,’ A, vol. 120, p. 603 (1928). 
t See Jouguet, Meoanique des Explosifs.” 
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thermodynamical qualifications of a Hgli es^losive cannot be made to detonate ; 
others permit detonation to be initiated successfully but without propagation, 
and the reaction degenerates into a mere deflagration, or even dies out com- 
pletely. It is indeed very difficult to judge whether a particular composition 
is a true detonating explosive without the opportunity to test the sample in 
reasonable quantity- The violent decompositions of small samples or single 
crystals furnishes no a priori evidence of detonation, and innumerable examples 
may be quoted of such material in bulk being unable to propagate the local 
and violent initial activity. . 

The chief reason for the insufficiency of the classical mechanical theories to 
forecast the behaviour of a potential high explosive is that they neglect, or 
do not deal adequately with, the mechanism whereby the pressure or other 
factors bring about the decomposition of the explosive immediately in advance 
of the wave-front. Many writers have followed Berthelot who believed that 
detonation was an internal combustion brought about by the rapid adiabatic 
compression of each layer of the explosive in turn, the heat developed being 
sufficient to raise the material to the ignition temperature. The adiabatic 
compression hypothesis has in fact met with much success in explaining 
detonation waves in gases, but the validity of its extension to liquid and solid 
explosives has been doubted by reliable thermochemical authority.* 

Eeference may also be made to a hypothesis advanced by Abel, who supposed 
the disintegrative impulse to be conveyed from molecule to molecule by 

sympathetic vibrations,” the nature of which could not at that time be 
specified. This theory has been discarded, and certain experimental evidence 
cited by Abel has since been shown to be inadequate ; but in a slightly more 
modern garb, the same idea has recently been advanced in another form, the 
“ sympathetic vibrations ” being identified with characteristic infra-red 
frequencies which resonate the unstable molecules selectively. It must be 
pointed out, however, that continuity of the explosive component is not 
necessary in a detonating composition, and the detonation wave may even 
successfully traverse an inert layer intersecting the cartridge. The distinction 
must again be drawn between the explosive decomposition of a crystal in 

* Nemst, Theoretical Chemistry,” p, 789 of 1923 edition, says : “ The theory of solid 
and liquid explosives will probably progress along the same lines as that of gaseoxis 
explosives ; in particular, the pressure necessary to produce the explosion will be of 
fundamental importance for the theory of the development of the explosion wave. It 
must, however, be observed that, contrary to opinions sometimes exprei^ed, 'a high 
temperature such as would initiate the reaction will' certainly not be obtained by com- 
pression as is the case with gases.” 
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whict there is molecular contiguity, and the propagation of the detonation 
wave through a possibly heterogeneous medium. 

After reviewing the literature of the subject, very briefly touched upon in 
the above outline of the problem, it was felt that the chief need in this field 
was the prosecution of quantitative experimental work and the accumulation 
of reliable data before proceeding to elaborate further hypotheses, A general 
investigation was therefore planned, and a description of the preliminary 
results forms the substance of the present paper. 

The treatment of the problem adopted in this research was as follows. As 
the detonation wave-front advances across any thin layer of the medium, 
three main features are to be distinguished as contributing to the propagation, 
namely {a) the pressures and stresses set up either by the original initiating 
impulse or by the decomposition products of the preceding layers ; (6) the 
physical and chemical characteristics of the layer itself, conveniently designated 
by the term “ sensitiveness ” and which determine its readiness to decompose ; 
and (c) the mechanical reaction of the undecomposed material immediately 
in advance of the wave-front. Previous investigations have been concerned 
principally with [a) and information upon (6) has been greatly lacking, although 
it would appear that the real key to the problem is to be found in this 
direction. 

The preliminary experimental work was concerned with an investigation of 
the conditions whereby a thin layer of explosive can be initiated to explosive 
decomposition by percussive forces of the same order of magnitude as those 
present in the shock waves associated with detonations. If the conditions 
governing the initiation of the first layer be known, then the natural assumption 
is to be made that the next layer is initiated in turn by the transmitted portion 
of the original blow plus the contribution due to the pressure developed by the 
explosion products of the first layer. 

The pressures involved in detonation are extremely high, of the order of 
100 tons per square inch and upwards. The only possibility of working with 
pressures of the right order lay therefore in selecting the most sensitive sub- 
stances, and employing the great forces called into play during the impacts 
of hard metals. An existing type of sensitiveness test, namely the “fall 
hammer ” or “ drop-weight ” test, was therefore made the starting-point of the 
investigation. Unfortunately, the results of this test are notoriously lacking 
in reliability and great care was required in the first place to obtain the con- 
ditions of successful experiment. 
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Apparatus and Manipulation. 

In the ideal fall-hammer test, a peUet of explosive composition wotdd be 
placed upon a hard flat surface and be struck by an inelastic falling weight. 
The variable factors are then the mass of the striker W, the geometry of the 
striking surface and the height of fall H. 

In practice, however, it is dfficult to ensure that a relatively large mass will 
fall squarely and in exactly the same way every time, and hence it has been 
found desirable to interpose a '' striking pin ” or piston between the composition 
and the falling weight. This piston receives the blow and transmits it to the 
pellet, and it is possible to place and guide the piston so as to obtain much 
better reproducibility of the blow. 

Two types of apparatus were used, similar in principle, one of which was 
designed for use with very sensitive explosives for which the falling weights 
ranged from 1 to 64 ounces, and the other of a more sturdy construction with 
weights ranging from J to 20 kilograms falling from heights up to 2 metres. 
The details of these two instruments will be seen by reference to fig. la. 

The pedestal and framework of the smaller apparatus were constructed of 
cast iron and weighed approximately 1 cwt. In essence this apparatus con- 
sisted of an iron table and a vertical rod, the latter carrying a sliding arm. 
The striker weights were held at any desired height above the table by means 
of an electromagnet attached to the sliding arm. Various types of weights 
were tried, and it was found that the best for the purpose were Hoffmann 
steel balls, which were readily replaceable and could be obtained in a wide 
range of sizes. They had the further advantage of being manufactured to 
specification of high precision, were accurately spherical and of very hard 
steel.* 

The striking pins were of hardened steel, and of various shapes and sizes. 
They were constrained by the collar arrangement shown in the drawing so as 
to have freedom of motion in a vertical direction only. In certain cases it 
was found convenient to replace the cylindrical pistons by small steel balls, 
3 or 4 mm. in diameter, as shown in fig. I, d. 

Regarding the larger instrument, many forms have been described in the 
literature.f In the particular form of apparatus used in this work, a steel 
hammer was constrained by vertical guides to fall upon a massive steel anvil. 
The sample of explosive and its system of pistons and constraints as shown in 

* Steel balls have been used previously by Dupre (7th International Congress of Applied 
Chemistry, Section 1116, p. 132). 

t Kast, International Congress of Applied Chemistry, 190&, also Lenze, ibid., 1906. 
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fig. 1, c, were placed on the anvil to receive the blow. The steel cylinders 
were Hoffmann rollers and could be replaced as frequently as desired. Only 
with the most powerful explosives, however, were frequent replacements 



a c 



necessary. The explosive was placed evenly on the upper surface of the lower 
piston, and the second piston pressed down on it, the two being held in position 
and centred by the steel collar as shown. 

The explosives used were not, in general, pure substances. Detonating 
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explosives are rarely pure compounds, but contain additional substances added 
for stability, energy content, flame-quenching properties, etc., and their 
detonating properties are characteristic of the whole incorporation, so that a 
general investigation must not be restricted to one component system. The 
explosives used on the smaller apparatus were chiefly mercury fulminate, 
lead azide, lead dinitroresorcinate and mixtures of these substances with 
oxidising materials such as potassium chlorate and barium nitrate, and fuels 
such as antimony sulphide. On the larger instrument they included tetryl, 
TNT, picric acid, nitroglycerine gelatines, dynamites, and typical high explosive 
mixtures. For work on the smaller apparatus the compositions were loaded 
into copper of brass shells, the charges being about 0*03 gram and pressed 
into firm pellets under loads varying from 150 to 450 lbs., corresponding to 
pressures from 6000 to 18,000 lbs. per square inch. The thicknesses of the 
pellets were of the order of 0*02 inch and the diameters were 0*25 inch. With 
all explosives used on the two instruments, the criteria of ignition under shock 
of the falling weight were sujBS.ciently marked to ehminate ambiguity. A very 
sharp report was obtained, and in many cases the violence of the explosion 
was sufiGlcient to throw the piston and weight to a distance. It is necessary to 
stress this point because with other forms of the apparatus used in the pre- 
liminary work, very great ambiguity arose owing to incomplete ignition of the 
less sensitive explosives such as trinitrotoluol-ammonium nitrate mixtures. 
This dififi-culty has been commented Upon by other workers, but the use of the 
constraining system described above practically eliminated the trouble. Only 
complete ignitions were recorded as ‘"fires.” In both the large and small 
instruments the surfaces of the striking pins became pitted and eroded with 
the violence of the ignitions, but the standard rollers and balls were renewed 
immediately the surface was attacked. 

For a series of experiments with any particular weight and height of fall, 
both ignitions and non-ignitions are usually obtained. It is usual therefore 
to define the characteristic height for a given sample as that at which a certain 
fraction of ignitions occur out of a given number of trials, each pellet being, 
of course, submitted once only to the blow. It soon became evident, however, 
that no high accuracy could be obtained by this method except in a few very 
favourable cases. 

It is not surprising that trouble is experienced in obtaining regular results 
when it is remembered that the experiments deal with very small quantities 
of mixed materials. It was found necessary therefore to investigate the 
distribution of ignitions for a standard explosive, using a standard weight and 
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varying tlie height of fall only. A typical set of results is given in the following 
table, and similar distributions were obtained with the larger apparatus and 
for all the conditions studied. 

Table I. — ^Distribution of Ignitions according to Height of Fall of Striking 

Weight. 

Striking pins : 4 mm. steel balls. 

Containing shell : Brass 0-22 inch diameter. 

Composition : Mercury fulminate mixture containing ground glass. 
Charge : 0*034 gram. Striking weight : 2 ounces. 

Thickness of composition : 0*02 inch. 


HeigM of fall, 
inches (H). 

Total number 
of trials. 

Number of 
ignitions. 

Percentage of 
ignitions {y). 

6-0 

12 

1 

12 

per cent. 

1 100 

5*5 

12 

12 

' 100 

4-5 

12 

12 

100 

4-0 

20 

20 

100 

3*5 

30 

25 

83-3 

3-0 

30 

18 

60-0 

2-7 

30 

11 

36-7 

2-6 

30 

13 

43*3 

2-0 

30 

8 

26*0 

1*5 

20 

0 

0 


The results obviously suggest a statistical distribution and suggest the 
following behaviour. For any given weight and type of explosive, assuming 
all the samples to be exactly alike, and all struck in an identical manner, 
there would be a critical height of fall, lesser heights producing no ignitions 
and greater heights resulting in 100 per cent, ignitions. Actually, however, 
the samples difier from the ideal one in shape, size, homogeneity, etc., so that 
each sample will have a critical height peculiar to itself and differing from 
the ideal one by a positive or negative divergence. The distribution of these 
divergences will be governed by some probability law. 

From a practical point of view it seemed likely that the distribution would 
be heavily biased on the side of positive divergences, i.e., that it would be much 
easier to lose than to gain efficiency in the blows, but a preliminary inspection 
of the results did not support this, and it appeared that a purely random dis- 
tribution of divergences would fit the facts better. If the divergences are 
purely random they will be governed by the Maxwell function 

^/K 
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where z is the divergence and the other terms have their usual meaning in 
probability theory. The critical height for any samples taken at random is 
H = ± ^2=? where is the ideal critical height. 

The number of samples having their critical heights less than some given 
height H will therefore be 

N = iNo(l±erfs), 

where the sign in the bracket follows the sign of z itself and 

erf z . dz, 

Jo 


Since all those samples having lower critical heights will fire for a height H, 
the percentage of ignitions will therefore be 


SON,, , . , 

2/ = ^ (1 ± erf z). 


This is therefore the theoretical equation to the curve which should be obtained 
from the results of Table I, assuming the random law of distribution to be 
correct. The scale of the curve is fixed in the y direction by the value of the 
modulus h. In practice the experimental points were plotted first and a smooth 
curve drawn through them. The gradient at the point y == 60 per cent, is 
given by ^ 

tan A = IOOA/Vtt, 


and was obtained graphically. The theoretical curve was then computed 
and added to the diagram. 

It soon became evident that these curves derived from the Maxwell function 
were also the best possible fits to the experimental points, any variations being 
irregular and due presumably to the fact that suflGLcient nmnbers of trials had 
not been made. In order to test this point, a very extensive series of trials 
was carried out, taking eight heights of fall, and testing 100 samples at each 
height. These results are shown in fig. 2 together with the theoretical curve 
plotted from the above distribution function. It is evident that there is no 
suspicion of any skew-distribution.’* 

The standard deviation D of the distribution may be obtained by A = l/V 2D. 
It was very necessary to keep D as low as possible ; experience with older types 
of apparatus showed that a high scatter-value was the chief reason for the 
uncertainty and lack of reproducibility of tests carried out on such instruments. 
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The procedure adopted in measuring critical heights of fall was as follows. 
Five heights were taken in the critical region, and twenty trials were made at 
each height. The percentage of ignitions P was determined at each height, 
and the heights taken so as to provide a range 20 per cent. < P < 80 per 
cent. The P values were then plotted against H, and the value of H corre- 
sponding to P = 50 per cent, taken as the critical height. Not only is this the 
ideal height for the sample, but as may be readily shown by statistical 
theory it is the most accurate part of the experimentally obtained distribution 
curve. 



Ucigict' of- Fall (iach«^]. 

Pig. 2. — Statistical distribution of “ Drop Test ” ignition. 


With the aid of these improved instruments and the statistical method, 
the conditions governing the ignition of the pellets were investigated, with the 
following results. 

Variation of Height of Fall with Mass of Striking Weight 

It was a matter of common knowledge that the ignition of a pellet is deter- 
mined both by the mass of the striking weight and also its velocity at impact, 
but the relationship of these two variables was not known precisely. The first 
experiments were therefore concerned with this point. The data tabulated 
in Table II are typical of all the explosives examined. 

Similar experiments were carried out with the large apparatus using less 
sensitive explosives and the same relation found to hold when the standard 
steel rollers were used. 
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Table II. — ^Variation of Critical Height of Fall with Mass of Falling Weight, 
Striking pms ; Cylindrical steel 0-004 sq. inches cross section. 


Mass of falling 
weight (W ounces). 

Mercury fulminate. 

Lead trinitroresorcinate mixture. 

Critical 
height of fall 
(H inches). 

Product (WH). 

Critical 
height of fall 
(H inches). 

Pinduct (WH). 

0*5 

14-0 

7-0 

18-0 

9-0 

1-0 

7-1 

7‘1 

9-0 

9-0 

2-0 

3*5 

7-0 

4-6 

9-2 

3-0 

2-3 

6-9 

3*1 

9*3 

4-0 

1*7 

6*8 

2-3 

9-2 


The results of all the work with the standard apparatus may be summarised 
by the following rule. Ignition of the sample occurred whenever the kinetic 
energy of the striker exceeded a critical value which was characteristic of the 
sample itself, that is to say, the mass m of the striker and the striking velocity 
V were always related by the expression 


mgiL = == K. 


It follows that K may be taken as a quantitative measure of the sensitiveness 
of the explosive to percussion under the given conditions. 

In fig. 3 (a), the results of Table II have been plotted in curves I and II both 
of which exhibit the characteristic hyperbolic form obtained from all such 
experiments. The test of the relation mgS. = K is to plot the reciprocals of 
m against H ; a straight line should be obtained passing through the origin 
and with gradient K. This has been done for the same results in fig. 3 (6), 
curves I and II. 

It is curious at first sight that the striking velocity should only enter into 
the problem through the kinetic energy, but it appeared that for the range of 
velocities available this was undoubtedly the case. An extension of the work 
revealed the fact, however, that with other types of apparatus, the simple 
kinetic energy criterion did not always hold. Thus, in one set of experiments 
the hardened steel rollers used with the larger instrument were replaced by mild 
steel pistons, and not only were much greater energies required to cause 
ignitions, but smaller weights appeared to produce ignitions with less kinetic 
energies than did the larger weights. On another occasion, the pellets were 
held in an actual cartridge system, that is to say, at the centre of a circular 
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Fig. 3. — (a) : Variation of height of fall necessary to cause ignition with the mass of the 
striking weight, (b) : Evaluation of K, the sensitiveness of the explosive, (c) : Illus- 
trating theory of elastic support and showing that the effect of increasing the elasticity 
of the support is to increase the constant Hq. (d) : Effect of supporting pellet of 
explosive on various metallic pedestals, (e) : Variation of sensitiveness with area of 
striker end. 
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metal plate fixed at its peripheiy but capable of vibrating axially, and the 
results again stowed a departure from the constant K criterion.* Tte depar- 
ture from tbe standard case was always exhibited in the same way, i.e., by a 
displacement of the straight line relating 1/m with H* As an example, the 
actual results with a cartridge system are shown in fig. 3 [a), curve III, and the 
corresponding reciprocal diagram in fig. 3 (6), curve III. The modified results 
were all capable of being represented by the more general formula 


An investigation of all the cases where an Hq term was obtained revealed a 
factor common to them all, namely, a lack of rigidity in the supporting or 
striking systems. This lack of rigidity could be introduced in several ways, 
€,g., by using a piston which was permanently deformed by the blow, by a 
light pedestal which could vibrate imduly, or by any lack of strength in the 
constraints of the pellet itself. As the effects of a yielding support are of 
great interest in developing a theory of propagation of detonation, this point 
was investigated further, starting with the simplest possible case, in which the 
pedestal itself was free to recoil and only offered resistance to the blow by 
virtue of its own inertia. 

For this purpose, the pedestal with supporting system was hung as a ballistic 
pendulum free to recoil horizontally. The striking weight was also hung as a 
pendulum, and swept down an arc so as to strike the pellet in a horizontal 
line through the centre of gravity of the carrier pendulum. The suspensions 
of both pendulum systems 'were of the quadrifilar type. Difficulties of manipu- 
lation prevented any extensive work with this apparatus, but the results 
showed a perfectly definite Hq term. 

A very simple explanation may be offered in this case^ If the struck system 
is able to recoil, then all the energy of the striking mass is not available for 
local dissipation at the place of contact, but only that part which is relative 
to the common centre of gravity, viz., 


L = ) = mgK (-ry-— — ) , 

^ \M 4- m/ \M 4- m/ 


\M + m 


M 


.M + ml 


which may be written 



* Examination of the literature showed that results of this type had also been obtained 
by Zelinka (Vojensko-Technicke Zpravy, vol. 3, p. Ill (1926) ), who attributed them to a 
specific effect of the striking velocity. 
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If the condition of ignition is that the available energy L must attain some 
critical value, then L may be taken as a constant and the necessary relation 
between m and H then becomes 

I'ng (H ~ Hq) = constant = L, 

where Hq has been written for L/M^, and this expression is then identical with 
the one obtained by experiment. The slope of the line obtained by plotting 
1/m against H should be the same as in the case of a rigid support. To test 
this point, the results obtained with the pendulum were plotted and L found 
to be 6-0 ounce-inches. Another set of the same pellets were tested on the 
standard instrument and the K value found to be 7*5 ounce-inches. Having 
regard to the experimental difficulties in the pendulum work, this was regarded 
as sufficiently good agreement. 

The problem of the cartridge system in which the yielding is due to deforma- 
tion of the suspension is more complex, but the experimental results are of the 
same form as in the case of the pendulum. It was argued that if the appearance 
of an Hq term were really due to lack of rigidity, then by introducing further 
freedom artificially, the Ho intercept should be increased, but the gradient L 
of the line should remain the same. Two sets of experiments were carried out 
to test this point, and the results are given graphically in fig. 3 (c). Curve I 
was obtained for cartridge systems held rigidly’' as usual ; a definite Hq intercept 
is shown. The whole system was then separated from the steel pedestal by 
a pad of hard rubber and a new series of experiments made with the result that 
curve II was obtained. The anticipated effects are both present, the Ho 
intercept being increased from 1*6 to 3*5 inches while the gradient remains 
the same. In order to obtain accurate points on these curves, the full statistical 
method was employed, and 1000 trials were involved in these two experiments. 

Finally, experiments were made in which the pellets were supported bj" 
short pillars of various metals. Steel, copper and lead were used so as to 
provide different degrees of rigidity. The cylinders were J inch high and 
carried the small brass shells in which the explosive material was pressed in 
the form of a thin pellet. It was not possible in this case to provide lateral 
constraint for the striker piston, so the alternative arrangement shown in 
fig. 1, c, was used, a small Hoffmann steel ball being used as the strildng piston. 
The falling weight struck this ball vertically, and the levelling was such that 
neither the weight nor the ball showed appreciable horizontal motion after the 
impact. The lead cylinders were so deformed by the blow that a fresh one 
was used for each trial, the necessary standard of repeatability being ensured 
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by employing Standard Eley lead crusliers as used for pressure-taking in 
firearms. 

The results of this work are shown graphically in fig, 3 (d). Those on the 
steel and copper pedestals, and also those on the standard apparatus were 
identical, but those on the lead were very different, and not only exhibited a 
large Hq term but also a greatly enhanced K value. 

The special interest of these experiments lies in the fact that for those 
metals which were not strained beyond their elastic limits by the blow, the 
• initiation was independent of the metal. This is important since otherwise 
the K values of the standard apparatus might vary with the class of steel used 
for the pedestal or hammer- The evidence of the experiments suggests that 
any metal may be used which is not permanently deformed. In illustration 
of this principle it may be mentioned that whereas the mild steel served quite 
well for experiments with the sensitive explosives, it behaved like the lead 
when used in the large instrument with less sensitive high explosives requiring 
blows of greater energy. 

The work described above indicates that only when the supporting system 
is rigid to a high degree can the results of the falling weight test be relied 
upon to estimate the relative sensitiveness of explosives to percussion. If this 
condition is not fulfilled, then additional factors are introduced which may 
entirely mask the true values. The critical condition for ignition in the absence 
of these disturbing factors is that the energy of the falling weight must exceed 
a critical value, but this does not necessarily mean that the energy itself is the 
immediate causative agency ; any other factor uniquely determined by the 
total energy may actually be responsible. 


Effect of Area of Blow. 

It seemed natural to suppose that the critical energy should vary with the 
area over which the blow is distributed, and this was actually found to be the 
case ; further, the relation was strictly linear. The experiments were carried 
out with striking pins of different cross-section using the standard apparatus. 
A complete range of weights and heights was taken for each size of piston and 
the K values calculated in each case. The latter have been plotted against the 
area of the piston-end in fig. 3 (e), and the linearity of the relation is evident. 
The particular mixture used was one of mercury fulminate, potassium chlorate 
and antimony sulphide. 
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Comparison of the Critical Energy with the Amount of Explosive Initiated. 

One object of tising very thin pressed pellets in the above work is that the 
stresses developed in them should be sensibly uniform throughout their 
thickness, and hence also the average conditions governing the liberation of 
energy should not vary sensibly throughout the pellet. It is of great interest 
therefore to compare the energy of the striking mass with the amount of heat 
required to raise the explosive to its ignition temperature. 

Reading from the graph of fig. 3 (e), a flat-ended piston of 0*0034 square 
inch required a striking energy of 10 ounce-inches for ignition of the particular 
mercury fulminate mixture. The pellet had a thickness of 0*0185 inch and 
hence the volume affected was 0*0000629 cubic inch. Supplementary experi- 
ments showed that the relation between initial thickness of pellet and the 
critical energy was sensibly linear. Assuming the whole of the energy o| the 
striker to be usefully employed, in heating the pellet then the available energy 
amounts to 3*038 X 10® ounce-inches per cubic inch or in metric measure 
68*5 joules per cubic centimetre. Converted into heat, this would be 16*3 
gram calories, and assuming a density of 4 and a mean specific heat of 0*2 
the temperature rise would be 20® C. approximately. The ignition temperturo 
of this particular mixture is 163® C. 

Hence, assuming the most perfect conditions theoretically possible, the energy 
of the striker is inadequate to heat the explosive uniformly to the ignitioii 
temperature. Actually, the efi&ciency of the energy transfer will be far below 
unity and the inadequacy becomes still more marked. Nor, under the con- 
ditions of experiment, can it be admitted that the average quantity of heat 
liberated in any one portion of the pellet is in excess of that liberated in another. 
It is true that for much less sensitive explosives, such as trinitrotoluol, very 
much greater striking energies are required, but an examination of the experi- 
ment leaves little doubt but that the greater part of this energy is dissipated 
elsewhere than m the explosive, chiefly in the steel of the pedestal and weight 
themselves. For example, in one series of experiments, the explosive was 
supported on mild steel pistons which were slightly crushed by the blow. The 
extent of the crushing was the same (to within less than 0*1 per cent.) whether 
an explosive peUet was mounted on the piston or not, although in the former 
case frequent ignitions were obtained. On these grounds alone, we regard 
many of the calculations of temperature rises in the explosive quoted in the 
literature as misleading.* 

* For example, Muraour, ‘ Bull. Soe. chim. Fr.,’ vol. 41, p. 620 (1927) quotes as an example 
of the adiabatic heating effect that 5 kgm. falling 30 cm. will detonate picric acid, this 
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Assuming, liowever, that very high and localised concentrations of energy 
are possible in specially favoured parts of the explosive, it appeared desirable 
to investigate next the manner in which the sensitiveness^ as measured by the 
K value, depended upon the initial temperature of the explosive. 

Temperature Variations of Sensitimness. 

For the purpose of testing the sensitiveness of explosives at different tempera- 
tures, the standard anvil was replaced by a conical hard copper cylinder which 
was surrounded by an electrically heated jacket, fig. 1 (a). The upper end of 
the pillar carried a polished stainless steel top which was capable of renewal 
as it became pitted by the firing of the explosive. Replacements were made 
in practice after every 20 ignitions, otherwise the results ceased to be repeat- 
able. The steel top was enclosed by a copper block which was drilled to serve 
as a guide for the striking pins, the latter being of hardened steel | inch in 
diameter and ^ inch long. Temperatures were measured by means of thermo- 
couples inserted between the steel top and the copper block. Control experi- 
ments showed that the thermocouple temperature corresponded with that of 
the explosive. The explosive was not used in the form of a pressed pellet ; 
instead a measured charge was placed loosely on the steel, covered with the 
piston, and pressed with a standard load. The heating current was then 
allowed to flow, and when the desired temperature was attained, the weight 
was released and the result observed. 

On account of the relative slowness of these operations, the full statistical 
method, involving 100 experiments for each critical height determination, was 
considerably abbreviated, relying on the experience gained with many thousands 
of trials by the standard method. Although the K values are not quite so 
accurate therefore as those which have been given above, they may be relied 
upon to within approximately 5 per cent. 

The results are given in the following table and are also shown graphically 
in fig. 4, the sensitive substances being mercury fulminate and guanyl-nitroso- 
amino-guanyl-tetrazene* tetrazene ”). 

On plotting K against the temperature t, a curve is obtained which may be 
produced to cut the axis K = 0 at a value T which is obviously the temperature 

energy of 1*5 kgm. metres being sufftcient to raise 0*01 gm. of a substance of unit specific 
heat through 350® C. The point we would make is that an overwhelming proportion of 
this energy is incapable of becoming concentrated in the explosive, and no figures have 
been produced for the heat actually available. 

* See British patent 201,009. 
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Table III. — ^Temperature Variation of Sensitiveness. 
Explosive layer about I mm. thick. 


Striking weight = 2 ounces. 


Mercury fulminate. 

Tetrazene. 

Critical 



Critical 



energy 

Temperature, 

(T-tj 

energv 

Temperature, 

(T-O 

K 


T = 163° C. 

K 

fC. 

T 118° C. 

ounce-inches. 



ounce-inches. 



10 

167-5 

5-5 

20 

113-0 

6-0 

20 

149*5 

13-5 

30 

111-0 

7-0 

30 

140-0 

23-0 

40 

108*0 

10-0 

40 

119-0 

44-0 

60 

103-2 

14-8 

45 

87-0 

73-0 

55 

100-0 

18*0 

46 

37-0 

126-0 

60 

89-0 

29-0 




70 

76-0 

43-0 




76 

15*0 

103-0 



Fig. 4. — ^Influence of temperature upon sensitiveness to percussion. 

of spontaneous ignition of the sample.*^ Additional columns have been added 
to the table giving the values of (T — t), the deficiency between the actual 

* If this intercept is the true spontaneous ignition temperature, then it was suggested 
that the use of a different striking system which would give different K values at normal 
temperatures, in accordance with what has been said previously concerning the effect of 
area of blow, would nevertheless yield curves having the same T intercept, since the ignition 
temperature is independent of any blow being delivered at all. The experiment was tried 
and the two dotted curves were obtained, confirming the above surmise in fxill. 
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and the ignition temperatures, which is compensated in some way by the 
energy K supplied by the striking weight. 

On the hypothesis that some given fraction of K is liberated as thermal 
energy in some localised portion of the sample, then the rise in temperature 
would be very nearly proportional to K since the specific heats of the com- 
ponents do not change very greatly over the temperature range in question, 
and we should expect K to be proportional to (T — t). The experimental 
results, however, are not even in remote agreement with such a relation. 
Thus, the theory of localised heating which would meet the first objection to 
the adiabatic compression theory, namely, the inadequancy of the available 
energy, leads us immediately into a further difl&culty. 

On account of the first objection, we have been led to reject the adiabatic 
compression theory and to seek in its place for a mechanism which is more in 
accord with the experimental evidence. The theory which is outlined below 
not only provides such a mechanism but includes without diffiLculty an explana- 
tion of the temperature effects described above. We would point out, however, 
that this explanation is not essential to the main argument. 

Theory of the Mechanism of the Initiation Process. 

It is desirable in the first place to examine the process whereby energy is 
liberated in the interior of the explosive, bearing in mind that the external 
pressures operating during the impacts range from about 10 tons per square 
inch in the case of mercury fulminate to over 100 tons per square inch in the 
less sensitive explosives, also that the explosive compositions are never rigid 
solids but are all capable of further compression under pressures of these high 
intensities. 

The explosive composition contains internally a large number of free surfaces 
and interfaces between contiguous granules, and on the application of the 
external pressure, these interfaces are subjected simultaneously to normal 
stresses forcing the two granules into more intimate contact, and to tangential 
components tending to cause shearing motion. As a result of the former, 
strong cohesive bonding is produced by the interaction of the molecular fields, 
but the linkages are no sooner established than they are violently ruptured 
by the action of the shearing motion. The surfaces become disintegrated, 
the individual molecules are left in highly activated states, and the selective 
energisation results in the development of the phenomena of tribo-electricity 
and tribo-chemistry. 
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Both of these phenomena have the common feature that highly energised 
molecules are produced in numbers considerably in excess of those which would 
be provided by a Maxwell distribution, unless an extremely high temperature 
were to be postulated. The frictional heat which appears as a result of the 
motion is to be regarded as a consequence of the redistribution of these high 
and irregular energy concentrations rather than vice versa- 

In more general terms, the continued process of surface linkage and dis- 
ruption under very intense pressure results in the chemical decomposition of 
the medium at a velocity which is proportional to the rate at which work 
is being done in the process. To tliis decomposition must be added that due 
to the thermal reaction proper. If either or both of these reach a critical 
value, then the action becomes self-propagative, and the whole granule of 
explosive substance decomposes very rapidly. A third agency is then brought 
into play within the pellet, namely, the efEect of the liberation of hot reactive 
gas products, and providing the other components of the mixture are chemically 
suitable, reaction becomes general throughout the layer, spreading very rapidly 
from centres provided by the elementary granule decompositions. Since the 
whole of the layer is still under the influence of the impact pressure, and the 
original conditions of excitation are in operation, the time required for the 
complete ignition of a properly designed composition is extremely small, and 
in practice the explosion appears to be simultaneous with the blow. 

The theory admits of quantitative development along the following lines. 
The rate of variation of the thermal reaction with temperature is governed 
bv the well-known expression 

in which Q is the energy increment involved in the activation process, A is 
a proportionality coef&cient and T the absolute temperature. The other 
contribution to the reaction velocity is provided by the mechanical forces, 
and is governed by K, the energy of the blow. We may therefore set 

4 = BK, 

while bearing in mind that a more complete analysis of the process may entail 
using some power of K ; for example, the normal pressure and tangential 
stresses at a given interface are each proportional to the applied external 
pressure P, and for the standard apparatus P in turn is determined by the 
energy K of the blow and the elastic constants of the steel pedestal. Taking, 
however, the first power for simplicity, we have for the complete condition 

-f BK = h, 
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wkere h is the critical reaction velocity necessary to initiate the decomposition 
of the grannie. This equation is therefore the quantitative expression of the 
relation between temperature and the sensitiveness as measured by the K 
value. Its great interest lies in the fact that it yields curves of precisely the 
same type as those given by the experimental work. If we write it in the 
form 



ge , 


and put Kq = fc/B, then 

log(Ko-K) = log(|) + ^ 


As T -> 0, K ^ Kq so that the experimental curves should be asjunptotic to 
the same line K = Kq? tendency is well marked. 

Secondly, if the reciprocals of the absolute temperature are plotted against 
the Naperian logarithms of the differences between the K, values and the 
asymptote of the curve, the result should be a straight line. This also was 
found to be the case. 

The slope of these lines should be equal to Q/R and hence the critical incre- 
ment of the assumed activation process may be estimated, subject to the pro- 
vision mentioned above that K and not some power of K is the appropriate 
variable to be plotted. For mercury fulminate, the calculation gave Q = 16'8 
Jdlogram-calories per gram mol, whereas had VK been selected as the variable, 
the result would have been Q = 26*5. As the Q value is by hypothesis 
•characteristic of the crystal of mercury fulminate, it seemed of great interest 
to obtain an independent estimate of the critical increment of the purely 
thermal decomposition. Professor Garner very kindly undertook this 
investigation at our request,* and obtained the figure 29*4 kilogram-calories 
per gram mol. 

The tentative theory outlined above is in accordance with the following 
facts, which have been established quantitatively by means of the two standard 
instruments but which, in the interests of brevity, will not be quoted here in 
detail. 

(1) The results of covering the granules with oil or wax reduces the sensitive- 
ness enormously and this finds a ready explanation on the tribo-chemical 

* Besult privately couimuiuoated : we understand that a description of this work is in 
course of publication. 
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hypothesis, since the seat of the initiation is presumed to be the interfaces of 
the granules.* 

(2) A soft sensitive material may be sensitised by the admixture of harder 
components, whether inert or not. 

(3) The grist of the granules plays a very important part. The smaller the 
particles the closer is the packing and the less opportunity is there for break- 
down and relative motion. Thus as the granules are made very fine, the 
percussion sensitiveness falls, and may even cause the pellet to become inert. 

(4) If opportunity is given for increased relative motion, as, for example, by 
striking a glancing blow, the sensitiveness increases rapidly. It may be 
remarked that such few tribo-chemical reactions as have been studied are 
associated with grinding forces and not direct impacts. 

(6) If the pre-compression of the pellet is increased greatly a decrease in the 
sensitiveness is observed as the density increases. On the theory developed 
above, this is only due to the very much restricted opportimity afforded for 
internal motion in a mass in which the voids have been reduced to negligible 
dimensions. 

(6) The specific chemical action of certain non-explosive compounds in 
modifying the K value of a mixture may easily be understood. Such sub- 
stances are generally oxidising agents like the perchlorates, peroxides, and 
nitrates. If we consider an interface between an explosive which is almost 
invariably oxygen-deficient, and one of these granules, then while the decom- 
position of the former is proceeding, the products react with the oxygen carrier 
and give rise to further products of high energy content. The result is to 
bring a third agency into play increasing the reaction velocity at the surface 
of the explosive, and supplementing the frictional effects. It is now known 
that products formed by highly exothermic reactions at a surface are powerful 
catalysts, and when they are concentrated at a reactive surface under a pressure 
of many tons to the square inch it is not surprising that they exert a great 
influence. 

Dr. 1^. K. Adam, with whom we discussed this question, very kindly furnished us 
with a series of fatty acids, viz., nonylic, lauric, palmitic and eicosoic acids in which the 
lengths of the carbon chains were progressively lengthened, and we hoped to obtain a 
corresponding series of sensitiveness values when they were used in turn to cover the crystal 
surfaces of mercury fulminate. Unfortunately the effects were quite masked by the fact 
that under the falling weight, he crystals were ruptured and initiation commenced at the 
fresh unlubricate^ surfaces thus opened up. 
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Application to the Thecyry of Detonation, 

The experiments described in this paper have been concerned with the 
specific sensitiveness of thin layers only. It remains therefore to indicate 
briefly how work along these lines may further our knowledge of the phenomena . 
of the propagation of detonation. 

At the outset it may be remarked that similar sensitiveness experiments may 
be carried out equally well with gunpowder and other typical non-detonating 
compositions. The ignitions are not usually so violent as those obtained with 
sensitive detonating explosives; thus the ignition of 0*4 grain of mercury 
fulminate sometimes shattered the hardened steel piston, and pitted a steel 
requiring a critical deformation pressure of over 380 tons per square inch. 
Again, charges of 0*2 gram of gelatine were often initiated with sufficient 
violence to throw a 2 kilogram hammer 10 cm. in the air. It is evident that 
only the most rapid and complete decomposition of the whole sample could 
produce these results. ^ 

With these facts in mind, let us consider the process of initiation and propa- 
gation of detonation in a cartridge of high explosive. For simplicity, suppose 
the initiation to be due to the shock wave from a neighbouring explosion. 
The aerial pulse traverses the gap with a velocity considerably greater than that 
of sound, and impinges upon the first layer of the explosive. The necessary 
criterion for the initiation of the first layer is that the stresses set up across it 
must be equivalent to those which would be given to the layer if placed on a 
rigid support and struck by a rigid hammer with a blow of energy K per Unit 
area. (We may refer to these as the K conditions.) For example, in the 
case of certain dynamites, the stress in the layer would have to exceed 80 tons 
per square inch, and as the cartridge is mechanically equivalent to a yielding 
support, the pressure in the air pulse would require to be much greater than 
this figure. There is usually no difficulty in this ; the pressure exerted by the 
complete explosion of mercury fulminate, lying uncovered on a steel plate, 
certainly exceeds 400 tons per square inch and the reason for the great initiating 
power of fulminate will readily be understood. 

In the absence of any reaction in the first layer, the pressure in the wave- 
front would be damped very rapidly indeed in a medium possessing the physical 
properties of a typical high explosive. The limited amount of energy would 
be rapidly dissipated as heat, owing to the internal motion, and the pulse 
would quickly become degraded to an ordinary sound wave. (We exclude 
in this connection the case of propagation in a liquid.) 
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In the case of detonating explosive, however, the first layer will be initiated 
by the applied stress, and the hot gaseous products of reaction will contribute 
to the local pressure, compensating for the loss of energy suffered by the pulse 
in traversing the layer. There is no lack of potential chemical energy available 
for this purpose, as a rule ; thus a woodmeal dynamite containing 60 per 
cent, nitroglycerine has an available chemical energy of 960 gram-calories 
per gram. 

It is not sufi&cient, however, to have this energy in the potential form ; it 
must be liberated at a sujBSiciently high velocity to be able to reinforce the 
pressure in the wave-front. If we consider a layer of the same thickness as 
that used in the percussion experiments, namely, 0-02 inch, then the pressure 
wave travelling at the slowest possible velocity met with in normal detonations, 
i.e., about 2000 metres per second, would traverse the layer in 2-6 X 10“^ 
second, and therefore the decomposition must in this space of time provide 
sufficient pressure on its own account to compensate for the loss otherwise 
suffered by the wave in travelling the 0*02 inch. Failing this, the velocity 
of the wave will fall, and continue to do so until either (1) it is sufficiently slow 
to permit the reaction velocity to maintain the pressure, or (2) the pressure in 
the wave-front falls below the critical value necessary to produce the K con- 
ditions. In case (1) the detonation proceeds at its characteristic stable velocity, 
while (2) the detonation comes to an end and the undetonated cartridge is 
merely hurled forward by the gas pressure. 

In certain cases, the energy liberated by the initiating pulse is more than 
sufficient to compensate for the loss suffered by the original wave, and the 
velocity of the wave-front is then increased in sympathy with the higher 
driving pressure behind it, so that the detonation wave accelerates to the 
characteristic velocity. 

The characteristic velocity of detonation of a high explosive arises therefore 
as a result of the balance of two quahties inherent in the nature of the explosive, 
namely, (a) the specific sensitiveness which determines the critical pressure 
conditions necessary for the initiation of each layer, and (6) the velocity of 
chemical reaction in a layer once initiated under the influence of the critical 
pressure conditions. In dynamic equihbrium at the wave-front, the latter 
must maintain the pressures required by the former, in other words, there 
must be a stable velocity of propagation if the explosive is to detonate 
at all. 

If we were to assume a simple adiabatic heating effect, then (a) could be 
computed from a knowledge of the specific heats and compressibility data, 
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but tlie conclusion arrived at as a result of tbe experimental work is that (a) 
depends upon tbe tribo-ckemical potentialities of tke medium, and is afEected 
by a large number of factors wbicb must be determined by experiment. Tbe 
other quality (6) of the medium, depends upon the chemical nature of the 
composition and also to some degree upon the physical conditions, and it is 
here that the reason is to be found why many explosive mixtures like gunpowder 
which give reasonably low El values in the fall-hammer test do not detonate. 
Although initiated . by tribo-chemical action, the reactions are too slow, 
even under the high pressure, to reinforce the pressure wave in a short 
enough space of time. Hence the necessity for the presence of some 
constituent which is capable of extremely rapid and explosive decom- 
position once initiated. Into this class of substances fall the pure explosive 
compounds such as mercury fulminate, lead azide, tetryl, picric acid and 
nitroglycerine. 

The precise mechanism of this rapid decomposition offers another field of 
investigation of great theoretical interest, though hot necessary for the present 
theory, in which it is sufficient to accept the experimental facts. 

The above brief sketch of a tribo-chemical theory of detonation must be 
regarded as a fruitful hypothesis based upon the experimental results described 
in the paper, as well as being in accord with a mass of information on the 
subject of detonating explosives which cannot be enlarged upon here. The 
chief conclusion is that this branch of physical chemistry is essentially an 
experimental one, and that its first requirement is the accumulation of precise 
data. The specific sensitiveness of an explosive, and the reaction velocities 
under high pressures are not entirely amenable to theoretical calculation ; the 
xmderlying physical and chemical principles are simple, but in the first instance 
are too interwoven for other than er^erimental treatment. At the same time, 
they involve in a very interesting manner, fields of theoretical chemistry which 
are of especial interest at the moment, namely, the study of the mechanism of 
surface reactions, of molecular force fields, and of molecular activation, and 
indicate the practical importance of what is at present the rather obscure and 
neglected subject of tribo-chemistry. 

The above work was carried out in the Eesearch Department, Nobel Section, - 
Imperial Chemical Industries, Ltd., at Stevenston. We are indebted to Messrs, 
Imperial Chemical Industries, Ltd., and in particular to Mr. T. Donaldson 
and Dr. J. Weir for permission to publish this paper. 
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Summary. ^ 

An attempt has been made to approach the general investigation of the 
phenomena of detonation in solid explosives by a study of the dynamics of 
the initiation of thin layers of explosives by impulsive forces. The forces are 
most conveniently applied by controlled impacts of masses of steel, as in the 
so-called drop-weight ” or fall-hammer ” tests. 

It has been shown that whereas the results of such experiments exhibit large 
fluctuations, they can be made to furnish very reliable data by the application 
of statistical methods, and carefully controlled experimental conditions. 

A number of quantitative relations have thereby been obtained relating the 
criterion of ignition with the mechanical and geometrical factors involved in 
the impact. 

It is shown that ignitions may be caused by impacts having insufiioient 
energy to raise the sample of explosive to the ignition temperature, and hence 
some more detailed theory of the ignition process is necessary. 

The temperature variation of the ignition process has been studied and an 
exponential relation found, which is difficult to reconcile with a simple theory 
of local temperature rise, but suggestive of a surface activation mechanism ; 
some possibilities of the latter are indicated tentatively. 

The natural extension of the work as a basis for the formulation of the 
general mechanism of detonation is discussed. 
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By C. F. Powell and Luang Brata, The Wills Physical Laboratory, University 

of Bristol. 

(Communicated by A. P. Chattook, F.R.S. — ^Received May 26, 1932.) 

1, Introd/uction. 

In a recent paper* an account was given of the determination of the 
mobilities of ions of the four alkali metals, sodium, potassium, rubidium 
and cmsium in the gases helium, neon and argon. In this paper the work 
in these gases is completed by the addition of the results for lithium ions 
and the determinations are extended to the gases laypton, xenon, nitrogen 
and hydrogen. In addition the four-gauze method is applied to : — 

{a) An investigation of the clustering of impurity molecules round the simple 
alkali ions. 

(6) An attempt to detect the two isotopes of lithium by the difierence in 
their mobility. 

(o) A search for the missing element No. 87. 

For these investigations it was necessary to increase the eflEiciency of the method 
in separating ions of slightly different mobilities, and, before discussing the 
results, we shall analyse briefly the factors which determine this resolving power. 

2. Resolving Power. 

In the analysis it is convenient to make use of optical analogies. If the 
charge moving through a gas is being carried by several groups of ions of 
different mobility, then it is possible by means of the four-gauze method to 
find how the charge is distributed amongst the various groups. A curve 
drawn from any particular experiment, showing the relative charge carried 
by the different groups plotted against the mobility, may be called the mobility 
spectrum of the ions in the particular gas used. Similarly we may speak of 
the resolving power ” of the method, and by this we mean its capacity to 
separate ions of different mobility. We may define the resolving power as the 
peak frequency divided by the frequency range of the peak, at half maximum, 
due to a single group of ions. In the previous paper curves were given showing 
the mobility of the alkali ions plotted against the mass of the ions for the three 
lightest rare gases. We may refer to these as the “ dispersion curves ” for 

* Tyndall and Powell, ‘ Proc, Roy. Soc.,’ A, vol. 136, p. 146 (1932). 
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tie three gases. It was shown that in the case of argon the dispersion curve 
for the alkali ions was represented with considerable accuracy by the ejtpression 

A = B(l+m/M)*, (1) 

where k is the mobility of the ion of mass, M, moving in the gas of atomic 
weight m. Though in general the results for a particular gas may not be 
e:^ressed by such a simple relation, we may expect the dispersion to increase 
with the molecular weight of the gas and this has been shown to be the case 
in the experiments with krypton and xenon. With an apparatus of given 
resolving power one could therefore expect to separate two ions of different 
^ss more easily in the heavier gases. The resolving power itself can be 
increased by applying the following considerations. 

As m the four-gauze method, let us introduce into an electric field a pulse of 
ions of a given kind in the form of a thin “ plate ” and consider its thickness 
after it has passed through the field. (1) It will have what we may term an 
instnmental width determined by the original thickness of the pulse. This in 
practice cannot be made indefinitely small, a limit being set by the sensitivity 
of the electrometer employed to measure the ionic current. (2) The pulse 
will broaden as it moves through the field owing to diffusion and solf-repulsion. 
This effect will be smaller, the stronger the field in which the ions move. Due 
to (2) the pulse may be said to have a natural width as distinct from its instru- 
mental width due to (1). Expressed in terms of a mobility spectrum a given 

spectral line will have a certain width, part of which is instrumental and part 
aaturaL 

It IS evident that in order to obtain good resolving power it is necessary to 
arrange that the ion pulses generated by the first pair of gauzes shall be thin 
and that the ions shall move in high electric fields so that the broadening due 
to diffusion may be small. The relative importance of the factors (1) and (2) 
m limiting the resolving power is shown in the three curves (a), (6) and (c) of 
fig. 1. The peaks are all due to csosium ions moving in argon at a pressure of 
10 ram. of mercury. In curve {a) the values of the alternating potential applied 
to the grids B and D, fig. 2, was 9-5 volts and the main field, 67 volts/cm. 
n curve (6) all the potentials have been doubled so that the ions pass through 
the apparatus twice as quickly as before and any broadening due to diffusion 
and self-repulsion is reduced. The resolving power has been increased from 
9 - 5 to 11 -7 as a result. To reduce the instrumental width curve (c) was taken 
with the mam field increased from 133 to 145 volts per centimetre. This is 
practicaUy equivalent to a reduction in the value of the alternating potential 
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keeping the main field constant. At this higher main field the peak frequency 
is increased and the width of the pulse of ions at the new peak frequency is 
smaller than that at the old. The resolving power has now increased to 14-8. 
This resolving power is sufficient for most purposes and it is much higher than 
that obtained by any method recorded in the literature. 



20 25 35 40 45 50 40 45 50 55 

Frequency, in arbitrary units 


1, — Curves showing successively increasing resolving power. Caesium ions in argon. 
Argon pressure = 10*06 mm. of mercury, (a) Main field (BC), 67 volts/cm. ; alter- 
nating potentials on B and D, 9*5 volts. (&) Main field (BC), 193 volts/cm. ; 
alternating potentials on B and D, 19 volts, (c) Main field (BC), 145 volts/cm. ; 
alternating potentials on B and D, 19 volts. 

3. Experimental Technique. 

The experimental tube is similar to that described previously and the metal 
parts are shown diagrammatically in fig. 2, a. The steady values of the poten- 
tials between the plates were kept constant at the following values ; AB = — 2 
volts, BG == 100 volts, CD = — 2 volts, DE = 8 volts. .Alternating potentials 
of 9*5 volts were applied to the plates B and D. With these values of the 
potentials, and with the alternating potentials out of phase, the peaks corre- 
sponding to a given single type of ion appear in five orders when the usual 
current-frequency curve is determined. A typical curve for sodium ions 
moving in argon is shown in fig. 3. The peaks in the higher orders are also 
plotted on a greater current scale. 
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With these experimental conditions, assuming that the diffusion coefficient is 
proportional to the mobility, the peak due to a single kind of ion in a given 
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Fig. 2, a. Fig. 2, b, 

order siioiild have a given form independent of the pressure and the mass and 
size of the ions, any departure from this form being due to the fact that the 



Fig. 3.— Sodium ions in argon. Curves showing peaks in 2nd, 3rd, 4th and 5th orders. 

ions are not all of the same kind. If the peak due to a single VinH of ion, in a 
gas at a pressure of p millimetres of mercury, occurs at a frequency /, then the 
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quantity fp is proportional to tlie mobility of the ions, fp is known for helium 
ions moving in helium gas, using the third order peak with the alternating 
potentials out of phase. The corresponding mobility is 21 • 4 cm. /sec. /volts /cm. 
The mobility corresponding to any other ion in any other gas can thus be found. 

In the previous work no difficulties were experienced due to overlapping 
spectra.” In gases giving higher dispersion and also in examining the effects 
of impurities, we have found many examples of complications due to this 
effect. The resulting curves can be analysed from our knowledge of : — 

{a) The total current in any given order corresponding to a given emission 
from the source. 

(6) The relative intensities of the peaks due to a given kind of ion in the 
different orders. 

An example of overlapping is shown in fig. 6. 

We may also consider the effect due to a change in the nature of the ion by 
a collision process in the main field ; the ion may, for example, pick up a 
neutral impurity atom and cluster, or it may transfer its charge to an atom of 
lower ionisation potential. In general these collision processes lead to a 
reduction in the mobility of the ions. Suppose that ions of type A of high 
mobility all change half way across the main field to ions of type B of lower 
mobility. The time they take to cross the main field will correspond to a 
mobility between that of ions A and ions B, and a peak will appear correspond- 
ing to this intermediate value. In a given order this peak will be of very much 
smaller intensity than if the charge had entered the main field either as ions 
of type A or type B and had retained their character. This is so because the 
ions arriving at the second shutter grids are of type B and in order to reach 
the collecting electrode, they must cross the shutter at a higher frequency than 
that corresponding to B ions in the given order we are considering. The 
number of ions crossing the shutters 'falls off very rapidly with increasing fre- 
quency, as is shown by the dotted line in fig. 3, and the intensity of the peak 
due to the ions which have suffered change in the main field will be correspond- 
ingly reduced. Accordingly it is found experimentally that very little dis- 
turbance is produced by changes in the nature of the ions in the main field. 

4. Dispersion Curves for Alkali Ions in Krypton and Xenon. 

The experimental values for the mobility of the alkali ions in krypton and 
xenon are shown in Table I. In each column two values are given correspond- 
ing to the mobility of a given ion in a given gas. That on the left is the 
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Table I.— Mobility 6 f the Alkali Ions in Krypton and Xenon. 
(Values in cm./sec./volt/cm.) 


Gas. 

Li+ 

Na+. 

K+. 

Eb+. 

1 

Os+. 

Expt. 

Theo. 

Expt. 

Theo. 

Expt. 

1 Theo. 

Expt. 

Theo. 

Expt. 

Theo. 

1 

Krypton .... 
Xenon 

4*03 

4-03 

3-22 

2*34 

2-42 

1'86 

1*98 

1-60 

1*98 

1-60 

1-61 

M2 

1*58 

M9 

1 '44 
0-99 

1*47 

1*01 


experimental value 5 on the right the value deduced from an e(juation similar 
to ( 1 ) making the experimental and theoretical values for a given gas to coin- 
cide for potassium ions. The accuracy of the measurements was limited by 
the determination of the pressure. The gas pressure was of the order of a few 
millimetres and the pressure measurements were made on a wide-limbed 
mercury U-tube manometer. The deviations of the experimental from the 
theoretical values are of the same order as the experimental error. 

The alkali ions were obtained from Kunsman sources prepared by the method 
previously described and heated in a tungsten spiral of the tyi)e shown in 
fig. 2 ( 6 ). When the lithium source was first heated the emission consisted 
almost entirely of sodium and potassium ions, but after several hours these 
diminished in intensity and lithium ions began to come off. Eventually, after 
continuous heating for about 12 hours, lithium ions alone were eixiittcd. The 
advantage of using a spiral containing a comparatively largo amount of the 
Kunsman mixture is that one obtains a source of very long life. It has the 
additional advantage, especially in working with sources containing metals of 
high ionisation potential, that the necessary high temperature can be obtained 
without fear of burning out the filament. The ordinary method of spreading 
a thin layer of the mixture on a platinum filament is unsatisfactory in this 
respect when using lithium and the alkaline earths, and the mixture sometimes 
drops off the platinum. 

5. Lithium Ions in the Rare Gases, 

In order to complete the series of measurements with the alkali ions in argon, 
neon and helium, the mobility of lithium ions in these gases was also determined 
and the values obtained are shown in Table II, together with those for the 
alkali ions previously obtained (Tyndall and Powell, loc. cit,). Using these 
values, the complete dispersion curves are shown in fig. 4 , the mobility being 
plotted logarithmically. 
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Table II. — ^Mobility of Alkali Ions in Gases. 



0 7 23 39 85 133 

Mass of ion 


4.— Dispersion curves for the rare gases and hydrogen. 


If tlie abundance ratio of the isotopes Lig : Li^ is 1 : 12 the peaks due to 
lithium ions moving in the heavier rare gases should show some evidence for the 
presence of Lig ions. Since the experimental results in argon are represented 
with considerable accuracy by equation (1) we should expect the ratio of the 
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mobility of Lig"*" ions to Li^"^ ions to be 1*07 : 1 in this particular gas. The 
curve obtained when two peaks of the type shown in fig, 1 (c) of intensity ratio 
12 : 1 and mobility ratio 1 : 1*07 are compounded is shown in fig. 5. In 
working with lithium sources in argon and krypton we have found evidence of 
a broadened curve of this type. This suggests that a concentration of Lig 
atoms might be produced by making use of the difference in the mobility of 

the two isotopes. Using a Kunsman source 



. ^ ^0 50 60 

Frequency, in arbitrary units 

Fig, 5. 


in conjunction with the Franck modification 
of the Rutherford method, the charge first 
reaching the electro-meter plate, as the 
frequency of the alternations applied to the 
plates is reduced, will consist largely of ions 
of the lighter isotope. The method would 
have the advantage over positive ray methods 
that theoretically the plates could be of 
indefinite extent. The chief difiS.culty would 
seem to be in producing a suitable source of 
ions. Tyndall and Powell (Zoc. cit,) showed 
that a Kunsman source has the disadvantage 
that it evaporates large numbers of neutral 
atoms which could condense on the surface 
collecting the ions. 

6. Comparison of Results in Argon, Krypton 
and, Xenon, 

In order to estimate the mobility of ions 
of mass M moving in a gas with molecules of 
mass m, Langevin assumed that the ions and 
molecules might be regarded as elastic spheres 
between which there was an attractive force, 


varying inversely as the fifth power of the distance and due to the polarisation 
of the molecules by the ions. He obtained the following expression for the 
mobility, h, in terms of the density of the gas, p, and the dielectric constant, D, 


Vp(D 


i fl 4-~l^ 

ziT) L +mJ ’ 


where the quantity A is a function of (D — 1) and of the distance of closest 
approach, ex, of the ion and the molecule in collision. If we consider the 
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mobility of different ions in the same gas, in general we should find therefore 
that the mobility would depend both on the mass and the size of the ions. This 
is found to be the case in neon and helium (Tyndall and Powell, loc. dt), 
for example, where the quantity i/(l + m/M)J decreases as we go from Li"^ 
to Cs"^. 

A simplification occurs, however, in the case of highly polarisable gases 
for which the quantity A in equation (2) tends the limiting value 0-51 if i is 
measured in centimetres per second per unit electrostatic field. The physical 
significance of this limiting value is that the polarisation forces between the 
ions and the gas atoms are large at distances greater than o- so that the ion 
can, in the majority of its collisions, receive large deflection without “ colliding ” 
with the gas atom. In such a gas, equation (2) reduces to equation (1) which 
has been shown to represent the experimental results for the alkali ions in 
argon, krypton and xenon with considerable accuracy. Using the values of the 
dielectric constant of the rare gases given by Watson* we have deduced the 
value of A necessary to fit the experimental facts represented by the dispersion 
curves in these gases. The results are shown below : — 


Table III. 


Gas. 

A. 

Langeviii’s theory 

0-51 

Argon 

0-64 

Krypton 

0*65 

Xenon 

0*56 



In view of the assumptions made in Langevin’s theory the agreement of the 
experimental values between themselves and with Langevin’s value is 
remarkable. 

It would be more satisfactory to replace the elastic sphere model by that of 
point centres of repulsive and attractive forces as has been done by Hasse.f 
The constant A in Langevin’s formula is then replaced by one which varies 
with the relative magnitude of the repulsive and attractive force coefficients. 
But full data for the application of this model to collisions between the various 
alkali ions and rare gas atoms are not yet available. In the limit, however, 
when the gas is highly polarisable the value of A approaches that given by 

* ‘ Piroo. Roy. Soo.,’ A, vol. 132, p. 669 (1931). 
t ‘ Phil. Mag.,’ vol. 12, p. 664 (1931) ; vol. 1, p. 139 (1926). 
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Langevin and the two models become virtually identical. The agreement 
between the theoretical and experimental values suggests that in most of the 
collisions of the ions with the atoms the distance of closest approach is such 
that the force due to polarisation predominates and any failure of the model 
chosen to express the real forces between the reacting particles at closer 
distances becomes unimportant. 

7. Exfenments in Nitrogen and Hydrogen, 

Values for the mobility of the alkali ions in nitrogen and hydrogen are shown 
in Table II and the dispersion curve for nitrogen in fig. 6. If the alkali ions 



in hydrogen followed the simple mass law, the difference in mobility between 
lithium ions and caesium would be 13 per cent., most of which occurs between 
lithium and sodium. But it will be seen that in hydrogen the mobility is 
independent of mass over the whole range and equal to 13-4. At first sight 
this suggests that all the original alkali ions had undergone an increase in 
mass by the addition of foreign molecules before entering the main field. 
In the usual method of preparing a Kunsman source it is finally sensitised 
by reduction in the apparatus by heating in hydrogen. In working with 
such a source in hydrogen we might, therefore, expect a continuous pro- 
duction of water molecules unless the source had been previously very 
completely reduced. 
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We have carefully investigated the possibility that these results are due to 
clustered ions, since Loeb* has reported the presence of a sodium ion of mobility 
17 in hydrogen. The following are some typical results using a sodium source. 
The source was first reduced and the apparatus evacuated. Pure hydrogen 
was then admitted and the source heated at the temperature necessary to 
give the required emission. Liquid air was placed on a trap near the apparatus. 
Any water produced by further reduction of the source will diffuse continuously 
to this trap and there will be an equilibrium concentration of water molecules 
in the path of the ions. The chance of an ion capturing a water molecule will 
depend upon : 

(а) The equilibrium concentration of water molecules. This will decrease 
with decreasing hydrogen pressure owing to the greater rate of diffusion 
of the water to the trap. The concentration will be still further reduced 
if the rate of production of water is also lowered by the reduction of 
pressure, 

(б) The time taken by the ions to cross the apparatus. Given a fixed field, 
this is proportional to the pressure. 

For these reasons we may expect any clustering effect due to collisions between 
sodium ions and water to decrease very rapidly with decreasing pressure. 
This is found to be so experimentally. In fig. 7, curve (a) was taken in hydrogen 
at 14-5 mm., curve (6) at 11*8 mm. and curve (c) at 8*7 mm., the fields remain- 
ing constant throughout the series. The results all support the view that the 
peak at mobility 13*2 is due to an unclustered sodium ion. The change in 
mobility from 11*2 to 13*2 is due to the addition of a single water molecule to 
the faster ion ; otherwise we should obtain evidence for ions of intermediate 
mobility. If the faster ion were in reality ITa"^, HgO then the curve (c) taken 
at the lowest pressure should show some evidence for the true lTa''“ unless the 
attachment of the second water molecule takes place very much less easily 
than the first. Actually we have worked at considerably lower pressures 
than that at which curve (c) was taken ; the mobility of the ions remains 
constant until the value of B/j? becomes so high that the speed is no longer 
proportional to it. 

The interpretation of the hydrogen results is complicated by the fact that the 
dispersive power of the gas for ions of different mass is zero within the limits 
of experimental error. The lowering of the mobility by the addition of water 
must therefore be due to an increase in the size ” of the ion. The formation 


‘ Phys. Eev.,’ vol. 38, p. 64^ (1931). 
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of clusters can be mucli more easily followed in nitrogen, for which the dis- 
persion curve for alkali ions is shown in fig. 6, or in the heavier rare gases. 
Except for the value for lithium the results in nitrogen can be represented by 
an equation similar to equation (1) which suggests that in this gas also the 
size of the ion is of little importance. The value of A of equation (2) which fits 
the experimental values for nitrogen is 0*48. This is lower than the value for 
argon. Although there can be little chance of water being present in appreciable 

Mobility 

11*2 11*2 13*2 13'2 , 



quantities when worldng with a Kunsman source in pure nitrogen in a rigorously 
degassed apparatus, it was found experimentally that clustered ions were 
frequently obtained at the higher pressures. As in hydrogen, all trace of these 
clustered ions can be removed by working at sufficiently low pressures. As the 
pressure is increased, using a sodium Kunsman source, the first clustered ion 
to appear has a mobility of 2-66. Prom the dispersion curve in fig, 6 it will 
be seen that the mass of an alkali-like ” ion with this mobility would be 41. 
Since any increase in the size of the alkali ions apart from an alteration in 
mass must, if it produces any change, lead to a decrease in the mobility of the 
ions, we can state that the mass of this clustered ion must be 41 or less, so that 
the mass of the clustering molecule must be 18 or less. The only two polar 
impurities which could lead to this result are water and ammonia, one molecule 
in each case. 



Mobility of Alkali Ions in Gases. 


129 


It was pointed out above that it is unlikely that water could Have been 
present. The following test shows definitely that the clustering in nitrogen 
is not due to water. In two experiments, one in hydrogen and the other in 
nitrogen, the pressures of the two gases were adjusted so that the time taken 
by sodium ions to cross the apparatus was the same in the two cases. In 
these conditions the times taken by water molecules, generated at the source, 
to reach the liquid air traps must be nearly equal. It was found that the 
proportion of clustered ions was considerable in nitrogen and zero in hydrogen. 
The rate of production of water cannc^ be greater in nitrogen than in hydrogen 
and the clustered ions cannot theremm be due to this impurity. On the other 
hand, if the nitrogen contained traces of hydrogen, ammonia would be present 
since the Kunsman source is an ammonia catalyst. Further, the vapour 
pressure of ammonia is considerable at liquid air temperatures and this would 
explain th^' comparative difficulty in avoiding clustered ions in nitrogen. We 
conclude that the clustered ions in nitrogen are due to the addition of ammonia 
molecules to the original alkali ions. 

At the higher pressures the attachment of a second and a third molecule to 
the original clustered ion was observed. The clustered ion Na"^, 2 NH 3 was 
found to have a mobility corresponding to an alkali-like ion of the same mass. 
This is further evidence that in a highly polarisable gas, between wide limits, 
the size of the ion has little influence on its mobility. 

For a complete examination of the clustering of ions it would be more 
satisfactory to add a known concentration of molecules of a polar impurity 
to a rare gas, rather than to work in nitrogen where the impurity control is 
difficult. In this way it would be possible to determine the average number of 
gas kinetic collisions between an alkali ion and molecules of polar impurity 
before attachment takes place. An experiment is now being xmdertaken with 
an apparatus in which the ions pass through a variable distance in a constant 
field before being analysed. From results obtained with the present apparatus 
it seems that a water molecule attaches itseh more readily to the lighter 
alkali ions than to the heavier and, further, that the maximum number of 
water molecules which can attach themselves to the ion decreases with 
increasing atomic weight. 

8 , A Search for Eha Gcesium in Samarshite. 

Bainbridge* has used the Dempster method to make a search for the presence 
of the missing alkah, element No. 87, in various minerals. He obtained 
* Bainbridge, * Pbys. Rev.,’ vol. 34, p. 752 (1929). 
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negative results. His metliod consisted in examining the positive rays emitted 
from a Kunsman source containing the alkali extracted from these minerals. 
Recently Papish* has reported the presence of this alkali in the mineral samar- 
skite. Although the present method is very much less sensitive than the 
positive ray method in detecting a trace of one alkali in the presence of others, 
we have used it to search for eka caesium since the alkali content of samarskite, 
and similar minerals which are possible sources of the element, is very variable. 
Further, the concentration of eka caesium in the alkali extract, if it is present 
at all, can probably be increased by chemical means since the chemical pro- 
perties of its compounds can be predicted with some confidence. 



We are indebted to Mr. J . G. Pilley for supplying us witb tbe alkali extracted 
from 2 kilograms of Norwegian samarsMte. Tbe least soluble fractions of tbe 
platino-cbloride of this alkali were used in a Kunsman source. This source 
was mounted in a tube together with a source of caesium and a source of 
rubidium ions. Tbe caesium and rubidium sources were first reduced in hydro- 
gen and finally tbe one containing tbe samarskite alkali. Tbe apparatus was 
filled with xenon and tbe ions emitted by tbe caesium and rubidium sources 
analysed. Tbe resulting curves are shown in fig. 8, curves (a) and (6). The 

* ‘ J. Amer. CJherQ. Soo.,’ vol. 63, p. 3818 (1931). 
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curves show that two types of ions are being emitted by each source. The 
peak occurring at the lower frequency has the same mobility in the two cases ; 
the higher frequency peaks are due to rubidium and caesium respectively. 
If it is assumed that the lower mobility peak is a third order peak like those of 
rubidium and caesium, the mobility, and hence the mass, of the ions giving 
rise to it can be determined since the dispersion curve for xenon can be expressed 
by a relation similar to equation (1). The mass so found is 220, which is in good 
agreement with the atomic weight to be expected for eka caesium. The peak 
may, however, be due to a trace of ions of higher mobility in a lower order, and a 
second run with the rubidium source showed this to be the case. Curve (c) 
in fig. 8 shows the presence of a small peak due to the presence of potassium 
ions in the third order. A large proportion at least of the low frequency peak 
in curves {a) and (6) must be due therefore to potassium ions in the second 
order. When the samarskite alkali itself was heated it was found to emit 
potassium ions in large quantities without any measurable trace of caesium 
and rubidium. Evidently the presence of potassium in the ions from the 
rubidium and caesium sources was due to the evaporation of the potassium 
from the samarskite alkali source during the reduction process. This 
phenomenon has been described before (Tyndall and Powell, ho. cit.) and we 
have obtained many examples of it. 

Owing to the latge percentage of potassium in the samarskite source, xenon 
is not a convenient gas with which to disperse the ions. The third order peaks 
due to any eka caesium ions which may be present is completely masked by the 
second order peak due to potassium ions. We therefore examined the ions 
from the source in argon where the dispersion is not so great, and where the 
peak due to eka caesium would occur at a greater frequency than the second 
order potassium peak. No trace of eka caesium ions was found, and if present 
their concentration must have been less than 1 per cent. In a Kunsman 
source containing a mixture of alkalis the ions of the heavier elements are 
emitted highly preferentially owing to their low ionisation potential. If we 
accept Bainbridge’s estimate that the ionisation potential of eka caesium is 
less than that of caesium, we can conclude that the concentration of the eka 
caesium in the concentrated samarskite alkali is less than one in four 
thousand. 

In conclusion, we wish to acknowledge our indebtedness to Professor A, M. 
Tyndall, for his interest and for many discussions throughout the course 
of this work. One of us, L. B., is indebted to the Eockefeller Eoundation for 
a fellowship which enabled him to pursue this work. 

K 2 
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Summary. 

(1) The determination of the mobility of ions of the alkali metals in the rare 
gases has been completed by measurements in the gases krypton and xenon, 
and the results have been extended to include lithium ions, 

(2) The results in argon, kryp)ton and xenon are expressed to within a few 
per cent, by the relation, 

^ fl -U J^l^cm./sec./unit e.s. field, 

Vp(D-^1)L ^MJ 

where p is the density of the gas at N.T.P., D is its dielectric constant, m is the 
mass of the gas atom and M the mass of the ion. If we replace the factor 0*65 
by a term A this relation is identical with two formulae, one deduced by Lange- 
vin on an elastic sphere model and the other by Hass6 on a point centre of 
force model. When polarisation forces predominate A tends to a limiting 
value 0 • 51 in both cases. 

(3) Similar experiments have been made in nitrogen and hydrogen. When 
traces of polar impurities are present the original alkali ions become clustered. 
The ions formed by the addition of one, two and three molecules of ammonia 
can be identified by their mobility, and a quantitative study of the growth of 
clustered ions becomes possible. 

(4) The four-gauze method has been applied to search for the alkali eka 
caesium in the mineral samarskite, with negative results. 
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The Distribution of Suspended Partides Under Gravity. 

By C. M. McDowell and F. L. Usher, The University, Leeds. 

(Communicated by E. Whytlaw Gray, F.R.S. — Received May 27, 1932.) 

[Plate 4.] 

The apparent stability and freedom from settling sbo^ra. in practice by many 
colloidal suspensions has in recent years prompted renewed study of the dis- 
tribution of the particles of colloidal systems under the influence of gravity, 
and results greatly at variance with earlier work have been obtained. The 
object of the present communication is (1) to show that the later conclusions 
are not justified by the experiments on which they are based, and (2) to describe 
experiments which favour a considerable extension of the applicability to 
colloidal solutions of a law similar to that which defines the behaviour of 
ordinary dilute solutions. 

Perrin,* in 1909, showed that there was, within a depth of 0 • 01 cm, from the 
surface, a logarithmic decrease of concentration with height for suspensions 
of gamboge or mastic in gravitational equilibrium. In 1914 Costantin,^ 
working at lower depths than Perrin, and with a higher volume concentration 
of gamboge and correspondingly higher numerical concentration, obtained 
evidence of a repelling force between the particles at concentrations greater 
than 8 X 10^® particles per cubic centimetre. Perrin showed how his equation 
could be modified to take this into account by assuming a law of the van der 
Waals’ type, which was found to agree with the observations up to the highest 
concentration investigated (6 X 10^ particles per cubic centimetre). In the 
following year WestgrenJ published the results of a series of measurements on 
selenium and gold sols with coarse particles, which were in complete harmony 
with Perrin’s law over a distance of 0*05 cm. and at concentrations up to 
5 X 10^® per cubic centimetre. These investigators were precluded from 
studying the distribution over greater ranges of depth solely by the restrictions 
of their experimental method, which demanded that for accurate counting the 
number of particles in the field of view should not be too large. For this 
reason also they were limited to moderately dilute sols and to rather large 
particles, that is, to specially prepared sols. 

* ‘ Ann. Chim. Phys.,’ vol. 18, p. 1 (1909). 

t * C. R. Acad. Sci. Paris,’ vol. 158, pp. 1171, 1341 (1914), 

X ‘ Z. phys. Chem.,’ vol. 89, p. 63 (1915) ; 'Z. anorg. Chem.,’ vol. 93, p. 231 (1915). 
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Biaxton,* in 1921, first studied tte sedimentation of ordinary colloidal 
solutions,” and liis work, in common witk later investigations, indicates that, 
whatever the condition of the surface layer examined by Perrin may be, the 
concentration at lower depths and in the bulk of the liquid is uniform, and it is 
claimed that extreme departures from ‘‘ ideal ” behaviour occur at particle 
concentrations even smaller than those studied by Perrin. The evidence for 
uniformity of concentration with depth is either the behaviour of sols under 
ordinary laboratory conditions which in fact prohibit the attainment of 
equilibrium, or is provided by experiments which, as will be shown, are open 
to serious objections. 

Buxton and Bishopf attacked the problem of distribution equilibrium by 
means of an experimental arrangement entirely difiterent from Perrin’s, viz., 
by studying sedimentation in large vessels. When the sols had been allowed 
to stand in tall tubes for a long time samples were withdrawn at various levels 
and analysed, and a uniform concentration was observed over the whole 
tube length. 

Porter and Hedges J extended Burton’s work by verifying his statement that 
concentration became uniform with increasing depth, and also found the law 
of change between that region and the upper one in which the lawvS of dilute 
solutions are valid. Rejecting Burton’s explanation of the uniformity as a 
consequence of electrical repulsion between the particles, Porter and Hedges 
examined the applicability of a formula derived from a form of van der Waals’ 
equation from which the a ” term was omitted, that is, the observed deviation 
from simple behaviour was treated as a volume effect. Their curve had a 
point of inflection at n = Woo/3 leading to a uniform concentration, = 1/6, 
at large values of A. They evaluated their constants by fitting the theoretical 
to the experimental curve, and from one of the constants (K) thus obtained the 
radius of the particles was calculated. A microscopic method was employed 
for determining concentration. The gamboge sol used was obtained uni- 
disperse by fractional centrifuging, but the radius of the particles was not 
determined. 

Barkas§ attempted to make Porter and Hedges’ equation less arbitrary and 
thus remove one objection to it, by determining a relationship between its 
constants and the nature and dimensions of the colloidal particles used. The 

* Physical Properties of Colloidal Solutions,” 1921. 

t ‘ Proo. Roy. Soc.,’ A, vol. 100, p. 414 (1922). 

J ‘ Trans. Faraday Soc.,’ vol. 18, p. 91 (1922) ; vol, 19, p. 1 (1923). 

§ * Trans. Faraday Soc.,’ vol. 21, p. 66 (1925). 
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radius of tlie particles in a unidisperse sol was deduced from one of tke con- 
stants (K) and also determined practically by applying Stokes’ law to centri- 
fuging data. Tairly good agreement was found with copper, but with gamboge 
and silver it was not so satisfactory. 

Data relating to the conditions observed in experiments on distribution are 
summarised in Table I. 


Table I. 


Author. 

Material. 

Radius of 
particles 
in cm. 

Depth of 
cell in 
cm. 

Time 

required 

for 

equilibrium 

calculated. 

Time allowed 
for 

equilibrium. 

Highest 
concentration 
observed 
(particles 
per O.C.). 

*Perrin 

Gamboge 

1-2 X 10-® 

0-012 

80-160 mins. 

3 hours. No 

Not stated 

t „ 

2-1 X 10-® 

0 010 


change after 
6 hours 

3 hours. No 

Not stated 

JCostantin 


3*3 X 10“® 

0*10 

7-5-15 hrs. 

change after 
15 days 

3-4 days 

Up to 7 days 

6 X 10“ 

§Westgren 

Selenium 

5*8 X 10“® 

0-06 

1 • 5-3 days 
6-12 hrs. 

2-8 X W' 


Gold 

6-6 to 

0-05 

4-7 X 10“ 

11 Burton and Currie .... 
^Porter and Hedges .... 
,, 

tfBarkas 

Copper 

Gamboge 

Paraffin 

Gamboge 

Silver 

3*3 X 10“® 
Not unidisperse 
Not determined 
ca. 2 X 

1*5 to 

94 

0- 5? 

Not stated 

1- 2 

? 

? 

10-20 days 

50 days 

Not stated 

9 9 

Not stated 

10’ 

10« 

3-2 X 10* 


3-0 X 10“® 
2-6 X 10“ ® 

1-2 

f 9 

3-0 X 10“ 


“ Copper” 

? 

1-2 

V 

99 

3-3 X lOS 








* ‘ C. R. Acad. Sci. Paris,’ vol. 146, p. 967 (1908). t Loc, ciL t Loc, cit. § Loc, ciL || ‘ PhU. Mag., 
vol. 47, p. 721 (1924). ^ Loc. cit. (1922). Loc. cit. (1923). ft cit. 


It is evident that two points have to be considered. There is first the 
striking discrepancy between different sets of experimental results, illustrated 
by the work of Porter and Hedges, and of Barkas on the one hand, who have 
found deviations from the laws of dilute solutions at particle concentrations 
of 10^ per cubic centimetre, with a uniform concentration at 10"^ per cubic 
centimetre ; and that of Perrin, Costantin, and Westgren on the other, who 
have found normal behaviour up to concentrations greater than 10^® particles 
per cubic centimetre. There is also the q^uestion of the interpretation of 
Burton’s observations and of the later experiments on distribution. It would 
be unreasonable to suppose that the simple exponential formula can hold good 
in regions where the suspended particles themselves occupy a considerable 
fraction of the total volume ; the question is whether the laws of dilute 
solutions break down completely at very low concentrations. The results of 
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the later work indicate that they do ; for example, in one of the silver sols 
studied by Barkas a uniform concentration was observed at 2*56 X 10’^ 
particles per cubic centimetre or about 3 X 10“^ actual volume concentration, 
figures which for any true solution represent an almost ideal degree of dilution. 

Several explanations put forward to account for such abnormal behaviour 
have been criticised by Kraemer,* and the only one which need be discussed 
here is that advanced by Porter and Hedges, who considered that the uniform 
concentrations observed were determined simply by the ‘‘ co-volume, ’’analogous 
to the b ” of van der Waals. This was calculated for their gamboge suspension 
to be more than five million times the actual volume of the solid, that is, the 
value of h deduced from their experimental cui?ve was five million times the 
volume calculated from the constant K, so that the suspended particles 
apparently occupied the whole volume of the suspension. Recognising the 
difficulty raised by this conclusion, Porter and Hedges considered that the 
large h really represented spheres of mutual repulsion. It may be noted that 
if (as was done) 6 is deduced from a limiting value of the particle concentration 
it cannot represent an attraction or repulsion as signified by van der Waals’ 
intrinsic pressure term, since the latter, whatever its sign or value, does not 
give rise to a limiting concentration. It follows that 6 is either an “ effective 
volume,” or is devoid of physical significance. 

A further possibility lies in a consideration of the osmotic pressure exerted 
by the ions which form the outer atmosphere of the suspended particles and are 
electrostatically connected to them. This matter will be dealt with in a later 
communication, and here it is only necessary to say that the effect, calculated 
for the case of ordinary sols which have not been dialysed against specially 
purified water, would probably not be detectable below a concentration of 
10^® to 10^^ per cubic centimetre, and therefore need not be considered at 
present. One is thus forced to conclude either that the recorded deviations 
are due to an effective volume ” which may amount (as in a silver sol 
studied by Barkas) to more than 10® times the volume of the particles them- 
selves, or that the deviations do not really exist. 

With regard to actual experiments, an essential condition, without which no 
degree of accuracy in determining the particle concentration is of any value, is 
that of ensuring that the systems studied are actually in a state of equilibrium 
when the concentrations are measured. It is calculatedf that the time required 

* ‘ Colloidal Symposium Monographs,’ vol. 5, p. 81 (1927). 

t Mason and Weaver, ‘ Phys. Rev.,’ vol. 23, p. 412 (1924) ,* Weaver, ibid., vol. 27, p. 499 
(1926). 
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to attain equilibrium is between once and twice tbe time required for a particle 
to fall from the bigbest to tbe lowest level in tbe liquid, and, during tbe whole of 
this period adequate precautions must bave been used to prevent mixing due 
to convection or other causes. It is in this respect particularly that tbe 
experiments of Burton and Currie, Porter and Hedges, and Barkas are at a 
disadvantage compared with those of Perrin, Costantin, and Westgren, which 
were conducted on a scale so small that tbe fulfilment of tbe requisite conditions 
presented no special difficulty.* 

Detailed criticism of tbe former group is difficult because relevant data are 
incompletely recorded. Burton and Bishop certainly left their sols for a time 
long enough for some efiect to be apparent, but temperature gradients in tbe 
experimental vessels and temperature changes in tbe surroundings were 
ignored. In a later series of experiments Burton and Currie used a crude 
(unregulated) thermostat in which the tube was immersed “ almost to the 
top,” and in which the greatest observed temperature variation was 7^. The 
experiments of Porter and Hedges were done at room temperature,” but it 
was not stated how and within what l im its the temperature of their cell was 
controlled, nor was the time allowed for the attainment of equilibrium men- 
tioned. According to Weaver’sf calculation gamboge particles of 1*6 X 10^® 
cm. radius, in a cell 5 mm. deep,J would require 125-250 hours for equilibrium. 
Barkas increased the depth of the cell to about 1*2 cm. (not counting the inlet 
tube shown in his diagram) and thereby increased the time required for 
equilibrium to between 240 and 480 hours, besides magnifying the risk of 
serious trouble from convection currents. He stated that the latter were a 
source of great difficulty and that their causes were never entirely eliminated 
and further, that on account of the tendency to drifting "" it was seldom possible 
to work for more than 2 hours consecutively.” The agreement found between 
values of the radius of the particles calculated from centriEugiug experiments 
and those derived from the distribution curves was satisfactory only for the 
copper sols. Even this, however, may be regarded as fortuitous, in view of the 
probability that the copper ” examined by Barkas was a complex copper- 

* Convection currents in a Hqnid are subject to the laws governing viscous flow, and their 
velocity is therefore greatly reduced when one of the dimensions of the containing vessel 
is very small. Moreover, for a given temperatme gradient in the surroundings, the 
temperature differences causing convection are smaller in a small vessel than in a large 
one. 

f Loc. cit 

J Porter and Hedges, he, cit,, p. 98. The cell illustrated is 5 mm. deep, and it is here 
assumed that this or a similar cell was use^ in the distribution experiment. 
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pyridine compound. We have found that the brown solid obtained by coagu- 
lating the colloidal copper ” solution prepared by Pieroni’s method* (used 
by Barkas) with a neutral electrolyte, after being thoroughly washed with 
water and alcohol and dried over calcium chloride, contains less than 20 per 
cent, of copper, and evolves pyridine on heating. The density was slightly 
lower than that of bromoform (2*89). It was not further examined, but it is 
evident that an agreement found by calculating with an effective density of 
8*2 cannot be maintained when that quantity assumes the value 1‘89. The 
existence of this discrepancy lends additional support to the view that the 
conclusions reached cannot be considered as established without further 
experiment. 

Experimental, 

Qualitative , — ^Experiments similar to those of Bufton and his co-workers 
have been carried out with multidisperse sols of silver and gold under varied 
conditions. When gold sols of different degrees of dispersion were examined 
without special precautions to ensure constancy of temperature, the results 
appeared to lend support to the existence of a “ critical radius,” since coarse 
(blue or purple) sols showed visible sedimentation when allowed to remain 
undisturbed, whereas finely dispersed red sols showed no apparent change over 
long periods. A similar difference was observed with silver sols. When, 
however, experiments of this kind were repeated under carefully controlled 
temperature conditions the distinction between coarse and fine sols disappeared. 
For example, a red gold sol made by Zsigmondy’s formaldehyde method was 
enclosed in a glass tube 4 cm. long and of 7 mm. bore, which was sealed and 
suspended in water contained in a large silvered cylindrical vacuum vessel. 
After a few days a slight diminution of colour at the top and an intensification 
at the bottom was observed, and after several weeks the bulk of the liquid 
appeared nearly colourless, with a deep red layer occupying 2-3 mm. at the 
bottom. On withdrawing the tube carefully, mixing began almost immediately, 
and was complete after a time which varied in different experiments. A 
similar result was obtained when the tube was kept in the centre of a 1-lb. 
roll of cotton wool. These observations show that the fine sols acquire a 
non-uniform distribution under the action of gravity only when they are 
allowed to remain for a long enough time in sufficiently small temperature 
gradients. This is illustrated in fig. 1, Plate 4, which shows a photograph of 
two rectangular cells, 2 cm. high, each filled with a sample of the same silver 

* ‘ Gazz. Chim. itaJ.,’ vol. 1, p. 197 (1913). 
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sol. One, A, had been kept for 15 days in a cupboard in which the greatest 
variation of temperature was about 7°, as in the experiment of Burton and 
Currie ; the other, B, had stood for the same time in a thermostat of special 
construction in which the temperature variation did not exceed 0“001° per 
hour. At the end of the time the upper half of B appeared quite colourless, 
whilst there was a marked gradation of colour in the lower half. The radius 
of the particles which would fall through 1 cm. in 15 days is about 1*9 X 10-® 
cm., or about half the “ critical radius ” as given by Barkas. The contents of 
B gradually became uniform again when the cell was taken out of the thermo- 
stat, A and B being finally identical in appearance. Subsequent observations 
of A during a period of 9 months failed to detect any sign of settling. 



Qmntitative . — The distribution of particles over a range of several milli- 
metres, and at concentrations greater than those hitherto studied, has been 
determined as follows. Unidisperse gold sols, derived from a "‘nuclear’’ 
sol by reduction with hydrazine, were allowed to remain for 3-4 weeks in an 
enclosure designed to avoid the production of excessive temperature gradients. 
The arrangement is shown diagrammatically in fig, 2. When tested with a 
Beckmann thermometer under conditions less favourable than those of the 
actual experiments, the variation of temperature at the centre of the enclosure 
rarely exceeded 0*001® per hour, and was usually undetectable. This result 
was obtained by placing the cells, or thermometer bulb, at the centre of a large 
mass (3 kg.) of water contained in a tank, A, with plane parallel glass windows, 
which was itself surrounded by, but thermally insulated from, a spme under 
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thermostatic control. The insulation consisted of a cubical box with double 
walls the 2-inch space between which, B, was tightly packed with goose down. 
On the outside of this box was wound a coil of glass tubing, C, containing the 
benzene used to operate the temperature regulator. Surrounding the box 
carrying the regulator was a large cubical partition, D, in two opposite sides 
of which circular openings were cut. One of these openings accommodated 
the blades of a fan, E, which was kept running continuously, whilst the other 
discharged the air blown by the fan into an outer space enclosed by a large 
wooden box, E. The inside of the latter was wound with nichrome wire, H, 
which was heated by current supplied through a relay operated by the tempera- 
ture regulator. The outside of the box was heavily lagged, K. Suitable plugs 
and windows were provided, and these, together with the cubical partition, 
were removed when it was desired to photograph the cells. In order to avoid 
mechanical disturbance the fan motor was supported by a wooden bracket, L, 
which was secured to the table outside through rubber cushions, and was 
only in contact with the thermostat box through a loose flannel packing. 
Uniform illumination, at right angles to the plane of the diagram, was secured 
by allowing light from a Pointolite lamp to fall on the ground surface of a large 
piece of opaque white glass, the scattered light from which then illuminated a 
plate of finely ground glass placed behind the tank containing the cells. TIk'. 
positions of the source of light and of the white glass were adjusted so that a 
plate exposed without the cells in position showed uniform darkening over the 
whole field. When photographing the cells the best results, with respect to 
gradation of density, were obtained with ordinary ” rather than panchromatic 
plates. Regularity of development was secured by continuous brushing. 

The cells, M, containing the sols were right-angled isosceles wedges made 
from a selected borosilicate Crown glass which had been proved to cause no 
change in the sols ovef a period of several weeks. These wedges were com- 
pletely immersed in the water in the inner tank with one of their equal sides 
uppermost and horizontal, and at the end of an experiment were photographed 
side by side with a standard ’’ wedge. The standard wedge contained either 
(a) a diluted specimen of the same sol as was used in the experimental wedges, 
in which case a direct comparison was possible, or (6) a coloured substance 
(cobalt nitrate solution or a gelatin jelly of the gold sol) having optical pro- 
perties different from those of the plain sol. In the first case the standard 
wedge was introduced, with elaborate precautions against thermal disturbance, 
at the end of an experiment ; in the second it was in position from the start, 
since in this case the colour distribution would remain unaffected by gravity. 
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Measurement of tlie concentration of gold at different levels was based on 
tbe proportionality between absorption of light and the total quantity of gold 
in the layer traversed, which has been found to hold in the case of red gold sols 
containing particles with radius less than 3 X 10“^ cm. The problem con- 
sisted in finding the levels in a wedge of homogeneous* sol which transmitted 
light producing the same efEect on a photographic plate as was produced by light 
from the same source traversmg certain measured levels in a wedge containing 
the sol after distribution had occurred ; the total quantity of gold in optically 
equivalent layers being the same, the relative concentration could be obtained 
by dividing this quantity by the thickness of the layer in question. The 
experimental wedges were used standing on their 45° angles, in which position 
the thickness of the absorbing layer decreased as the concentration of gold 
increased, in order to secure a partial compensation for the very great differences 
in absorption which otherwise would have occurred. When a standard wedge 
containing a substance other than a specimen of the same sol as was undergoing 
distribution was used, this was first photographed with the experimental cell 
before distribution, and their optically equivalent layers were determined. 
Then at the end of the experiment the levels in the experimental wedge after 
distribution could be expressed in terms of levels in the same wedge before 
distribution, that is, in terms of actual concentration, through the calibrated 
standard, which was the same in both photographs. 

The determination of optically equivalent layers was made by mounting 
strips of the negative, containing the images of the separate wedges, on a 
carrier attached to a steel bar the far end of which could be moved parallel with 
the direction of a vertical side of a wedge by means of a micrometer screw. 
The image of a straight lamp filament was focussed on the strip, and the light, 
after traversing this, was received on the cathode of a vacuum photoelectric 
cell, the current from which was measured after suitable amplification. All 
the strips in turn were thus examined at measured intervals, and curves show- 
ing the variation of photoelectric current with distance along the wedges were 
drawn. By thus comparing photographs of the experimental and standard 
wedges only when they were on the same plate, the effect of any variation in 
exposure or development was eliminated. A Moll thermopile was used in 
some cases as an alternative to the photoelectric cell. 

At the end of an experiment the upper (broad) part of the experimental 

* Homogeneom is used to denote uniform ooncentration of gold ; unidisperse to denote 
equality of particle size. 
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wedge was often so faintly coloured that the concentration could not be 
satisfactorily measured in this region ; thus the measurements which were 
designed to include the whole height, 1 cm., of the liquid, actually extend over 
a range varying from 3 to 8-5 mm., and to a depth of 9 mm. The highest 
concentration measured was 10^^ particles per cubic centimetre. 

The gold sols were prepared from a nuclear ’’ sol, the particle concentration 
of which was found, from 21 observations of the rate of fall of particles in 
coarse sols grown from it, to be 0*90 i 0*02 X 10^® per cubic centimetre. 
The liroits of size of the particles used in the distribution experiments were 
approximately fixed, a lower one because the time required for equilibrium to 
be established over a depth of 1 cm. could not be conveniently, or even safely, 
prolonged beyond about 4 weeks, the longest time for which the thermostat 
fan could be depended upon to run continuously without renewal of the 
brushes. An upper limit was set by the necessity of avoiding too great a 
difference in colour between the top and bottom of the cell. The results, given 
in Tables II and III, are shown graphically in fig. 3, in which the logarithms 
of the particle concentrations have been plotted against depth. This relation 
must be linear over any range in which Perrin’s law holds good. For com- 
parison, the results of Porter and Hedges and of Barkas, and those for one of 
Westgren’s gold sols, have been plotted on the same scale. It should be noted 
that the values of log n are actual values, whereas the h values have been 
increased or diminished by arbitrary amounts in order to avoid overlapping. 
Actual depths are given in the tables. 

The eight graphs have been calculated by the method of least squares, and 
relate to four distribution experiments, the results of which have been treated 


Table II.— Sol I. 


A. 

0. 

B. 

D. 

Depth 
in mm. 

log n. 

Depth 
in mm. 

log n. 

Depth 

1 in mm. 

log n. 

Depth 
in mm. 

log n. 

4-44 

10*36 

2 

9*53 

1 

2 

9*76 

1 

9*48 

5 06 

10*51 

3 

9*82 

3 

10*03 

2 

9*73 

5-67 

10*63 

4 

10*23 

4 

10*34 

3 

10*04 

6-30 

10*75 

5 

10*50 

5 

10-57 

4 

10-36 

6-90 

10*89 

6 

10*76 

6 

10*77 

5 

10*62 

7*53 

11*05 

7 

11*02 

7 

11*05 

6 

10*84 

815 

11*22 

8 

11*31 

8 

11*30 

7 

11*05 

8-65 

11*39 

9 

11*66 

9 

11*64 

8 

11*31 






1 

9 

11*64 
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Table III.— Sol 11. 


E 

• 

O. 

P. 

H. 

BeptiL 
in mm. 

log n. 

Depth 
in mm. 

log n. 

Depth 
in mm. 

log n. 

Depth 
in mm. 

log n. 

5-6 

1M2 


■MU 

5*8 

11*04 

4*0 

10*38 

5*9 

11*22 

4*5 


6*2 

11*17 

4*5 

10*55 

6*2 

11*31 



6*6 

11*29 

5*0 

10*74 

6*5 


5*5 


7*0 

11*41 

5*5 

10*89 

6-8 

11*49 

6*0 

11*10 

7*4 

11*52 

6*0 

11*04 

7*2 

11*58 

6*5 

11*23 

7*8 

11*64 

6*5 

11*23 

7*6 

11*69 

7*0 

11*37 

8*2 ' 

11*77 

7*0 

11*41 

8-1 

11*81 

7*5 

11*53 

8*6 

11*91 

7*5 

11*57 

8-6 

11*97 

8-0 

11*70 



8*0 

11*76 



8*5 

11*89 



8*5 

11*94 



!E^a. 3. 
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in different ways in order to define tlieir limits of trustworthiness. A, B, 0 and 
D refer to a sol made with 6 c.c., and E, F, G and H to one with 7 c.c. of the 
stock solution of chloroauric acid to the same quantity of nuclear ” sol. 
The particulars are given in Table IV. 

Table IV. 


Sol. 

Time allowed for 
equilibrium in days. 

Standard of 
comparison. 

Method of comparing 
densities 

(P = photoelectric cell, 

T = thermopile). 

A 

22 

Gold gelatin jelly 

P 

B 

29 


T 

C 

(Duplicate of B, pliotographed at the same time.) 


D 

29 

Gold sol 

T 

E 

23 

Cobalt nitrate 

P 

E 

27 


P 


27 

Gold sol 

P 

H 

(Same pihotograph as G.) 


T 


If Perrin’s law is followed the graphs of A, B, C and D should be parallel 
straight lines, whilst those of the others should also be parallel but sloping 
rather more steeply on account of the larger particle size. Any departure 
from ideal ” behaviour would make the lines curve towards the /i-axis as 
the concentration increased. It is evident that the former condition is nearly 
fulfilled, and that there is no tendency for the lines to bend over at the higher 
concentrations. The slope of each line {d log njdh) is equal to 'M/lSr/2'3026RT 
{w = effective weight of a particle), from which the radius can be calculated. 
The results axe given in Table V. 


Table V. 


Graph. | 

r from distribution. 

r from independent data. 


cm. 

cm. 

A 

1-4:4 X 10”® cm. 


B 

1-47 X 10-« „ 


0 

1-53 X 10-' „ 


D 

1-48 X 10-« „ 

. 


Mean 

1-48 ±0-01 X 10”® cm. 

1-48 ±0-01 X 10-»cm. 

E 

1-50 X 10~®cm. 


E 

1-55 X 10”« „ 


G 

1-55x10”® „ 


H 

1-61 X 10”® „ 


Mean 

1*55 ±0-02 X 10”«cm. 

1-S6 ±0-01 X lO-'om. 
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The most important sources of error are (1) departure from unidispersity in 
the sol, (2) insufficient time for equilibrium, (3) convection currents due to 
inadequate temperature control, (4) irregular illumination or development, 
and (5) errors in photometry. The effect of (1) is to make the graphs convex 
to the A-axis, the convexity being mainly restricted to the bottom of the curves 
■with finer, and to the top with coarser, admixtures. No measurements made 
within 1 mm. of the top or bottom have been included. The presence of (2) 
or (3) would lead to the curves being similar to those of Porter and Hedges and 
of Barkas. The calculated time required for equilibrium in the two sols is 
13 to 26 and 11 J to 23 days respectively, and the upper limit was exceeded in 
both cases. A comparison of the graphs for the same sol photographed again 
after an interval of several days indicates that equilibrium had actually been 
attained. There is no evidence that the distribution was seriously affected by 
convection currents in the sols. Both (4) and (5) might affect the results in 
various ways, and the only means of deciding to what extent these errors 
operate is to compare the results of different measurements of the same photo- 
graphs, and of different photographs of the same cell. This has been done in 
the case of G- and H, and B and D, respectively. The observed differences are 
probably determined almost entirely by errors of this kind. 

The curves obtained by Porter and Hedges and by Barkas are of a type 
entirely different from that given either by the earlier experiments of Perrin, 
Gostantin, and Westgren, or by those now described, and on the evidence 
available it can hardly be doubted that the difference is due to the combined 
effects, in the former case, of want of adequate temperature control and of too 
short a time being allowed for the attainment of equilibrium. It is indeed 
very doubtful if the microscopic method, entailing the proxnnity to the sol 
of a mass of metal, and consequent asymmetric flow of heat, can be success- 
fully employed with small particles in vessels of macroscopic dimensions. We 
have frequently noticed, as would be expected from the smaUness of the natural 
rate of fall of there particles, the extreme sensitiveness of distributed sols to 
slight changes of temperature. 

There appears to be some uncertainty with regard to the factors which 
determine any departure from ideal ” behaviour which may actually occur, 
as they are stated sometimes in terms of “ depth from the surface and at 
others in terms of ''concentration.” We have observed, qualitatively, a 
gradation of colour in a fine gold sol at a depth of 2-6 cm. below the surface, 
and it seems reasonable to suppose that the determining factor is concentration 
— expressed as l/('y — &) — ^rather than depth. The numerical concentration, 
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10^ per cubic centimetre, at whicb Costantin observed deviations, is not 
directly comparable with those studied with gold sols, since the actual volume 
concentration, approaching 1 per cent., was much greater in the former case. 

In the experiments described in this paper the range of examination has 
been extended to a depth of 9 mm., and to a concentration of 10^^ particles per 
cubic centimetre, and at these limits the behaviour cannot be distinguished 
from that predicted by Perrin’s equation. Although the experiments are not 
sufficiently exact to enable small deviations, of the order of magnitude observed 
in the case of gases, to be detected, they show the complete absence of gross 
departures. The particles used have been those of ordinary colloidal solutions, 
of a size well below that corresponding with the supposed critical radius.’’ 
No theoretical significance can be attached to the latter magnitude, which 
means in practice the size of particles which are just prevented from falling by 
accidental movements in the liquid. 

Summary. 

Until 1920 the view that the numerical concentration of particles suspended 
in a liquid and in gravitational equilibrium, changes exponentially with 
depth was generally accepted. This view was based on the experiments of 
Perrin, Costantin, and Westgren, which showed the validity of the simple 
law over an extreme range of depth of 0-05 cm., and up to a numerical con- 
centration of 6 X 10^® particles per cubic centimetre. Subsequent work by 
Burton, Porter and Hedges, and Barkas, has indicated that the simple law is 
not valid beyond a depth of 0*01 cm. from the surface, and that it may break 
down at a numerical concentration as low as 10® particles per cubic centimetre. 
The recent experiments are criticised on the grounds of inadequate temperature 
control and of failure to reach a state of equilibrium. A method of measuring 
the distribution of particles of colloidal gold over a range of 1 cm., while the 
suspension is maintained at a temperature varying by not more than 0-001® 
per hour, is described. Perrin’s law has been found to hold good over a range 
of 0*9 cm. from the surface and up to a concentration of 10^^ particles per 
cubic centimetre, at which limits no sensible departure from ideal ” behaviour 
was apparent. 
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By C. V, Jackson, Imperial College of Science and Teclmology. 

(Communicated by A. Bowler, F.R.S. — Received May 27, 1932.) 

Introduction, 

Tbe standard of length at present accepted by spectroscopists is the wave- 
length of the red line of cadmium, 6438*4696 A., in dry air at N.T.P. This 
defines the angstrom, and although it probably differs from 10“^^ metre 
by little more than one part in ten millions, it seems desirable to retain the 
present definition, since there is now some doubt as to the permanency of 
material standards of length. Moreover the present work shows that it is 
quite possible to compare wave-lengths with an accuracy of at least one part 
in fid[ty nfillions, or probably about ten times the accuracy which can be attained 
in the comparison of the lengths of a material standard and a light wave. 

Unfortunately the red line of cadmium is not very convenient as a spectro- 
scopic standard of length. It is situated in the deep red, is therefore 
somewhat diflficult to photograph, and it is one of the fainter lines in the spectrum 
of cadmium. The Michelson lamp, which is the only strictly correct source of 
the radiation, requires to be heated in a furnace at a temperature of 320° C. 
This is highly undesirable since the heat from the furnace greatly increases 
the difiS.culty of making accurate interferometric wave-length comparisons. 
Finally the line is in a spectral region far removed from that where the majority 
of spectral lines occur, which is disadvantageous, since it is very much easier 
to make accurate comparisons of wave-lengths not far removed from each 
other. 

In actual practice it is more convenient to use a group of lines of accurately 
determined wave-lengths, for determi n ing the optical length of an etalon, 
than a single line. Hitherto, in some of the most accurate series of wave- 
length determinations the lines of neon have been used with a great measure 
of success as a substitute for the primary standard. It is noteworthy that 
although the wave-lengths of the neon scale are given to only seven figures, 
there is considerable evidence that, if a fair number of lines are used, this 
scale is probably correct to at least one part in thirty millions. 

The spectrum of krypton contains a group of ten very strong lines in the 
violet which, on account of their position in the spectrum, appear to be even 

L 2 
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more suitable tban the neon lines. Further, since krypton is four times as 
heavy as neon, its lines are twice as sharp as those of neon. The lines are 
suitably spaced for the determination of the whole number of waves contained 
by an etalon, even when its approximate thickness is only very roughly known. 
The lines are easily produced by means of spectrum tubes which can be 
purchased commercially. 

For these reasons the author has made an extensive series of interferometric 
observations on the wave-lengths of these lines. They appear to be very 
satisfactory, and it is hoped that the wave-lengths presented in this paper 
provide a scale which is accurate to about one part in fifty millions, or 0 * 0001 A. 
The results show a mean systematic difference of this amount from some previous 
measurements of Humphreys, who, however, used the neon scale in place of 
the primary standard. 


Experimental. 

One of the interferometers used for this work was a new type of Fabry- 
Perot etalon designed by F. Twyman and constructed by Adam Hilger, Ltd. 
It is described as an adjustable 4talon,” since it may be used with any plate 
separation between J and 10 cm. It differs from most interferometers in the 
extremely high degree of accuracy to which the plates are worked, and also 
in the method of adjustment for parallelism of the plates, very fine pitched 
screws taking the place of the spring pressure devices previously used. The 
interferometer was used in conjunction with an El spectrograph, using the 
quartz train, since this gave adequate dispersion and at the same time per- 
mitted the red line of cadmium and the violet lines of krypton to be photo- 
graphed with the same setting of the spectrograph. 

.The cadmium, krypton and neon lamps are carried on a small table which 
slides along a rail so that any one of them can be brought into position in 
front of a quartz condenser. This is of about 6 inches diameter and 
15 inches focus and projects a five-fold magnified image on a screen, which 
contains a slit 1 inch high and 1 /10th inch wide, accurately aligned with the 
spectrograph and the interferometer, so that an image centred on it is also 
centred on the slit of the spectrograph. It is placed at the focus of a quartz 
fluorite collimating lens, which parallelises the light before it passes through 
the interferometer, and ensures that strictly equivalent paths are taken by all 
the radiations passing through the etalon. 

Except for the plates taken with very short paths (for determination of 
phase correction) a triple quartz fluorite achromat of 50 cm. focus was used 
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for projection of the rings. This lens is specially corrected to give a flat field, 
and appeared to cause no distortion of the ring system. 

In order to ensure stability of the apparatus it is situated in the constant 
temperature room of the Imperial College. This is in the basement and has 
triple walls. It rests on a heavy independent concrete foundation, which 
protects the interferometer from vibration. The temperature changes in it 
are very slow and it is quite free from periodic day and night changes in 
temperature. The greatest change ever observed was about l/10th° 0. in 
the course of 3 hours. The humidity was fairly constant, varying between 
40 per cent, and 60 per cent. 

The first observations made with the adjustable interferometer were made 
on the spectrum of neon, with the object of determining its suitability for the 
accurate comparison of wave-lengths. It proved to be quite satisfactory for 
this purpose, when used in the constant temperature room, although it was 
not satisfactory when used in an ordinary laboratory. It was found that, if 
the 6talon were allowed 3 or 4 hours to settle down after adjustment, the plate 
separation changed by only about two thousandths of a fringe per hour. The 
wave-length measurements of neon lines were in almost perfect agreement 
with the accepted secondary standards. 

For the plates taken with the fixed separation 6talons the apparatus was 
identical with that used previously by the author* for his work on the spectrum 
of iron. Separations of 1 cm. and 2 cm. were used, and the ring projecting 
objectives were of 13-inch and 6-inch focus, but the plates taken with the 
6-inch lens were not suitable for measurement since the scale of the rings was 
too small. If the scale of the rings is too small it is almost impossible to set 
on the correct part of the ring segment (i.e., the position of greatest density, 
which is not coincident with the centre). This leads to a systematic error in 
the wave-lengths, making them apparently greater than they are in reality. 
However, it was observed that the error was very regular, and even in an 
extreme case, taken specially to emphasise it by using a scale of projection 
that was much too small, it was less than 1/lOOth of a fringe, i.e., a few units in 
the eighth figure of the wave-length. It therefore seems probable that no 
appreciable error from this source can possibly occur in the measurements 
made from the plates taken with large scale projection. If the standards 
were in the same part of the spectrum as the lines being measured, an 
error of this type would naturally have practically no effect on the accuracy 
of the resulting wave-lengths. 

* * Proc. Roy. Soc.,’ A, vol. 130, p. 396 (1931), and vol. 133, p. 553 (1931). 
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It is of considerable importance to use ring objectives of about tbe correct 
focal length.. For interference paths up to ^ cm. a 6-inch lens should be 
used, for 1 or 2 cm. paths about 13-inch is best, while for paths above 3 cm. 
about 20-inch should be used. 

The krypton tubes were prepared by Professor Lepape, and one of these 
supplied by Hilger sufficed for the whole of this work. It was found entirely 
satisfactory, and showed no sign of deterioration. The pressure of the krypton 
is about 6 mTn. Hg., and the tube was excited with a small transformer, which 
was equally suitable for exciting the cadmium tube or a neon tube. The tubes 
could be used with equal convenience in the “ end-oii ’’ position or in the 
ordinary position. The former was in general more satisfactory since the 
exposure required was very much less. 

The cadmium lamp was of the type used by Michelson, and was used under 
the conditions recommended by him. It contained only a small quantity of 
cadmium to eliminate the risk of a pressure shift of the red line in the event 
of the tube becoming over-heated. 

In order to reduce the exposure to the shortest possible time, Ilford Soft 
Gradation Panchromatic plates were used for the majority of the exposures. 

The photographs were made by alternately exposing cadmium and krypton. 
Even with the shorter exposures eight changes were made, so that any 
unavoidable change in the length of the 6talon during the course of an 
exposure could have only a very small effect on the wave-lengths obtained. 


The Measurefmnts. 

The wave-lengths were obtained from measurements of 38 plates of the 
spectrum of krypton. Of these 20 were made with the adjustable 6talon with 
a plate separation of 3 cm., 6 with a fixed 6talon of 2 cm., and 13 with one of 
1 cm. The plates taken with a separation of J cm. were used only for the pur- 
pose of determining the phase correction. The measurement and reduction 
of the ring systems were carried out by the method used by the author {lac. 
dt,) in his work on the iron spectrum. No systematic difference between the 
values obtained from the first and the second rings was noticed in any of the 
three series. On account of the variation in intensity of the lines it was not 
possible to measure all of them on every plate. The observations were cor- 
rected to N.T.P. but it was not possible to make any correction for the humidity 
of the air. This had a mean value of 50 per cent., varying between about 40 
per cent, and 60 per cent, of saturation. 
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The mean probable error of the wave-lengths determined with S cm. separa- 
tion was found, from the agreement of the results obtained from different 
plates of this series, to be about db 0 • 0001 A. For the determinations with the 
2 cm. and with the 1 cm. 4talon it was found to be about ± 0*0002 A. The 
fact that the results obtained from the plates taken with a 1 cm. separation 
are as accurate as those taken "v^ith a separation of 2 cm. is explained by the 
far greater nximber of observations made in the former case. 

The agreement between the results of the three series of measurements is 
very good, the differences being no greater than the probable errors of the 
measurements, as regards both systematic and accidental errors. This may 
be regarded as a definite indicatioji that the apparent wave-lengths of the lines 
are independent of the separation of the interferometer plates. This is a matter 
of great importance in selecting a group of spectral lines for use as standards 
of the highest accuracy. 

The results of the measurements are given in Table I together with those of 


Table I. 


Jackson, 

mean. 

No, of 
Plates 
and P.E. 

Jackson. 

Humphreys. 

• Meggers. 

3 cm. 

2 cm. 

1 cm. 

4273*9702 

26 A 

9702 

9704 

9700 

9706 

9696 

4282*9689 

14 A 

9689 

9687 

9690 

9686 

967 

4318*5622 

7A 

5522 

— 

— 

5523 

552 

4319*6801 

21 B 

5801 

580* 

580* 

5798 

680 

4362*6425 

24 A 

6425 

6425 

6425 

6429 

6422 

4376*1221 

28 A 

1221 

1224 

1220 

1217 

122 

4399*9673 

16A 

9673 

9671 

9675 

9675 

969 

4463*9179 

28 A 

9179 

9182 

9176 

9183 

9174 

4463*6906 

29 A 

6905 

6906 

6907 

6897 

690 

4502*3648 

28 B 

3546 

3551 

3548 

3546 j 

354 


* These measurements were disturbed by A 4318. 


Humphreysf and of Meggers, J which are given in the last two columns. The 
first column gives the mean of the three values obtained by the author. In 
evaluating these means, weights of three, two and one were assigned respec- 
tively to the series obtained with separations of 3, 2 and 1 cm. The second 
column gives the number of plates on which the line was measured, and also 
the letter A or B. A signifies that the probable error of the wave-length is 
less than 0*0001 A., and B that it is less than 0*0002 A. 


t * J. Res. Bur. Stand, Wash.,’ vol. 5, p. 1041 (1930). 

X ‘ Sci. Pap. Bur. Stand. Wash,,’ vol, 17, p. 193 (1921). 
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There is good agreement between the present wave-lengths and those of 
HnmphreyB, the mean accidental difiexence being only 0*0003 A., while the 
mean systematic difference (J — H) is only 0*0001 A. The measurements 
of Humphreys were referred to the neon scale, and therefore the excellent 
agreement with the results of the present investigation, a direct comparison 
with the primary standard, indicates that the neon scale is practically equivalent 
to the primary standard, even when one is working to eight figures. The 
preliminary work on the neon scale, which was carried out by the author in 
order to test the new interferometer, also indicates that wave-lengths measured 
with the neon scale are equivalent to direct comparisons with cadmium, to 
within one or two ten-thousandths of an angstrom. 

The agreement with the results of Meggers, though not as good as that with 
Humphreys, may be considered quite satisfactory considering the fact that most 
of Megger’s wave-lengths are given to only seven figures and, moreover, were 
derived from the measurement of only a small number of plates. The mean 
accidental difference is ±0*0007 A., while the mean systematic difference 
(J-M)is ±0*0003 A, 

The lines were also observed with a plate separation of 6 cm. and still found 
to give quite good fringes, but the plates were not measured. The interfero- 
meter plates were sputtered with platinum, which is very suitable for wave- 
length determinations on account of the constancy of the phase correction. 

The Yellow and Green Lines of Krypton. 

In addition to the group of lines in the violet, the spectrum contains three 
lines in the yellow and green which are the most prominent lines in the spec- 
trum, of wave-lengths 6870, 5670 and 5562 A. The wave-lengths of these 
lines were determined, with the same care as those in the violet. The results, 
however, as can be seen from Table II, are not in good agreement with those of 
other observers, the differences being very much greater than would be expected 


Table II. 


Jackson, 

1932. 


P^rard. 

Humphreys, 

1930. 

Meggers, 

1921. 

Pabry and 
Buisson, 
1913. 

1932. 

1 

1923. 

5562*2266 

25 B 

22576 

2257 

2251 

224 


5570*2899 

31 B 

2894 

2892 

2890 

2872 

2908 

5870*9167 

32 B 

9161 

9154 j 

1 

9153 

9137 

9172 
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from tte probable errors of tbe various observations. For this reason the 
lines appear to be unsuitable for use as standards of the highest accuracy. 
This is somewhat surprising in view of P4rard’s* observations on the line 5562. 
He gives the wave-length of the line to nine figures, and assesses the probable 
error at ± 0*000025 A. ; he considers that this line should be adopted as a 
standard of length, on account of the very liigh degree of accuracy with which 
he believes its wave-length can be measured. 

In conclusion the author wishes to express his gratitude to Professor 
A. Fowler for his continual interest, and for the very valuable advice and 
encouragement which he gave so generously throughout the course of the 
work. 

Summary. 

The wave-lengths of the ten bright violet lines of the first spectrum of 
krypton have been measured, with an accuracy of about .± 0*0001 A., by 
interferometric comparison with the primary standard. The systematic 
error is probably considerably less than 0*0001 A. The agreement with 
previous measurements by Humphreys on the neon scale is very good, the 
mean systematic difference (J — H) being -f 0*0001 A., while the mean 
accidental difference is ± 0*0003 A. 

This group of lines appears to be very suitable as a standard of length for 
spectroscopic purposes. It is situated in a very convenient part of the spec- 
trum, and the lines have a very high degree of homogeneity, about twice that 
of the neon lines. With a suitable tube the lines can be photographed with a 
short exposure. They axe suitably spaced for the evaluation of the thickness 
of an 4talon, even when its approximate value is in error by several hundred 
wave-lengths. 

In addition to the violet lines the three brightest lines, XX 5870, 5670 and 
5662, of kr 3 ^ton were measured, but they are not considered suitable as 
standards of the highest accuracy because the wave-lengths found by the 
various observers differ by amounts very much greater than their respective 
probable errors. 

The neon scale has been carefully tested, and it appears that if a fair number 
of standards are used this scale gives results identical with those obtained by 
the use of the primary standard to within one or two units in the eighth figure. 

* ‘ C. R. Acad. Sci. Paris/ vol. 194, p, 1633 (1932). 
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Dijpole Moments ' and Molecular Structure, Part III, The 
Oxychlorides of Sulphur. 

By John William Smith, D.So.. Ph-D., The Sir William Ramsay Laboratories 
of Inorganic and Physical Chemistry, University College, London. 

(Commnnicated by Professor F. 6. Donnan, F.B.S. — ^Received May 28, 1932.) 


Introduction. 

The work described here forms part of a study of the dipole moments of 
simple inorganic compounds. Polarisation measurements upon thionyl 
chloride and sulphuryl chloride appeared to be of particular interest in view 
of the fact that in these compounds the oxygen-sulphur linkages must be in 
the nature of semi-polar double bonds, since both members of the electron 
pairs concerned in these linkages come from the sulphur atoms, thus : 




X X 

X X 


X X 

o 

X X 

#• X 0 XX 

• • X 0 XX 

ogssci^ 

rogs^oCi 

• • O 0 XX 

•• OO XX 

•0* 


X 

X 


where #, O and x represent electrons derived originally from the oxygen, 
sulphur, and chlorine atoms respectively. Consequently, it would be antici- 
pated that these compounds might show relatively large dipole moments^ 
and would also possess a considerable atomic polarisation. (A communication 
concerning the relationship between atomic polarisation and molecular struc- 
ture is being published shortly.) No previous measurements of the polarisations 
of these compounds, either in the gaseous state or in dilute solution, appear 
to have been recorded. 

Materiah. 

The thionyl chloride and sulphuryl chloride were prepared by fractionating 
the pure ” commercial products several times. The boiling points of the 
materials thus produced were 77° C. and 70° C. respectively. The benzene 
was purified as described in Part II of this series,* and was dried over successive 
quantities of sodium wire until the latter retained its metallic lustre. 

* ‘ Proc. Roy. Soc.,’ A, vol. 136, p. 256 (1932). 
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The Measurements. 

Series of dilute solutions of the thionyl chloride in benzene and sulphuryl 
chloride in benzene were prepared. The dielectric constants of these solutions 
were measured at 25° 0. and 45° C. for waves of frequency 1,227,282 ± 20 
cycles per second, by the method described in Part I,* Hartshorne and Oliver’s 
value for the dielectric constant of benzenef being taken as standard value. 
Using the purified chlorides and benzene which had been well dried as described 
above, no serious trouble was encountered through any reaction between the 
solute and the silvered condenser plates, although less pure materials attacked 
them rapidly. 

In order to compare the molecular polarisations determined at Hertzian 
wave-lengths with the molecular refractions of the liquids, the refractive 
indices of the solutions were measured. A Pulfrich refractometer was used 
for this purpose, and for convenience the determinations were carried out at 
15° C. and referred to the mercury green line (6461 A.). The densities of the 
solutions were also measured at 15°, 25°, and 45° C., and the molecular polarisa- 
tions and molecular refractions of the solutes were calculated from this data 
according to the modified form of the Clausius Clapeyron and Lorentz-Lorenz 
equations respectively, which are applicable to dilute solutions. 

Results with Thionyl Chloride. 

The experimental data obtained with the solutions of thionyl chloride are 
summarised in Table I, in which / represents the molecular fraction, M the 
molecular weight, e the dielectric constant, p the density, P the molecular 
polarisation, n the refractive index, and R the molecular refraction, whilst 
the sufiSxes 1 and 2 refer to the solute and solvent respectively. 

The difference between the values of P^ at infinite dilution at 25° C. and at 
46° 0. respectively represents the change in the value of the B/T term in the 
simplified form of the Debye equation P = A + B/T, where B = 47rNp^/94 
(N is the Avogadro number, \jl the dipole moment of the molecule, and Jc is 
Boltzmann’s gas constant. Since SP = 2*5, we find that B = 2*5 X 298 
X 318/20 = 11,850, and {ji = 0-01272 VB X 10“is ^ 1-38 X 10 “i 8 e.s.u. 
From this data it follows that at 25° the orientation polarisation (B/T) is 
39-8 C.C., and A is 34-2 c.c. This value of A should represent the sum of the 
electronic and atomic polarisations, Pj. and P^. The former of these should 

* ‘ Proc. Roy. Soc.,’ A, vol. 136, p. 261 (1931). 
t ‘ Proc. Roy. Soc.,’ A, vol. 123, p. 664 (1929). 
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Table I. 



Benzene. 

I. 

i 

ir. 

m. 

IV. 

/l 

1 

0*02000 

0-03996 

0*07862 

0*12934 



78*000 

1 

78-820 

79-638 

81-219 

83-303 


Temperature 25° 0. 

j 


€ 

1 

2*2726 

2*346 

2*416 

2*663 

2-732 

p 

0*8738 

0*8863 

0*8990 

0*9233 

0-9648 

Pi/x + Pifs (O.O.) 

26*69 

27*53 

28*41 

30*01 

31-93 

(C.C.) 

26-59 

26*06 

26*62 

24*60 

23 * 16 

PJl (C.C.) 

— 

1*48 

2*89 

6*61 

8-78 

Pi (0.0.) 

— 

73*8 

72*2 

70*2 

67-9 


Extrapolated value of Pj for/--» 0 is 74-0 c.c. 


Temperature 45° 0. 


€ 

2*233 

2*297 

2*361 

2*486 

2-649 

P 

0*8621 

0*8638 

0*8755 

0*8996 

0*9309 

Pi/i + PJs (o-e.) 

26*664 

27*54 

28*39 

29*92 

31*74 

Pa/2 (O.C.) 

26*664 

26*13 

25*60 

24*67 

23-21 

Pl/l (o-c.) 

— 

1*41 

2-79 

6*36 

8*53 

Pi (0-0.) 

— 

70*6 

69*8 

68*1 

66*9 


Extrapolated 

value of Pj foi 

rf-^Ois 71*6 0 . 0 . 



Te: 

mperature j 

15° C. 



1 

n 

1*60936 ' 

1*60978 

1*61020 

1*61077 

1*61140 



2*2782 

2*2794 

2*2807 

2*2824 

2*2843 

P 

0*8842 

0*8969 

0*9098 

0*9346 

0*9663 

Bjt/i 4- R 2/2 (c.c.) 

26*355 

26*274 

26-185 

26*027 

26*842 

Rjs/, ( 0 . 0 .) 

26*365 

25*828 

26*302 

24*286 

22*947 

Pi/i (o-e.) 

— 

0*446 

0*883 

1*741 

2*896 

Pi (0-0-) 

— 

22*3 

22*1 

22-17 

22*30 


Mean value of = 

22*2 c.c. 




be approximately identifiable with the molecular refraction extrapolated 
for i n fi ni te wave-length. The value 22*2 c.c. which is obtained as a mean 
value for the molecular refraction of thionyl chloride in solution is well in 
agreement with the value 22*34 c.c. for the pure liquid, calculated for light 
of the same wave-length (5461 A.) by interpolation of the refractive index 
data of Nasini,* and using the density formula of Sugden, Reed and Wilkins.f 
Consequently it appears reasonable to conclude that the value of R^ for infinite 


* ‘Bend. Aoc. Line.,’ vol. 1, p. 76 (1885). 
t * J. Chem. Soc.,’ voL 127, p. 1538 (1926). 
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wave-length, will be equal to the molecular refractivity calculated for the pure 
liquid, viz., 21-0 c.c. There is obviously a great discrepancy between the 
values of A and E, and the difference, 13*2 c.c., must be attributed to atomic 
polarisation. Although the absolute value of the latter as deduced in this 
manner may be subject to some error, the evidence certainly indicates that the 
atomic polarisation is by no means negligible in the case of thionyl chloride. 

If, on the other hand, the atonnc polarisation be neglected, and the orienta- 
tion polarisation be calculated in the manner usually adopted as equal to the 
difference between the molecular polarisation and the molecular refraction 
for the mercury green line, we jSnd that at 25° C. B = 15,436, and fx = 1-68 
X 10”^® e.s.u. Thus in cases of this t 3 ?pe considerable errors can be introduced 
into the dipole moment calculation by neglecting the atomic polarisation 
term. 


Results with Sulphuryl Chloride. 

The significant data for the solutions of sulphuryl chloride in benzene are 
collected in Table II, The lettering has exactly the same significance as in 
Table I. 

Table IL 



Benzene. | 

I. 

II. 

1 

III. 

IV. 

ft 

+ ^ 2/2 


0-02221 

0-04422 

0*07376 

0-09660 

78 

79-266 

80-621 

82*261 

83-601 


Temperature 25° C. 


€ 

Pj/a (0.0.) 



Px(c.o.) 


2*2725 

2-379 

2-488 

2-636 

2-763 

0-8738 

0-8893 

0-9060 

0*9260 

0-9417 

26*59 

28-07 

29-50 

31*34 

32*70 

26-59 

26*00 

26-41 

24-63 

24-02 

— 

2-07 

4-09 

6-71 

8-68 

— 

93-3 

92-5 

91*0 

90-0 

Extrapolated 

value of Pj foi 

0 is 94*3 

c.c. 



Temperatuxe 45° C. 


Pi/i+ Pj/a (o.o.) 
Pj/j (0-0-) 

PiA{o-c-) 


2-233 

2-329 

2-425 

2*560 

0-8621 

0*8668 

0-8814 

0*9020 

26-664 

28*07 

29*42 

31*20 

26-664 

26-07 

25-48 

24-70 

— 

2-00 

3-94 

6*50 

— 

90-1 

89*1 

88*1 


Extrapolated value of for/j— > 0 is 90*8 c.c. 


2-668 

0-9169 

32-42 

24-09 

8-33 

86-3 
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Table II — (continued). 



Benzene. 

I. 

II. 

III. 

IV. 


Temperature 15° C. 



n 

1-50936 

1-50834 

1-50730 

1-50575 

1-50476 

n* 

2-2782 

2-2751 

2-2720 

2-2673 

2-2643 

P 

0-8842 

0-9001 

0-9161 

0-9375 

0-9536 

S-i/i + K-a/a (c.c.) 

26-355 

26-266 

26-171 

26*058 

25-962 

(c-c.) 

26-355 

25-770 

25-190 

24-411 

23-812 

(c.c.) 

— 

0-496 

0-981 

1*647 

2-150 

Ri (e.c.) 

— 

22-24 

22-18 

22-31 

22-28 


Mean value of R^ is 22-25 c.c. 




Calculating the orientation polarisation from the change of with change 
of temperature, in the same manner as was adopted in the case of thionyl 
chloride, we find that SP ( 25 ^ 5 ^^ C.) = 3*5 c.c., B = 3-5 X 298 X 318/20 
= 16 , 584 , and p, = 1-64 X 10 "^^® e.s.u. 

The figure 22*25 c.c. obtained for the mean value of the molecular refraction 
of sulphuryl chloride in benzene solution for the mercury green line, 6461 A,, 
is rather higher than the value (21*41 c.c.) calculated for this wave-length 
from the refractive index and density of the pure liquid as observed by Nassini 
and Costa.* The difference is so small, however, that it is permissible to take 
the value of the molecular refractivity for infinitely long waves as equal to 
that calculated for the pure liquid by extrapolation of Nasini and Costa's 
measurements by means of Cauchy’s fornfula, viz., 20*74 c.c. 

The value of the orientation polarisation at 26° C. is 16,584/298 = 55*6 c.c. 
Since the total molecular polarisation at this temperature is 94*3 c.c., 
+ Pa = 38-8 c.c. The difference between this figure and the molecular 
refraction for infinitely long waves must be attributed to atomic polarisation. 
The latter is therefore given by 38 • 8 — 20 • 74 = 18 • 1 c.c. 

If, on the other hand, the atomic polarisation be neglected, and the orienta- 
tion polarisation be taken as equal to the difference between the molecular 
polarisation and the molecular refraction for the mercury green line, the value 
obtained for B is 298 X 72 = 21,456, and p = 1-86 X lO^^s e.s.u. 


Discussion of Results, 

The fact that the semi-polar sulphur-oxygen linkage tends to lead to rather 
high values of the dipole moment has already been observed by Bergmann, 

* ‘ Pubb. Inst. Chim.,’ Rome, p. Ill (1891). 
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Engel and Sandor* * * § and by de Vries and Rodebushf for the series diphenyl 
sulphide, diphenyl sulphoxide, and diphenyl sulphone. A comparison of 
their results with those found in the present investigation is very interesting. 
Owing to the fact that sulphur dichloride dissociates so Very readily it is 
impossible in the chloride series to find with any certainty the ejSect of the 
addition of the oxygen atom to the SClg group. A rough estimate, however, 
may be made of the electric moment of the sulphur dichloride molecule by 
taking the value of 27 c.c. deduced by Lowry and Jessop for the molecular 
polarisation of sulphur dichloride in solution in chlorine.§ Calculating the 
molecular refraction from their value of the density at 16° C. {circa 1*629) 
and the refractive index (of the presumably impure compound) for the sodium 
D line (1*557), we obtain a value of 20*3 c.c. Whence Pb + Pa = 6*7 c.c., 
and = 0*56 X 10”^^ e.s.u. 

A comparison of the electric moments in the two series shows the following : 



y. X 10“ 

(i X 10“ 

Sulphur dichloride 


Diphenyl sulphide 

CIjS 

[0-56] 

PhaS 1-4711 l-565f 

Thionyl chloride 


Diphenyl siilphoxide 

01,80 

1-38 

Ph,S0 4-0811 4-171f 

Sidphuryl chloride 


Diphenyl sulphone 

CliiSO, 

1-64 

PhaSO, — 5-05f 


The big differences between the moments of thionyl chloride and diphenyl 
sulphoxide, and between those of sulphuryl chloride and diphenyl sulphone 
is very striking. However, it must be remembered that in the case of the 
chlorides there are two strongly negative atoms towards the side of the sulphur 
atom remote from the oxygen atom, which tend to neutralise the moment 
produced by the semi-polar sulphur-oxygen linkage, in which a very strong 
dipole would be expected to be located, owing to the oxygen atom sharing 
an electron-pair which comes from the sulphur atom. If the three atoms 
adjoining the sulphur atom, the two chlorine atoms and the one oxygen atom, 
in thionyl chloride be assumed to be situated at the corners of the base of a 

* ‘ Z. phys. Chem.,’ B, voL 10, p. 397 (1930). 

t ‘ J. Amer. Chem. Soc.,’ voL 53, p. 2888 (1931). 

J Lowry and Jessop, ‘ J. Chem. Soc.,’ p. 1421 (1929). 

§ ‘ J. Ohem. Soc.,’ p. 782 (1930). 

11 Bergman, Engel and Sandor (Zoc. cit), 

•|[ de Vries and Rodebush (loc. cif.). 
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(probably irregular) tetrahedron, with the sulphur atom at the apex, the 
observed electric moment will be the resultant of three moments along the edges 
joining the apex to the corners of the base of the tetrahedron, and of these 
moments that along the line of the sulphur-oxygen linlcage will be the greatest. 
The latter moment will act at a wide angle to the resultant of the other two, 
and, in consequence, the latter may reduce its magnitude very considerably. 

In the diphenyl compounds, however, the electric doublet in the Ph^S 
grouping is probably in the same sense as that in the sulphur-oxygen linkages, 
with its negative end towards the sulphur atom. Consequently in this case 
the two components of the moment tend to aid one another. Again, in this 
case the large positive charge produced on the sulphur atom in the presence of 
a semi-polar oxygen-sulphur linkage will cause a considerable polarisation of 
the readily polarisable phenyl groups adjacent to it, thus tending to increase 
the moment of the molecule as a whole. These effects will be magnified still 
further on the addition of the second semi-polar oxygen atom to form diphenyl 
sulphone. This would naturally make the difference between the moments of 
diphenyl sulphone and diphenyl sulphoxide much greater than that between 
the moments of thionyl chloride and sulphuryl chloride. The latter difference 
is surprisingly small, however, and the evidence would seem to suggest that 
not only is the Cl-S-Cl angle in the chlorides much narrower than the Ph-S-Ph 
angle in the diphenyl compound, but also that the O-S-0 angle may be wider 
in the former than in the latter. 

In view of the fact that an indication has been obtained that the oxychlorides 
of sulphur exhibit rather a large atomic polarisation (about 13-2 c.c. for 
thionyl chloride and 18-1 c.c. for sulphuryl chloride), it is interesting to note 
that a very high value (33 • 4 c.c.) has also been observed with dimethyl sulphate*^ 
which also contains semi-polar bindings, and a fairly high value (8 c.c.) with 
nitrobenzene. This tends to confirm the view that a high atomic polarisation 
is a common property of the semi-polar linkage. If this be agreed, the fact 
that sulphur dioxide has at most only quite a low atomic polarisation (0 * 9 o.c,)t , 
appears to support the view that the sulphur dioxide molecule contains no 
true semi-polar linkage. 

The only alternative explanation of the great discrepancies between the 
values of A (in the equation P = A + B/T) and of is that the dipole moments 
increase somewhat with rise in temperature. The only way to distinguish 

* Smythe, ‘ J. Amer. Chem. Soc.,’ voL 61, p. 2051 (1929). 

t Eirera, “ Polarisation Di^lectrique,” Paris (1928). 
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between tbese two hypotbeses would be to determine the molecular polarisa- 
tion of tbionyl chloride and of sulphuryl chloride in the solid state. At present, 
however, no data bearing upon this subject appear to be available. 

In conclusion, the author desires to express his indebtedness to Professor 
P, Gr. Dorman, P.R.S., for the continued interest which he has taken in these 
investigations. 

Summary. 

The dielectric constants and densities of benzene solutions of thionyl 
chloride and sulphuryl chloride have been measured at 25° and 45° 0., and the 
refractive indices and densities of the same solutions determined at 16° 0. 
From these data the corresponding molecular polarisations and molecular 
refractions of the two chlorides have been calculated. The electric moments 
calculated from the change in the molecular polarisation with change in 
temperature are 1*38 X 10“^® and 1-64 X 10“^® respectively; and those 
calculated from the molecular polarisation at 25° and the molecular refraction 
are 1*58 X and 1*86 X 10“^® respectively. The discrepancy between 
these two series of values indicates either that the atomdc polarisations of 
these molecules is high (about 13*2 c.c. for thionyl chloride and 18*1 c.c* for 
sulphuryl chloride) or that the dipole moment of these compounds increases 
with rise of temperature. The results are discussed with reference to the 
related series diphenyl sulphide, diphenyl sulphoxide, and diphenyl sulphone* 


VOL. OXXXVIII.— A. 


M 



162 


The Swelling of Charcoal. Part IL—Some Factors OontrolUng tU 
Expansion Caused hy Water, Benzene and Pyridine Vapours. 

By D. H. BiJNGHAM, N. FAKHOtray, and A. F. Mohambd, The Egyptian 

University, Cairo. 

(Communicated by D. L. Chapman, F.E.S. — ^Received June 7, 1932.) 

1. iTAroduetory. 

The experiments described in Part I of this series* led to the conclusion that 
the e:^ansion which charcoal undergoes in contact with water vapour, carbon 
dioxide, aimnoida, and sulphur dioxide is connected with the existence in the 
adsorbed phase of a pressure due to the free movement of the molecules in 
directions parallel to the interface. In a later paperf it was pomted out that 
if the relation between the percentage linear expansion (sc) and the surface 
pressure (F) be assumed to take the form 

a: = IF, (1) 

where X is a constant, then the equation foimd empirically to relate the ad- 
sorption and expansion in the case of these gases reduces to an expression of 
the Schofield-Rideal equation of state : 

F(A-B) = iRT. (2) 

Here A stands for the area per (gram) molecule, and is equal to MS/s if s is 
the weight in graotns of an adsorbate (of molecular weight M) taken up by 1 
gram of charcoal the effective surface area of which is S ; B is the “ incom- 
pressible ” cross-sectional area per gram molecule ; and i is a constant deter- 
mined by the mutual cohesion of molecules and is equal to unity when such 
cohesion is absent. 

The e:q)erimental isotherms of water, carbon dioxide, and sulphur dioxide 
in contact with the charcoal then used, later referred to as charcoal I, gave 
tolerably good agreement with a theoretical equation derived by applying 
the Gibbs relation to a surface phase obeying equation (2).$ If it is assumed 
that the lowering of the surface energy attending the adsorption is completely 

* ‘ Proo. Roy. Soo.,’ A, vol. 130, p. 81 (1930). 

t ‘ J. Chem. Soo.,’ p. 1324 (1931). 

% Agreement was not obtained in the case of ammonia. 
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determined by the magnitude of the surface pressure, the Gibbs equation 
becomes, when expressed in terms of symbols used,* 

= j.cJF. (3) 

If equation (1) is also valid this becomes 

an equation in which all the variables are experimentally determinable. 
Equation (4) receives some support from the data for benzene and pyridine in 
co;atact with charcoal II, a charcoal used in the present investigation.! The 
data for water, on the other hand, do not give any extended range of agreement 
with this equation. A reason for this becomes apparent on examining the 
characteristic curves given in fig. 5a, where values of Mxjs^ the percentage 
expansion per gram molecule per gram of charcoal, later referred to as the 
molecular expansion,” are plotted against the expansion itself. If equation 
(1) is valid the graphs should be comparable with the FA F graphs commonly 
used in surface chemistry. Judged from this standpoint the experimental 
results for water give a clear indication that condensation of the film from a 
gaseous to a liquid state is taking place : for not only does x remain constant 
over a considerable range of s-values, but the rising parts of curves 2, 3 and 4, 
if produced back to meet the ordinate axis, would do so very close indeed to 
the origin. EidealJ has emphasised that equation (3) is invalid when two 
surface phases co-exist. 

With regard to films in the gaseous condition, it is important to note that 
unless future experiment should prove X and S to be independent of the size 
and shape of the molecules, the molecular expansion at zero adsorption — 
unlike the product FqAq — ^ must vary from substance to substance.§ Since 
Sq/M = S/Aq and FqAq = RT its value is given by 

Ma?o/5o = MXFo/sa = XRT/S. (5) 

Experimentally, McCq/so could be determined either (i) by extrapolation based 
* Loc, cit,f p. 1327. 

t It is similarly supported by data (to be published later) for methyl, ethyl, w-propyl, 
isopropyl, aud ?i-butyl alcohols. 

i “ Introduction to Surface Chemistry,” Cambridge, p. 62 (1930). 

§ Bangham and Fakhoury, loc, cit, p. 1326. 

M 2 
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on measurements of very small expansions, or (ii) by the use of equation (4) 
to determine X/S. Combining (4) and (5) it is seen that 

^^0 _ Mdx^ _ O’ 4343 (6) 

5o silog^p ^iilogioP 

Equation (6) permits the calculation of Mo^o/^q from data near to saturation. 
An excellent test of the accuracy of (1) would therefore be afforded by a com- 
parison of the results obtained by these two methods.* Unfortunately, not 
only does method (ii) fail in the case of water, but method (i), for reasons 
which will be discussed, appears equally valueless in the case of benzene, and 
pyridine. Whether equation (1) expresses an exact or an approximate relation 
it is therefore not within the scope of the present investigation to decide ; 
but because our results lend themselves most readily to interpretation in 
terms of this equation, the practice of recording them by means of the character- 
istic molecular expansion graphs will be adhered to. 

2. Experimental Materials and Method. 

The difficulties experienced in standardising charcoal and obtaining r('pro- 
ducible results therefrom are much enhanced when tlic charcoal lias to be used 
in the form of a block. Many of the recognised methods of treatment load to 
disintegration of the blocks ; moreover, unless the carbonisation has been 
carried out with superlative care, even specimens cut from the same block 
cannot be expected to behave alike. The charcoals used in our experiments 
were cut from a block of pinewood charcoal kindly supplied by Dr. F. Meehan ; 
this had been carbonised under carefully controlled conditions whicli have 
been fully described.f Since water was to be one of the substances to be used 
as an adsorbate, it was considered advisable to reduce the ash-content as much 
as possible. The charcoal, cut into sections, was steeped in hydrofluoric acid 
for 15 days and afterwards washed with conductivity water for 47 days. 
Rough measurements of the expansion produced on immersing, in different 
liquids, pieces of the charcoal which had been variously treated brought to 
light the important fact that vacuum-heating above a certain temperature 
brings about a considerable reduction in this effect. To account for this, 
and for the simplicity of the water, carbon dioxide, and sulphur dioxide iso- 

* * The test is not actually a crucial one, on account of the uncertainty attaching to the 
application of the Gibbs equation to such a surface as that of charcoal, 
t Meehan, ‘ Proc. Roy. Soc.,’ A, vol. 115, p. 199 (1927), 
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therms of charcoal I,* we made the tentative assumption that the activation of 
natural wood charcoal by vacuum treatment at high temperatures leads to 
the formation of condensed filmsf when adsorption takes place. In preparing 
the charcoal for the present series of investigations we aimed at giving it such 
treatment as would render it as free as possible from gross impurity and from 
loosely held volatile matter, but would be unlikely to give it the properties of 
an active charcoal. It was found that vacuum-heating to 560® C,, while 
sufficing to remove in time the tarry matter of which the charcoal originally 
contained a large proportion, had little effect on the immersion values of the 
expansion. After being dried in an air oven at low temperature, therefore, 
Meehan’s charcoal was subjected to 14 hours’ pumping at 560® C. Thus 
prepared, the charcoal had a bulk density of 0 * 18 gram per cubic centimetre and 
an ash-content of 0-33 per cent. The ash was brown, acid soluble, and con- 
tained much iron. 

Charcoal II, the piece used in all experiments except those of the last two 
series with water vapour, was a sq^uare prism 49 mm. long, weighing 0-498 gm. 

Charcoal Ila, used in the water vapour experiments of Series II and III, 
was from the same original stock ; its treatment is described in a later section. 

The Benzene. — ^Kahlbaum’s thiophene-free benzene was thrice solidified 
and dried by long standing over finely divided sodium. On redistillation the 
boiling point was constant at 80-2® C. After vacuum sublimation in the 
apparatus the melting pressure was 36-10 mm. 

The Pyridine. — ^Kahlbaum’s purest pyridine was allowed to stand for a 
long period over freshly ignited barium oxide. It was then thrice solidified, 
and distilled over freshly ignited barium oxide. When redistilled its boiling 
point, constant to 0 • 1°, was 115-0® C. at 759 mm.J The product was repeatedly 
resublimed after its introduction into the apparatus. 

The Extensometer . — The extensometer used in most of the experiments was 
a nickel-coated brass instrument of the same general design as that described 
in Part I ; the magnification (i.e., the ratio of the movement of the pointer to 
that of the charcoal) was, however, rather lower, viz., 33-1. Such instruments 
have been found to give reliable results provided the knife-edges are reasonably 
strong and far part ; this condition sets a limit to the magnification that can 

* Part I. 

t I.e.i films otter than gaseous ; it appears probable that the high temperature treatment 
of the charcoal would favour the ” secondary ” adsorption process (see sections dealing 
with benzene and pyridine) which causes the charcoal to contract again. 

X Of. van der Meulen and Mann, ‘ J. Amer. Chem. Soc.,’ vol. 53, p. 451 (1931), according 
to whose interpolation formula the boiUng point at 759 mm. is 115-04® C. 
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be obtained witli a pointer of convenient length. Observations were made 
withi a vernier microscope reading to 0 *01 mm. against a carefully engraved and 
previously calibrated scale attacked to the extensometer ; no correction was 
necessary, therefore, for refraction through the curved wall of the containing 
tube. The length of the charcoal being 49 mm., it follows that a reading error 
of 0*01 mm. would have led to one of 100 X 49“^ X 33-1"^ X 0*01 == 0*0006 
in the corresponding value of x, the percentage linear expansion. The fact 
that when once the conditions for obtaining reproducible results had been de- 
termined, the early observations (i.e., those corresponding to small adsorptions) 
were found to agree within this order of accuracy provides a sufficient assui*ance 
that the extensometer was free from the zero-point error referred to in Part I. 
On account of the imperfection of the knife-edges and the slight slipping of the 
plate between them which must necessarily take place when their distance 
apart is increased by large expansions, the error of measurement increases 
with the expansion. From the behaviour of extensometers similarly con- 
structed, but provided with a special calibrating device, this error is estimated 
to be of the order of 1 per cent, of the total movement in the case of the largest 
expansions met with in the experiments described. The error is systematic, 
the measured cc-values being too low when x is great. No correction was 
applied. 

The Apjiaratus. — ^Fig. 1 is a sketch of the apparatus in its final form. To avoid 
the use of taps, its constituent parts were separated by mercury cut-outs. 
The bulb B contained the stock of the substance under investigation and the 
two adjacent U-tubes were provided for its vacuum sublimation, to free it 
from dissolved gases ; during this process one or other of the U-tubes was 
immersed in solid carbon dioxide, and the cut-out A was open to the pumps. 

The measuring system consisted of the triple gas burette Oj, Og, O 3 , O 4 , and 
the gauge F, F^, Fg, which also served as a double cut-out. The two limbs of 
the gauge were of the same tubing, carefully chosen and tested for uniformity. 
The gauge readings were made with a reliable cathetometer reading to 0 • 01 mm. 
Corrections for difference of meniscus height in the two limbs of the gaug<*. were 
applied throughout. The vacuum limb of the gauge was connected with a 
McLeod gauge, and through the tap G with the train of pumps. The tap was 
provided in order that constructional alterations— such as replacing the pent- 
oxide tube— could be effected in the pumping system without admitting air to 
the whole apparatus ; since it was exposed to the experimental vapour only 
when the pumps were running, there was no obvious objection to its use in 
this position. 
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After measurement in the burette, each quantity of vapour, was admitted 
through the cut-out to the extensometer vessel H. To enable this to be 
done without danger of breaking the mercury column at the junction, the 
appendix D was momentarily cooled with a freezing mixture to equalise the 
pressures while the mercury was being lowered. The appendix was also useful 
in carrying out desorption experiments. 

Calibration . — ^At the calibration stage the appendix D was provided with a 
tap (later sealed off) through which hydrogen could be admitted from its 
purifying train. During the calibration (and all subsequent measurements of 
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new quantities of vapour in the burette) the mercury in the gauge was set to a 
mark at and that in the narrow cut-out E to a mark at E^. Calibration 
of the burette system was then effected by setting the mercury in turns to 
each of the etched marks 0^, C2, O3. O4, and reading the corresponding pres- 
sures. The same procedure was carried out in the case of the combined system ; 
burette plus extensometer vessel ; during this calibration and all subsequent 
measurements of vapour in the combined system the mercury in the right-hand 
limb of the burette was set to the mark F2. 

Procedure . — Using the mercury cut-outs in the manner indicated it was 
possible to introduce to the charcoal successive quantities of vapour, each 
amounting to some two or three normal cubic centimetres. As long as the 
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pressure of unadsorbed vapour in the extensometer vessel remained fairly low, 
the mercury in the gauge was raised well above as soon as the necessary 
readings had been taken, and a fresh quantity of vapour admitted to the burette 
from the storage bulb. When, however, the pressure rose to values near 
saturation the procedure was varied : the mercury was raised in turn to each 
of the marks G3, C2, 0^, and complete series of readings taken in each case. 
Connection between the burette and extensometer vessel was broken only when, 
the mercury in the former standing at Oi, further increase of prcSvHXirc could 
not be produced except by the admission of more vapour from the storage 
bulb. This procedure reduced the number of transfer operations necessary 
to reach saturation and made for better control of the approach to this coiidition. 

Control of Temperature Variations and other Sources of -Error.— To minimise 
the errors due to fluctuations of room temperature different means were used 
in different cases. The proximity of the reading instrument made it impossible 
to bath the extensometer tube in anything larger than a Dewar vessel, and, in 
cases where a fluctuation of a degree or so had an insignificant effect on tlui 
results, uniformity of temperature throughout the system was aimed at, 
rather than the absolute constancy of the temperature of its major mcmberH. 
The burette was enclosed in a small water-jacket which would rapidly take up 
the temperature of the surrounding air. By suitably adjtisting tlu^i vScr(‘,(uiH 
which surrounded the apparatus it was generally possible, to keep the temp(vra- 
ture of the whole system, including the connecting tubing, constant to within 
two or three tenths of a degree and — ^although some of the experimtuits were 
rather protracted — ^to complete each run with no greater departure than 1 *5® C. 
from the mean day-to-day working temperature. 

In the second and third series of experiments with water, in view of th(j 
smallness of the expansions recorded, a closer control of the temperature was 
needed in order to eliminate errors arising from the differential expansion of 
the charcoal and the extensometer. The temperature of the extensometer 
vessel was here maintained constant throughout each run to a small fraction of 
a degree. In these, and in the experiments with ben2iene where the (jharcoal 
was heated between each set of readings, great care was exercised to cnsxiKi 
that the extensometer had taken up the temperature of its surroxxndings before 
any readings were made. In the absence of vapour the extensometer reading 
formed a useful means for determining the temperature of the charcoal and 
estimating the time-lag. 

Tests of the validity of Boyle’s law, carried out in the burette system, 
showed this law to be applicable without serious error to the vapours of benzene 
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^md pyridine, even at pressures very near to saturation. Similar experiments 
with water vapour gave indication of large apparent deviations due, almost 
entirely, to condensation on the walls of the system. It was of importance to 
estimate the errors arising from this source under actual experimental con- 
ditions.* Before the more accurate experiments with water vapour were 
undertaken (those of Series II and Series III) a bulb of large capacity was 
sealed to the burette system in order to redtice the ratio of surface to volume. 
An experiment was then carried out in which 32 successive quantities of water 
vapour, after measurement in the burette, were distributed to a small detach- 
able tube containing charcoal, the increase in weight of the latter being noted 
from time to time. The pressures, both at generation and after distribution, 
were made to correspond closely to those in an actual extensometric experiment, 
and ranged as high as 0 *8 of saturation towards the end of the run. The gain 
in weight of the charcoal was 0 • 0504 gm., as against 0 * 0499 gm. calculated from 
the pressure measurements by means of the gas laws. In view of this result 
we consider the 5-determinations to be free, in the main, from systematic 
errors greater than 1 or 2 per cent. In the case of all the vapours studied there 
is probably some loss of accuracy at pressures greater than 0-9 of saturation. 

The influence on the extensometric results of gaseous impuritiesf contained 
in the charcoal is discussed in the sections which follow. At the conclusion of 
each adsorption experiment the purity of the vapour in contact with the 
charcoal was tested by a determination of the vapour pressures at a series of 
temperatures down to —78° C. Unless otherwise recorded in what follows this 
test led to negative results. A possible source of error, which did not lend 
itself to control, lay in the contamination of the charcoal with mercury 
vapour ; the immersion values of the expansion do not appear to differ 
appreciably when the charcoal is free from such contamination. 

* Such errors would arise from the desorption of water from the walls, caused by the 
fall of pressure on distribution to the extonsometer vessel. The quantity of water required 
to cover the walls of the measuring system with a layer 25 molecules in thickness, though 
less than J per cent, of that taken by the charcoal at saturation, would represent a sub- 
stantial fraction of the quantity present in the burette during the Boyle’s law tests. Since, 
at the working temperature, even saturated water vapour shows but slight departure from 
the gas laws (see, for example, Menzies, ‘ J. Amer. Ohem. Soc.,’ vol. 43, p. 851 (1921) ) 
the wall effect must be held responsible for the observed deviations. The latter were 
unimportant at pressures less than 0*6 of saturation. 

t Before the experiments were begun, all accessible parts of the apparatus were heated 
to remove, as far as possible, occluded gases. Most of the experiments described were 
carried out long after the extensometer had ceased to evolve gas, when heated, at a rate 
detectable by the McLeod gauge. 
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3, Experiments with Ben^ne. 

Except for two of the experiments of Series III, all runs with benzene were 
carried out at room temperature. 

Series J. — ^These experiments were carried out before the apparatus assumed 
the final form shown in fig. 1. In particular, the cut-out A and the con- 
necting tube leading from it to the pumps were absent, so that it was necessary, 
when subliming the benzene in to leave the eixtensometer vessel in 

communication with the remainder of the system. While this was in progress 
the exfcensometer vessel was heated to 300^ 0., and the heating and pumping 
continued for some time after the cut-out E, leading to the benzene system, 
had been closed. Uncontrolled variations amounting sometimes to as much 



Pig. 2. — ^Benzene, Series I and II. Absoissse, values of x ; ordinates, values of Ma:/,*?. 

as 30 per cent, of the x value for a given value of s occurred between one experi- 
ment and another ; extreme values were obtained in the fifth and eighth 
experiments, the results of which are illustrated in fig. 2, curves I and II. 
Within certain limits, variations in the temperature of evacuation and of 
the working temperature were found not to be responsible for these discrep- 
ancies. Further, although the extensometer reading for the benzene-free 
charcoal showed a definite drift — always in the direction of shrinkage—the 
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discrepancies between tbe expansion curves followed no definite trend, and 
could be attributed neither to tbe gradual removal of traces of a foreign gas. 
nor to a gradual poisoning by tbe benzene. Only a very small quantity of 
non-condensible gas was disengaged from tbe charcoal by tbe benzene in the- 
course of each experiment. 

All other obvious causes having been eliminated, it was concluded that the 
variations arose through the exposure of the hot charcoal to the gases pumped 
ofiE the benzene in the course of its sublimation. Aiter the conclusion of the 
experiments with oxygen-poisoned charcoal, described below, the apparatus, 
was reconstituted in the manner already indicated ; not only were the results, 
thereafter in far more satisfactory agreement, but the zero-point now no longer 
showed the drift to which it had hitherto been subject. 

Series II . — ^With the object of testing directly the ejffect of foreign gases, a 
train for the generation of pure dry oxygen was sealed to the pump system. 
The charcoal was exposed to this gas when hot, and then subjected to prolonged 
pumping at a lower temperature to remove the loosely held gases ; the experi- 
ment with benzene was then carried out in the usual way. The quantity of 
oxygen adsorbed could not be measured. 

In a typical experiment the charcoal at 265® C., was exposed to some 400 mm. 
pressure of oxygen for 3 hours. The resulting expansion, as measured in the 
cold, was 0-084 per cent., but prolonged evacuation at 105® C. reduced this 
to 0-076 per cent., the gas pressure falling meanwhile to rather less than 10“"® 
mm. The results of the subsequent benzene experiment, fig. 2, curve III, 
leave no doubt as to the effect of oxygen in increasing the expansion for a 
given quantity of benzene. The rate of adsorption was much reduced. 
Further, by taking time observations, it was established that the slow adsorp- 
tion of benzene which took place on standing was accompanied by a smaller 
expansion than the rapid adsorption which followed an increase of pressure. 
Thus in fig. 2 the points indicated by black circles, which refer to observations 
made soon after an admission of vapour, all lie above the curve, curve III, 
which has been drawn with reference to observations (see plain circles) taken 
immediately before the pressure was raised. The quantity of non-condensible 
gas (at —78® 0.) disengaged in the course of this experiment was remarkably 
small, its pressure being of the order of 0-05 mm. 

The satmration value of the e^spansion was but little affected by the pressure 
of the oxygen ; but it is noteworthy that although all other effects of the oxygen 
poisoning were gradually removed by repeatedly charging the charcoal with 
benzene and vacuum-heating it, the x- and also probably the 5-values at 
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saturation were thereafter somewliat greater. It is possible that the treatment 
removed some easily oxidisable impurities from the surface. 

Series 111 . — These experiments, which led to highly concordant results, 
followed a long series with the alcohols, in the course of which the condition 
of the charcoal and also the experimental procedure and technique had become 
standardised. They provide a partial explanation of the anomalous behaviour 
previously described for they place it beyond all doubt that the adsorption of 
benzene by charcoal II is a complex phenomenon involving two distinct pro- 
cesses. The first of these causes a large expansion of the charcoal and therefore 
probably amounts to the formation of a two-dimensional gas film. The second, 
a slower process, is accompanied by a contraction. The behaviour of the 
benzene was thus similar to that previously described* in the case of p 3 rridine. 

The existence of the secondary process is most easily established under the 
conditions prevailing at low ^-values, where, some short time after each ad- 
mission of vapour, the primary adsorption necessarily ceases for lack of further 
vapour in the deadspace. At this stage — ^reached, in the case of benzene and 
pyridine, about half-an-hour after each admission of vapour— the extensometer 
ceases its forward movement and begins to move in the direction of contraction. 
If the primary adsorption were also slow, the secondary effect would bcs detect- 
able only by such a difference in the amount of expansion caused by the rapid 
and the slow adsorptions as was noted in Series 11. The discrepancies in 
Series I were probably due in part to the secondary process— masked also in 
this case — ^taking place to a different extent in each different experiment. It 
is clear that the presence of impurities — which might affect differentially not 
only the rates of the primary and secondary processes, but their equilibrium 
points as well— must be very complex indeed. 

Both with benzene and with pyridine the secondary process was found to be 
accelerated by heating the charcoal. In one of the benzene experiments, for 
example, the following observations were made : — 


Adsorption value 

Maximum expansion (2 hours after last admission) . . 
Expansion after standing 7 hours at room tempera- 
ture 

Expansion after further 17 hours at room temperature 
Expansion after further 22 hours, during which char- 
coal was heated for 2 hours to 100° C 


0-0825 gm. per gram. 
0-268 per cent. 

0-261 

0-268 


* Bangham and Falchoury, loc. city p. 1327. 
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In fig. 3a, points a, b, c, etc., refer to the maximtun observed values of the 
exjiansion, and a', h', c', etc., to the “ equilibriuna ” values observed after 
heating the charcoal to 100° C. and allowing it to cool overnight. At a certain 
stage in each experiment, roughly coincident with that at which the deadspace 
pressure became measurable, the tendency to retrograde movement ceased, 
and, since neitliftr heating to 100° 0. nor standing over long periods had any 
appreciable effect on the reading, the practice of heating the charcoal was 
discontinued at this stage. 



Fig. 3. — A. : Molecular expansion curves of benzene. B : “ Equilibrium ” molecular 
expansion curves of benzene ; O adsorption (1) at 22° C. ; X adsorption (2) at 21 C. ; 
□ desorption (2) at 21° 0. ; A adsorption at 0° 0. 0 : Benzene Series III. Absoissse 
values of x ; ordinates, values of logp/po 5 © adsorption at 22° C. ; A adsorption 
at 0° C. 

The full equilibrium curve for benzene at room temperature is given by 
curve I in fig. 3b ; the graph includes also some points relating to a typical 
desorption experiment, and illustrates the fact, amply supported by other 
data, that in this case the molecular expansion curve follows in desorption 
practically the same course as in adsorption. Although great accuracy 
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■cannot be claimed for points near the axis* it appears reasonable to conclude 
that at zero adsorption the molecular expansion — if not actually infinitesimal 
— 13 3 , very small fraction of the values {cd. 100 per cent., 'uidEe ififfd) calculated 
by ecjuation (6). In general, the course of the ecjuilibrium curve is difficult 
to explain in terms of liquefaction or intermolecular attraction, particularly 
in view of the entirely different behaviour of water described in a later section. 
More probably the secondary process {i.e,, that accompanied by a contraction) 
consists in the greater proportion of the molecules adsorbed at low concentrations 
becoming attached at favourable points to the charcoal surface. In view of 
the accelerating influence of heat, it is possible that this process is one which 
takes place by “ activation either of the adsorbent or of the adsorbate. 
From the fact, already mentioned, that heating, followed by cooling, was 
without effect on the readings once the deadspace pressure became considerable, 
it is to be inferred that the molecules adsorbed between this point and saturation 
are nearly all mobile. 

The above view of the secondary process is to some extent borne out by the 
results of experiments carried out at 0° 0. In one experiment three admissions 
■of vapour were made before the system was heated to bring it to equilibrium. 
The (non-equilibrium) values of the molecular expansion, see fig. 3a, curves 11, 
■are seen to be far higher than those reached at this stage in the experimemts at 
room temperature, and suggest that is in this case at all events finite. 

After the third admission of vapour the charcoal was heated to 100® 0. before 
each measurement at 0® 0. was made. The equilibrium curve, sec fig. 3b, 
curve II, is seen to lie below that at 21-22® C., as it should if the expansion is 
due to the thermal motion of the molecules. . 

Relation between Expansion and Deadspace Presswe , — Since in a normal 
■experiment the adsorption reached nearly two-thirds of its saturation value 
while the pressure was yet too small for accurate measurement, the isotherms 
are of little interest. On account of the rapid increase of cc, a comparison of 
the p, X measurements is more illuminating. Since s varies but little over the 
range in question, a rough test of the validity of equation (4) is readily made by 
plotting log p against x. According to the equation the result should be a 
nearly linear graph, slightly concave to the cc-axis, and fig. 3o shows that this 
is actually the case. For convenience of reference, values of pjp^, where 


* Observations subject to an estimated en:or of more than 10 per cent, have been 
omitted from the graphs in this paper, the only exception being the point a' of fig. 3a, 
which has been inserted for general illustrative purposes ; the corresponding point has 
been omitted from the “ equilibrium ” curve of fig. 3b, 
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Pq = satiaration pressure, have here been plotted as ordinates. The fact that 
this device brings into coincidence the data at the two temperatures is possibly 
without general significance, but it is important to note that the saturation 
values fall naturally on the curve.* In view of the complex nature of the 
adsorption, the agreement with (4) can be no more than approximate ; but 
the more or less successful application of equation (1) and of the Gibbs equation 
is noteworthy. The values of MxqJsq at 22° C. and 0° 0. calculated from the 
curve by means of equation (6) are 100 and 97 per cent, respectively. 


4. Experiments with Pyridine. 

Some of the results obtained with this substance have already been described. f 
On account of the tendency of pyridine to foul the apparatus (particularly the 
glass-mercury interfaces) only two experiments were attempted ; in both of 
these the measurements were made at room temperature. On reaching satura- 
tion in the first of these runs a pressure of about 0 • 3 mm. of gas non-condensible 
at “78° C. was found to have developed. This did not occur in the second 
experiment, but the measurements nevertheless showed good agreement in 
the two cases. In fig. 4 a, which records the molecular expansion data for the 
second experiment, points a, b and o refer to observations made, respectively, 
soon after an admission of vapour, after standing 36 hours at room temperature 
and after heating the charcoal for an hour to 240° C. Except for this occasion 
the charcoal was maintained at room temperature, the normal interval between 
successive additions being between 1 and 2 hours ; the results, therefore, are 
not strictly comparable with those for benzene already given. 

The graph of logp/po against x for pyridine at 17° 0. is shown in, fig. 4 b, 
Here also the saturation point {x = 1-26) falls naturally on the curve, which, 
in accordance with the requirements of equation (4), has been drawn slightly 
concave to the cc-axis. The value of MxJsq, as calculated by the use of 
equation (6) is 91 per cent. 

5. Experiments with Water Vapour. 

Series I . — ^Before commencing this series it had become necessary to admit 
air to the extensometer vessel in order to clean the apparatus and purify the 

* The a;-values under conditions of saturation at 22® C. and 0° 0. were 1‘136 and 1*140 
per cent, respectively. The difference, indistinguishable in fig. 3c, is possibly due to 
experimental error, but the authors have not at present sufficient data to decide whether 
the saturation a;-values of other substances are as little dependent on the temperature as 
that of benzene. 

^ f Bangham and Eakhoury, he. cit. 
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merctiiy. By repeatedly charging the charcoal with water — each charging 
being followed by vacurun-heating to 300° 0. — a stage was reached at which no 
measurable quantity of non-condensible gas became disengaged during further 
experiments. Nevertheless, it is probable that the results of the four experi- 
ments of this series were largely affected by the presence of oxygen gases 
unremoved by this treatment. All four experiments were carried out at room 
temperature. Like those obtained with charcoal I* imder similar conditions, 
the results were highly irregular in the region of low pressures. The graph 



Fig. 4. — A : Molecular expansion curve of pyridine at 17“ C. B : Fyridine at 17“ C. 
Abscissae, values of x ; ordinates, values of log p/p^. 


shown in fig. 5b, which is plotted on a very open scale, is typical of the molecular 
expansion graphs obtained in this region. Over most of their course the mole- 
cular expansion curves are suggestive, in their general trend, of the behaviour 
of a gas very near its critical temperature, see fig. 6a, curve I. Immediately 
before saturation, however, they bend again nearly parallel to the abscissa 
axis. (This bend occurs well beyond the limits of the diagram shown in 
fig. 5 a.) 

Series 11 . — ^The charcoal (charcoal Ila) used in this and in the next series of 
experiments was from the same original stock as charcoal II and had been 
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identically treated. After prolonged exhaustion at 660° C., however, it was 
saturated with water before being exposed to air. In this condition it was 
mounted immediately in a new extensometer of magnification ratio 110 ; the 
latter was inserted in a tube which was sealed to the apparatus and exhausted 
as rapidly as possible in the cold. Saturation with water and re-evacuation 
were repeated. The charcoal was allowed to retain a small residue of water 
(at a negligible pressure) during the calibration of the tube with hydrogen.* 



!Pig. 5. — ^Moleoalar expansion curves of water. A: curve 1, charcoal II at 23*5® 0. ; 
curve 2, charcoal Ha at 23 • 5° G., points © ; curve 3, charcoal Ha at 18 • 5® C., points ^ ; 
curve 4, charcoal Ila at 0® C., points 0 ; curve 5, charcoal Ila at —30° C., points x . 
B : Charcoal II and water at 23 ^ 6® C. 

After being charged twice again with water, the charcoal was finally heated 
to 300° 0, for several hours. 

Five adsorption experiments were then carried out, covering the range of 
temperatures from —30° to 100° C. In the experiment at 100° 0. no measurable 

* The intention of this procedure was to make use of an adsorbed film of water to protect 
the charcoal (after its high temperature treatment) from air and from the hydrogen used 
in calibration. The extensometer being a (nickel coated) brass “ experimental ” model, 
it was impossible to heat the charcoal to 560® C. in situ. A further change in the apparatus 
was made at this stage ; a calibrated bulb of large capacity was sealed to the burette 
system in order to give the latter a larger volume in proportion to its surface. 
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6zpaiiisioii of ctarcoal took place, although some O' 0074 gni. of water per 
gram were taken up. The results of the experiments at — 30 ,0 , 18 • 6 and 
23-6® C. are illustrated by the molecular expansion graphs given in fig. 5a ; 
for closer comparison, the values both of the expansion, and of the molecular 
expansion, have been multiplied by the factor 278/T, where T is the absolute 
temperature. The curve for 23 • 6“ C. is similar in form to the pv graph of a gas 
undergoing condensation by isothermal compression. It is to be noted, how- 
ever, that while, in the region where the molecular expansion first begins to 
increase, the curve has a fairly steep slope, which would cause it, if produced 
back to cut the axis, to do so at the origin, it later bends away from the ordinate 
axis, becoming ultimately nearly straight and decidedly loss steep than curve I 
for charcoal II. The curves for 18-6° and 0° 0. show no break-points, but, 
after passing through rounded minima, become practically coincident with 
that for 23 '5° C. 

The constant X of equation (1), though possibly a function of the temperature, 
is hardly likely to be characterised by a large negative temperature coefficient. 
It is therefore to be inferred, from the relative positions of the molecular 
expansion graphs at different temperatures (also from the fact that no observ- 
able expansion took place at 100° C.) that the water in the adsorbed phase is 
less condensible the higher the temperature, and th(i latent lieat of two- 
dimensional vapourisation negative. 

The adsorption isotherms at 0°, 18 '6°, 2'3'5° and 100° C. and the desorption 
isotherms at the two intermediate temperatures are illustrated in fig. G, where 
log s has been plotted against logp/po. It is rendered extremely probable 
by the relative positions of the curves at the different temperatures that, 
throughout most of the range of s-values investigated, the heat of adsorption 
from the vapour phase is less than the latent heat of vapourisation of tho bulk 
liquid.* The theory of Semenofft requires that, in such a case, tho fraction 

* The excess of the heat of adsorption over the heat of liquefaction is given by 
RT* (9 log, P/0T), - BT^ d log, pJdT = RT» 9/9T (log. 

and is positive or negative according as the isothermals at lower or at higher temperatures 
lie uppermost in the diagram shown in fig. 6. The evidence is not wholly conolusivo, for 
while the use of the equation presupposes the complete reversibility of tho equilibrium with 
respect to both temperature and pressure, the experimental data show that it is nearly, 
but not quite, reversible with respect to pressure. In the case of certain other charcoals 
the heat of adsorption of water at moderate «-values has been found less than tho heat of 
liquefaction; see, for example Coolidge, ‘J. Amer. Ohem. Soo.,’ vol. 49, pp. 708, 1949 
(1927) ; Keyes and Marshall, ibid., p. 156 ,* of. also, Kruyt and Modderman, ‘ Chem. Bev.,’ 
vol. 7, p. 259 (1930). It would have been easy to obtain more decisive evidence os to the 
behaviour of charcoal Ha in this respect had not a series of accidents led to the destruction 
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of the saturation pressure at wMch the formation of the liquid film sets in 
should increase as the temperature is lowered. The values in Table I 
confirm this. 



Fig* 6. — Charcoal Ila : Series II, water isotherms. Abscissae, values of log^j/po ; ordinates 
of log 5 (5 in grams). 0 Adsorption at 0® C. ; O adsorption at 18*6° 0. ; • de- 
sorption at 18*5° 0. ; A adsorption at 23*5° C. ; desorption at 23*5® 0.; X 
adsorption at 100® C. 

of the specimen. The following further points in connection with the curves of figs. 5 and 
6 may be noted here : (1) no time-effects were observed, both p and x taking up steady 
values immediately after each admission or removal of vapour ; (2) the experiment at 
23*5® C. having been pushed to saturation, the desorption log s values for this experiment 
have been calculated on the basis of water ultimately recovered. The desorption values 
for the 18*5® experiment, on the other hand, are reckoned as differences between the 
total quantity delivered to the charcoal and the quantities removed therefrom. (In this 
experiment, in order to minimise the errors, the pressure was not raised to saturation.) 
The adsorption curves for these two experiments are nearly coincident ; the coincidence 
of the desorption curves serves to illustrate that, within experimental error, the water 
adsorbed on charcoal IIu was quantitatively recoverable as such (c/. Allmand, Hand and 
Manning, ‘ J. Phys. Chem.,’ vol. 33, p. 1694 (1929) ). (3) In Series II it was suspected that 
the molecular expansion curves resulting from desorption measurements followed a course 
somewhat different from those obtained in the adsorption experiments. The experiments 
of Series III did not confirm this, however, and the authors prefer to await further evidence 
before making a statement on this subject,- 
t ‘ Z. Phys. Chem.,’ B, vol. 7, p. 471 (1930). 
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Table I. — Values of tbe Expansion (x), and Minimum Values of the Fraction 
of Saturation Pressure {plPo)> ai- ■which dx/ds = 0, 


Temperature. 

1 

X, 

P/Po- 

1 

°G. i 

i 


100 1 

0-0 

0-0 

23-5 

0*005 

<0 077 

18’6 

0-019 

0*24 

0*0 

0*034 

0-45 


It is reasonable to suppose (c/. Semenoff) that the break-point in the mole- 
cular expansion curve at 23-5° C. corresponds to the completion of a uni- 
molecular liquid film. Before this point is reached the surface-liquid and 
surface-gaseous phases coexist, and the only force effective in the cavities 
of the charcoal is that due to the surface vapour pressure. As the adsorption 
proceeds, however, the liquid grows at the expense of the vapour phase, and 
the complete disappearance of the latter is marked by . a sudden expansion 
due to the thrust of the now continuous film into the cavities of the adsorbent. 
Though the steady increase of expansion beyond this point must signify a 
further crowding of molecules into the layer next the charcoal, the increase 
of adsorption is probably effected more by a thickening of the film than by an 
increase in concentration in the innermost layer ; thus the rising section of the 
molecular expansion curve is not straight, but bends away from the ordinate 
axis. 

The curve (curve I, fig. 5a, see also fig. 5 b) for charcoal II requires a very 
different interpretation. Whilst some liquefaction of the film is rendered 
probable by the definite evidence of breaks, fig. 5 b, the fact that the rising 
portion, if produced back to meet the axis, would do so well above the origin, 
leads to the conclusion that this liquefaction is by no means complete. The 
saturation value of the expansion was more than double that shown by charcoal 
Ila at the same temperature.* It is possible that the expansion is due, in 
part, to the compression by the water fi lm , of mobile molecules of foreign 
gases. The small and constant slope of curve I suggests that, whatever be 
the phase they form, the water molecules become distributed in some depth 
at quite an early stage, and have little tendency to spread over the surface as 
a continuous unimolecular film 

The fact that the curves for charcoal IIo at 18-6° and 0“ C., show rounded 
nunima instead of break-points is probably due to the inhomogeneity of the 

* 0-40 per cent, as against 0-18 per cent, (charcoal Ha) at 23-6® 0. 
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charcoal, which wonld make it possible for the water layer to thicken in some 
regions before it has become contimious in others.* The curve for —30° C. 
(fig. 6a, curve 5) shows no minimum value but falls vertically, in the later 
stages of the adsorption, until saturation is reached. It is natural to suppose 
this to be due to the formation of a solid condensed phase. 

Series III . — a check on the results obtained in Series II, charcoal Ila 
was mounted in the nickel extensometer described in Part I (magnification 
ratio 40), and the experiments repeated after vacuum-heating the charcoal 
in situ to 460° C. The results, though generally less accurate on account of 
the lower magnification ratio of the instrument, confirm those already given, 
and need not be discussed in detail. They do not confirm a suspected departure 
of the “ desorption ’’ molecular expanson curves from those determined in 
the adsorption experiments. 

6. Some Numerical Bata : the Specific Surface of Charcoal Ila. 

Although results of stoichiometric significance were not aimed at, it is not 
out of place here to record such of the data as may prove useful for purposes 
of comparison with later work. In the experiment with water vapour at 
23-5° 0., the s-values immediately before and immediately after the break in 
the molecular expansion curve were respectively 0‘050 and 0*060 gm. per 
gram. Assuming that at the actual break-point the charcoal was covered 
with a layer of liquid water of normal density, and of thickness equal to the 
cube root of the ratio : molecular volume/Avogadro constant, it is calculated 
that its area must lie between 160 and 190 square metres per gram. 

The highest recorded 5 -value for charcoal IIu, that at 94 per cent, of the 
saturation pressure (23 * 5° C.) was 0 • 123 gm. It appears, therefore, that near 
saturation the film is between two and three molecules in thickness. The 

* Compare the remarks of Semenoff {loo. cit.) concerning the masking of the break-points 
which should occur in the isotherms at adsorption values corresponding to the completion 
of the first, second, etc,, molecular layers of liquid. In both the adsorption and the 
desorption isotherms resulting from our experiments minor irregularities occur which, 
since they are greater than could be due to experimental error, are possibly connected with 
the existence of breaks {cf. Allmand and Barrage, ‘ Proc. Boy. Soc.,’ A, vol. 130, p. 610 
(1931) ). The observations are, however, too widely spaced to do more than define the 
general trend of the isotherms, and since the exact position of such breaks must remain 
very doubtful, no attempt is made here to co-ordinate them with the molecular expansion 
curves. The •mTnimnyp points on the latter,, including the break-point in the curve at 
23*6*^ 0., roughly correspond to the points where the isotherms are steepest, and appear 
to be associated with points of inflection rather than with breaks. 
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molecular expansion curve being nearly linear in this region, a limiting adsorp- 
tion value* can be calculated from its slope ; this is found to be 0 • 174 gm, per 
gram. Similar calculations based on tbe results obtained with, charcoal II 
would be clearly unjustifiable in view of the marked curvature of the molecular 
expansion curves of all three working substances in the region of saturation, f 
If it be assumed : (1) that the films of benzene and pyridine are unimolecular^ 
and (2) that their area per gram of charcoal II is equal, or nearly so, to the area 
of the water films on charcoal Ila, then the area per molecule at saturation is 
found to lie between 16*5 and 19 A. (benzene) and 14 and 17 A. (pyridine). 
These estimates are given with some reserve, however, for, even granted the 
truth of the first assumption, the second must rest on the common origin and 
similarity of treatment of the charcoals, and not on any quantitative evidence 
as to their behaviour. 


Summary. 

(1) The description is given of an apparatus suitable for measuring the 
quantities of volatile liquids adsorbed by a charcoal rod, and for determining 
the expansion resulting therefrom. 

(2) The results of various experiments with a natural pinewood charcoal in 
contact with the vapours of benzene, pyridine and water are discussed in terms 
of the hypothesis, suggested in a previous paper, that the expansion is a measure 
— either exact or approximate — of the pressure in the surface phase. On the 
basis of this hypothesis it is shown that the Gibbs equation is approximately 
valid over a considerable range of pressure in the case of benzene and pyridine, 
but not in that of water vapour. 

(3) At low pressures the primary adsorption of benzene and pyridine to form 
gaseous films is accompanied by a secondary process associated with a con- 
traction of the charcoal. 

*Par 1. 

t The regularity noted in Part 1, namely that the limiting adsorption values of different 
substances represented nearly equal volumes of the normal liquids, could not, thorofore, 
be tested. The saturation adsorption values of benzene (0*140 gm.) and pyridine (0*166 
gm.) can be estimated with some accuracy by extrapolating the molecular expansion cxirves 
to the known saturation expansion values — ^a very small extrapolation in these two cases* 
As liquids of normal density these quantities would occupy respectively 0 • 160 and 0 * 169 c.c. 
The suggestion that the adsorbed films of these substances are gaseous does not, of course, 
necessarily conflict with the conclusion, arrived at by Gurvitsch and others, that the 
quantities of different substances adsorbed at saturation depend on their densities in the 
liquid state. 
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(4) At temperatures between 0° and 23 *5^^ 0. the ‘^molecular expansion’’ 
curves for water adsorbed on one of the charcoals used are similar to the pv 
curves of a vapour undergoing condensation by isothermal compression. The 
surface phase is, however, more readily condensible at higher than at lower 
temperatures. At — 30° C. the surface vapour phase condenses to form a solid 
film. 

(5) Some efiects of the presence of gaseous impurities are described and 
discussed. 


Theory of Uncoupling and Formulcsfor the Stark Effect in 

By J. K. L. MacDonald, Ph.D., 1861 Exhibitioner, Emmanuel College, 

Cambridge. 

(Communicated by R. H. Fowler, F.R.S.—Received June 8, 1932.) 

I. Uncoupling. 

1.1 Introduction. 

Kronig and Fujiokaf have developed a perturbation theory to account for 

uncoupling phenomena ” in Hcg. These phenomena manifest themselves 
as a distortion of the usual form of rotational level spacing. In a phyisical 
model the effects are attributable mainly to the gyroscopic action in which the 
rotation of the molecule causes the electronic angular momentum to become 
uncoupled from the internuclear axis. By this action the component of the 
electronic angular momentum about this axis does not remain a constant of 
the motion. Since the work of Eronig and Fujioka was not concerned with 
the case of H 2 , and since those authors did not discuss the nature and justifi- 
cation of the approximations tacitly employed, the present writer thought it 
of interest to discuss relevant points and to develop a method for obtaining 
higher approximations. In a separate communication to this journal Dr. 
P. M. Davidson is dealing with matters concerning more directly the numerical 
applications of the theory. 

1.2 The Mathematical Basis. 

Kronig and Van Vleck have shown how to express the wave equation for a 
diatonoic molecule in a convenient way.J Kronig’s expression is equivalent 

t ‘ Z. Physik,’ vol. 63, p. 168 (1930), 

X “ Band Spectra and Molecular Structure,” chap. 1, Camb. Univ. Press (1930). 
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to the following equation, except that our equation includes terms and operator 
forms not considered by Kronig. The correct wave equation for a diatomic 
molecule may be written as : 

[H - W] T = [Ho + A' - W] 7), K, Pe. P. 0. 4'. ««) = 0 (1) 

In (1), 



+ B |iiLj(2 1 + eot 0j + ^ it, ij + cot 6 (it, itj + %( «,)} , 
B = A2/87c2(ip2 l/tt = l/Mi + l/M2, l/m = l/m, + l/(Mi + M2). 


The following symhols have been used : <m, and Mj, Mg are respectively tho 
electronic and the two nuclear masses, (x and m are “reduced masses.” 
p, 0 and (J* are spherical polar co-ordinates for the internuclear line.t The 
electron co-ordinates are measured in the moving, rectangular system vj, ^ 
with axes determined by the vectors i, j and k along the directions of the arcs 
(d^), (— d0) and (dp) respectively. The origin is taken at the nuclear centre 

of mass. We use V,. = i -f j 4- k ^ for the “ rth electron ” whose 

St], 

position is given by the vector r = -f- jv), ki^,. If, and ® j are the 

7) and Z, coinponents of the electronic angular momentum operator L, where 
= S [r X VJ. Vg contaias all the Coulomb potential terms, while V' con- 

r 

tains all the spin, internal magnetic and “ relativistic ’’ energy terms. In all 

t is not to be confused with the symbol which has been used formerly for tho 
equilibrium nuclear separation,” now generally denoted by p^. is set equal to p 
after the differentiations have been performed. Equation (1) is true for any arbitrary 
division of the actual dependence of T upon the p variable, into dependences upon p^ 
and p. In later calculations we shall make this division in a special way so that p^ will 
occur only in a “ separated ” electronic wave-function which will not be acted on by 
O/0p) operators. 
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subsequent discussion we shall neglect V' since there is strong semi-quantitative 
support for the view that its energy terms are small in light molecules. 
Solution of equation (1). — A. separable equation rather similar to (1) is : 

[Ho-f AV-Wn]Ts = 0, (2) 

where 

= s. (O S„ (S„) <!>,. ^ {I, 7], P,) P,, K. , (p) ©K, M. A (0, <1^) 

and 

h's = I <E>\ A h' <E>j, A i- 

and S„ are electronic- and nuclear-spin functions respectively (see Kronig’s 
book {?oo. oiL), p. 21). a> Pj, a, k, ® and ©k, m, a are respectively the electronic, 

vibrational and the rotational wave functions (similar to those discussed by 
Kronig in his book, p. 16) associated with the electron quantum numbers 
q. A, vibration number v and rotation numbers K, M. Collectively q, A, v, K, 
M, and the spins are denoted by N. We may consider W^ as a “ zeroth 
approsdmation ” for the energy W of the correct moleciilar wave equation (1), 
and then use the solutions of equation (2) to biiild up a solution for (1). Oj, a 
satisfies the “ fixed nuclei ” electron wave equation : 

Vr*) -Vo +W,. A (Pa)} A VJ, C Pa) = 0. (3) 


Wj, A (Pa) Diay be called the electronic energy for a nuclear separation equal to 
p,. Due to symmetry about the intemuclear line a depends upon a co- 
ordinate f only in a factor being the angle specifying the orientation 

of the electron system about the intemuclear axis. Therefore, A measures the 
angular momentum of the electron system about this axis, i.e., a = AOg, a- 

Equation (3) could not be separated out from the molecular equation (1) since 
(1) contains gyroscopic terms (in h') which, in (2), are averaged over the electron 
motion given by (3). Simple investigation of the forms h' and Oj, a shows 
that has the form 




. £ (V, . V,<) }] (bq, A = h'M- 


8^s>(Mi-fMa) 


satisfies the symmetrical top ” wave equationf : 



sm* 0 \9t{< / 


-A2 


©X.M.A ( 0 . 4 ') = 0 


( 4 ) 


t ‘ z. Physik,’ vol. 39, p. 444 (1926) ; ‘ Phys. Rev.,’ vol. 33, p. 476 (1929). 
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©K- M — r (<^ + s+j>)! (l + <^+s + 2p)e^''^'^ 1 * / r^d+p Q _ ty+p-] 

« = -1(1 — cos 6), s= |M + A|, d=\K — A\,p — K — l{s + d). 

K measuies tte total angular momentum of tke molecule, K ^ [Mj, |A|. 
(p) satisfies the “ nuclear vibration ” wave equation : 

w,, A - h '^ (p) + BA^ - BK (K + 1) + Wn| P,. a, k, (p) = 0. 


I ap\P dJ 


9p \ 0p/ 

If one knows tte form of the nuclear potential ^ 


(5) 


U„(p) = [W,,^(p) + ?i'^(p)-.BA2] 

in (5), then one may be able to solve (6) to obtain Wj^. In most cases is-, 
not known theoretically with even a moderate degree of accuracy. Therefore, 
in practice, some sort of power series expansion is assumed to be valid in the 
important range of p-values, the coefi&cients being obtained from calculations 
using the experimentally determined energies. In the Kratzer-Fuesf expres- 
sion we have : 

U„(p)=Eo + U(p), 

where Eq is a constant which is formally termed the “ electronic energy ” and 
TJlp) is as given below : 


U (p) = (27rVo)2 p,p,2 _|_ I _ cg ^ - Cl + •••], (6) 

where pg is the value of p at the “ equilibrium position ” of the nuclei, where 
XJ (p) has a mini mum value zero. Vg is the classical frequency of small oscilla- 
tions of the nuclei about pg. For this function we have : 

= Eg - Bg a Cg + I Cg* + | C 4 ) -f- AVg {V + J) [1 - f (1 + 20,) (K + J)*] 

+ Bo(K + i)[l-YMK + |)2] 

- Bg (i; (3 Ibcg -I- -V- Cg^ -I- 804)+ 

Bg = A2/g7t2[Xpg2 Y==2Bo//iVg. (7> 

Many of the observed levels fit well into the form (7). Wc shall now con- 
sider cases where there are marked departures from this form. 

Methods for Successive Approodnuaions.—Aoj observed departure of the 
observed energies W from the form (7) is to be attributed to the difference 
between the operators of (1) and (2). We proceed to build our solutions of 


t ‘Ann. Physik,’ vol. 80, p. 367 (1926). 
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(1) by a variation process involving a series of functions, [The variation 
method is very efficient in that it produces automatically ” the closest approxi- 
mations to the correct Eigenwerte,” subject to the limitations of the available 
functions. It also makes the problem mathematically definite, avoiding the 
use of irrelevant unknown terms which are set equal to zero in the late states 
of the usual extended perturbation theory.] Before we start we should note that 
(1) is invariant for interchange of the positional co-ordinates of the nuclei, 
and therefore T is either symmetrical or anti-symmetrical for interchanges 
of this nature. We therefore form functions to have the desired symmetry 
properties (using the degeneracy associated with ± A for the cases where A 9 ^ 0), 
To do this we use the form of (given below equation (2) ) when A := 0, 
and the following form when A 5 *^ Of : 


= 2"* S. is,) S„ (sj P,, K. * (p) V il -ri, C P.) 0E. M, A (6, 4^) 


dr -A. ®K, u, -a]- (8) 


We now apply the variation process, thus : 


T = S CnTn subject to 

N 

(ir = 1 and S j T* [Hp + W -W] Tdv = 0. (9) 

The Cjt’s are variation parameters and the integration extends over the 
complete configuration space. The relations (9) determine the values of W 
and the Cn’s. Using equations (2) and (9) we have : 


S [(W -Wn,) S (N„ N,) - Ck, = 0 for aU N/s. 


( 10 ) 


Here we have used the normal, orthogonal properties of the 'Fk’s and the 
symbol 

iK - A'kJ (11) 

(note that == 0). 


We now let English subscripts r, s , refer to Nj, for a group of 
states near the level which we are investigating, states for which 1/(W — W*) 
and (or) <o„/(W — Wr) will be found to be comparatively large. We let 
Greek subscripts a, t, ..., refer to 1T„ ..., for the other states used in the 
variation function. This grouping of the states will enable us to avoid con- 


t States are termed S, II, A, ..., according as A = 0, 1, 2 For A ^ 0 we have 

“ a ” and “ 6 ” states associated with the (+) and (— ) in (8), e.g., Ha- IIj. • 
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yergence difficulties wMcIl may occur in the usual perturbatiou series expres- 
sions. Equations (10) then become : 



(W - Wr) C, - S = 2 £Or.C, for all r% 

S 0* 

(12) 


C, = S 4- 2 for aU o’s, 

(13) 

where 

^l<rs = “ot/CW — Wcr). 


Successive applications, of (13) give 



G, = S { 0,, + S Q„, + S a.r. iir., + ..• [ C, 

« V Ti n, Ta 

(14) 

(supposed convergent or asymptotic). Equation (1?) then may be written as 


[W - W, - e„] Or - s [co„ + e J C, = 0 for all r’a, 

8 

(15) 

where 

Sy.g = S CO^tr I Dtrs “f” S -f- S “f" • * • f • 

<r V. n Ti, T| 

(16) 


Due to the manner in which we have chosen our Greek subscript ’’ states the 
D’s in (16) are supposed to be small, hence is presumably small (as com- 
pared with the neighbouring terms in (15) ). We proceed therefore as follows 
in our successive approximating : — 

(i) Neglect the s^s in (15) and find W values in the r, a, states by using 

the resulting eliminant of the linear equations of (16)* 

(ii) Use the W’s obtained in (i) to obtain values for the c's which are then 
used in (15) to give corrected values for the W’s (as determined from 
the new eliminant), 

(iii) Eepeat the process (ii) with the newly found Ws and continue the 
process until the apparent convergence is sufficient. 


If it is found that a few of the ‘‘ Greek subscript ” states cause convergence 
difficulties they should be treated as “ English subscript ’’ states. 

The above method is applicable if one knows the W^, W„ W^, 

values accurately from a theoretical calculation. In practice, however, we 
know the values of the co’s to a fair degree of approximation, and we know the 
experimental W values. From this knowledge we wish to determine the Wf, 
W^..., values and the coefficients (in order to calculate the intensities). 
For this purpose we may proceed as follows : — 

(i) Neglect the s’s in (15) and use the experimental W-values to determine 

the W,., ... (and also the W^., ..., from a similar problem for these 
* energies). 
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(ii) Use the Wo-, . . values of (i) to find the il’s, whence the s’s. Substitute 
the W„ Wj, and s„ values in (16) and obtain a new set of W„ 
and Wo-, .... 

(iii) Kepeatthe process (ii) with the new set of W„ ..., W„ ..., and continue 
the process until the apparent convergence is satisfactory. 

AU&rnatwdy, since W — W, is supposed to be comparatively large for the 
W’s associated with the r, s, ..., states, we may use the esperimental W-values 
for the a, t, ..., states instead of the W,, ..., in calculating the s-values. This 
will probably give a very good approximation for the W„ ..., calculated 
from (16). 

To calculate the G-fa, use the equations which are finally taken to represent 
(14) and (16), together with the normalising condition in (9) which gives : 

1=S1CkP. (17) 

Is 

Properties of te’s. — ^Using the symmetry properties of the s and of K, 
together with the properties of the rotation function ©k,m,a, 'we have 
— 0, unless the following relations hold : — 

(1) N,. and N, refer to difiering j, A’s (i.e., differing electronic states). 

(2) K, = M,. = and N,. and N, refer to the same type of member of 

the spin multiplets (as in the case of transitions). 

(3) Yn and have the same nuclear interchange symmetry, i.e., both are 
" s" or “ ah 

(4) The Oja’s corresponding to N, and N, must have the same electron 
symmetries for reflection of the electron co-ordinates through the mid- 
point on the intemuclear axis (in homonuclear molecules), i.e., both are 
“ g ” or “ This condition requites that | L,. — Lg | be zero ox an 
even integer, L being the quantum number for the total angular momen- 
tum in the corresponding “ united nuclei ” atomic state. 

(6) A,. = A, or A,. ± 1 = A,. For the case A,. ± 1 = A, and with appro- 
priate normalisation phases, we have, using the integrals evaluated by 
Van Vleckt : 

= ® V{(Er =F A,)(K, ± A, -1- 1)} j fl> V. Oj.A. p, ^ d?, (18) 


t ‘ Phys. Rev.,’ voL 33, p. 479 (1929). 
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where 

£c = l it A, and x = -\/2 otherwise; P, = Pj,...»,(p). 

Use of Appronmute EleotTonio Wave functions. — ^The writer has discussed 
elsewheref an example of the following type of approximate electronic wave 
function$ for : 

4>„la (a, b, p,) = [2 (1 + pSV J]"‘ [M+ (a, p.) {nlA \ b) + (6, p.) («LA | o)], 

p = + 1 for singlets p = — 1 for triplets (19) 

M+ (a, p,) is an axially symmetrical “ inner electron ” function {e.g., that of the 
normal Ha"'' state) for electron “ a” The expression 

(nLA I 6) = N(«,L,A) B.nM Pt (cos 6^) e^^^o 

is the “ outer electron ” central field wave function of electron “ b,” expressed 
in polar co-ordinates referred to the mid-point of the internuclear axis. 
M+ (a, p,), (wLA 1 6) andO„i,A. are normalised and 

S„I,A (p.) = j Pe) I sin 00 ^a- (20) 

The wave functions (19) have been found to give “ variation energies ” in 
quite good agreement with the observed values of the energies for the 
higher excited electron levels. We may expect that these will give 

approximately correct results when used to calculate the co’s. This expocta- 

n — t 

tion finds support when we build up a variation series = S 

L as 0 

In the oases investigated {n < 3) it was formd that in such series one of the 
coefficients C„i,'a was of an order 10® times any other C„i,a. Thus the corre- 
sponding would seem to be a reasonable approximation to the actual 
4 >ja. Physical considerations also support this view, since the more highly 
excited “ outer electron ” states wiU be associated with the outer electron 
far removed from the inner H 2 '*'-like structure, and moving in a nearly central 
field. W e should expect, therefore, that integrals relating to angular momentum 
of the electrons in particular, should be represented quite accurately by calcu- 
lations using these “ central field ” wave functions when L 0, If we use 
the OnLv’s we find : 

Case A,. ± 1 = A, (A, = A). 

t ‘ Proo. Roy. Soo.,’ A, vol. 136, p. 582 (1932). 
t The function is appropriate for internuclear separation near pQ. 
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Using equations (18) and (20) we liave : 

fOO 

® T ■^) (K =h -^ + 1)} J [V{(^r T A) (L, i A + 1)} 

X {(1 + m (1 + mr* S (L„ L,) S (n„ n.) 

+ {PT,, T„} 8 (A, ± 1, ^ ± J)] BP, P, pHp. 

S, = T„ = S, (1 + pS/)-* = T„ (p,) 

P = + 1 for singlets, P = — 1 for triplets. 

Case A, = A, (= A). 

tOK,N, = P I ® + 1) — A® 
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We have used 
and 


a / 2 9 


2 p^ 


9p. ' 9p. 

(SA 8 (A. 1)-P„, 
■n, h? 


Li±. 


T„8(A,0) 


871 : 2 ( 1846 ) 2 m, 


8 p ^ 8 p.' 

)}p.](p2dp); 

j mv<..v» + Vj.vjo.dT, 


Orders of Magnitudes. — (a) S„t,A. and F„ : S „t.a = 0 unless A = 0 and L is 
zero or an even integer. For a nuclear separation p, = 2 atomic radii, 8*220 ~ 
0-0001, 8*300 ~ 0-001. 8*200 ~ 0-006. For larger n\ 8 *, ~ (lOn,)"*, 

the order of magnitude decreasing very rapidly as L increases, for a fixed value 
of n. The values for other intemuclear separations and the derivatives with 
respect to p^ are correspondingly small. In all cases, 8 , # T„. 

F„ is calculable for any case, but the resulting form is rather complicated. 
For our purposes we need note only that F„ = 0 unless L, and L, are odd and 
iinlcaa A, = 0 or 1, and that it is of the order 0 • 0001 for integrals in which the 
2 p states correspond to one of the N’s. 

( 6 ) The integral 


B„ = f* BP, (p) P. (p) p*dp, B = (A*/87 ^pp*). 

Jo 

If we use the Kratzer-Fues form ( 6 ), with 03 = C 4 = ... = 0, then 


.(P)=[(^ 


! 2 \ 




2a^ r (Vy + + 1) 


p(“ii. ■i )/2 


r (B, + a, + l) 
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wliere 

a, = 2 + (K + i)®?, Yr - (^Bo/Avo), (= 0-06 in Ha), 

-| ’’ ) \. = Of. (Pa)f Yr*« 

We have 

B„ = Bq kff X [coefficient of x'’r y^a in I„ (at, y)], 

■where 

Bo = [i^®/87i:®[l (po)r (Po)»], 

^«=(Po)r(Po),r(?^^*) 

. , r/ 2 Vf +® / 2 ( W _ vAv,\ ■ 

^ IKTj W ' X, + \l 4a,a, r K+a,+l) V {v,+x.+ 1). 

I,. (®, y) = (1 + (1 + yr,+’>, [1 + 2 (X. a; + Xr y)/(X, + X.)]-(*r+“.)/s* 


or 

(1 — 05)“^“' (1 — 2/)"^+‘ [l — 




(x — y) “(“r+“a>/^, 6 = )/2. 


When the -vibration numbers i;, are small as compared with the a’s, and if 
a, T= a, = a (a # 40 in most of the Ha states), then, 

B„ - Bo [(g yi !) r (a + 1 + l)IT (a + 1 + g)]* [1 + 0 (!/«),] 


where I is the lesser g and the greater of the numbers v,. and v,. Thus, 
B„ # Bq, while B„ =+ Bq [* — 

^ "V, “Lg + a+1. 


Similar results have been obtained for other types of vibration fimctions by 
Davidson (loc. dt.). We shall discuss a difierent method for dealing with the 
p-variable in a later section (1.4). 

It may be seen from the above discussion on the orders of magnitudes that 
the largest co-values are associated 'with the relations 

(K, M, n, L, u), = (K, M, n, L, v)„ A, ± 1 = A„ (spins),.— (spins), 
for which 

co„ = xi(KT A,) (K ± A, + 1) (L + A,) (L ± A, + 1)]* B„, B„ # Bo (21) 

All other types of co’s involve small factors such as S® and (1/a), (or zero). 

It should be noted that oiir fl>nLA functions refer to levels associated with an 
unexcited “ inner electron.” It is possible that certain levels, reported by 
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Richardson, f may be related to states of atomic helium in which both electrons 
are excited. Rough calculations by the present writer indicate that w’s 
associated with these types of states may be small as compared with the type 
of to which we have just been considering. However, it is probable that in 
certain cases the former type of to will be of importance. 

1.3. The d^-states in H 2 . 

By use of the properties (1) to (5) of the preceding section it will be seen 
that d^-states give non-zero co’s in conjunction with s\ dP-, g\ ..., states, with 
the same K and M values and with the same symmetries. In Hj the set 
nd?- {S, Ho, IIj, Aa, Aj}, for a given (n, K, v), is compact and comparatively far 
separated from the other d^, g^, ..., states (having an unexcited “ inner 
electron ”). Moreover, we saw above that (o„ is comparatively large for 
(K, M, n, L, «)f = (K, M, n, L, v)„ A, ± 1 = A„ and for the same symmetry 
properties for Tu-r artd Therefore we may expect that the first approxi- 
mation (i), p. 188, will be good if we consider o’s within the above nd?- set 
(«, K, M, v) constant. For corresponding K’s : S, I!,,, have one type of 
symmetry while the pair IIj, Aj, has the opposite type of symmetry (for 
interchange of the nuclei). This leads to the following simple determinants 
for finding the energies : 

W - Wo - cooi 0 

— COJO W — Wi — =0 for ncP {S, !!„, A^la.M, *• (22) 

0 W-Wo 

= 0 for wd^ {IT j, Aj}k, m. (23) 

We have used the subscripts 0 , i and a to refer to the numbers A = 0, 1 and 
2 respectively, e.g., Wq = Nq = {», L = 2, A = 0, v, K, M, spins}. 

Using the form (21) we have : 

ojoi = cojo = 2 'y/3 Bqi -v/CK (K -(- 1)}; roja ~ ^21 ~ 2B2a a/{(^ 2)}. 

These determinants for Ha are equivalent to those used by Kronig and Fujioka 
(loo. cit.) for Hej. 

We may obtain higher approximations corresponding to (ii) and (iii) on 
p. 189. In many cases such improvements on the forms (22) and (23) modify 

t ‘ Proo. Eoy. Soc.,’ A, vol. 126, p. 500 (1930). 


W-Wi -<0ia 
-oai W-Wa 


VOl. OXXXVIII. — A. 


o 
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the energy values but slightly. (For some levels there seem to be extra ” 
perturbations apparently due to some unknown levels. There is some con- 
fusion in the analysis of the triplet d-states, and the present uncoupling theory 
cannot be applied yet to these levels.) 

Intensities, — The d^-states combine with the and the 2p^n states. 
It is of interest to calculate the intensities. The 2p^ states exhibit little 
uncoupling, apparently due to their isolation. Therefore, we may use the 
simple form for the 2p^ wave functions. The <^^-states, on the other hand, 
have a series form, e.gr., 

- Soo% + SoiT, + S02T2, (or + 8x^5 ^2)). 

The coefficients Sox, S02 can be determined from 

[(W Wo) 800 - o>oi Sox] = 0 ; [^ c^x^ Sox + (W - W^) 8 J = 0 ; 

CSoo^ + Soi^ + So2^]-l, 

where (W — Wo) and (W — Wi) (associated mth the W for the d state under 
consideration) are found from the determinant; (22). (8ee Elronig and Fujioka , 
loc. dt, for the same type of formulae for He20 The intensity for a transition 
Y' T" {e,g,, is proportional to 

I = V* I j V (T'*T" + T"*T') dx (24) 

In (24), V is the frequency of the line produced in the transition. V is the 
electric vector for all the particles in the molecule. For the usual, unpolarised 
lines (in the absence of external fields) these intensities are averaged over the 
M transitions in the manner discussed by Kademacher and Reiche.t Using 
our <&nLA functions and neglecting terms of the order this average 

intensity is proportional to I, where (for “>2^^S, say) : 

I r= [SqqAqBq “f- SqxAxBx -f- So2-^2®2l^t* (25) 

pco 

B, = I P,* (p) P" (p) p® dp, -where P,„ (p) is the -vibration function in the 
Jo 

'FiTj. associated with the #-state ha-ving A = r and v, = u ; P"(p) is the 
-vibration function for the final state. These vibration integrals have been 
evaluated graphically for many cases by Da-vidson,§ and Pricell- K is the 

t ‘ Z. Physik,’ vol. 41, p. 482 (1927). 

t Correspondingly id-n^ -s- Sf's = v* [SujAiBi + SijjAjBJi*. 

§ ‘ Proo. Boy. Soo.,’ A, vol. 135, p. 459 (1932). 

II ‘ Proc. Koy. Soc.,’ A, vol. 136, p. 264 (1932). 
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electron-rotation factor having values for various transitions as given in 
Table I, 


Table I. — ^Values for Ar. 




Ao. 

Ai. 

A. 

K->K+1 




v'(K + 2 )/( 2 K+l) 

VSK (K+2)/(K+ 1) (2K+ 1) 

V3K (K-1)/(K+ 1) (2K+ 1) 

K K 

- 1 

V3/K(K+1) 

V3(e-i)(K+2)/k;(k;+i) 


-V'(K-1)/(2E+1) 

Vs (K-1) (K+l)/K (2K+ 1) 

- Vs (K + 1 ) (K + 2 )/K ( 2 K + 1 ) 





Afl. 

Ai. 

K~>K+1 

v'4(K+l)/(2K+l) 

V3K;(2K + 1) 

K->K 

0 

Vs 


V'4K/(2K+X) 

-a/3(K+1)/(2K+1) 


These values, using the wave functions, are correct to within the order 
of the Sola’s discussed on p. 191. 

It should be noted that all the Tj^’s forming the series for the- uncoupled ” 
T’s (equation (9) ) have the same K, M values. Therefore T is subject to 
the same K, M selection rules as is each viz., AK = 0, ±1, AM = 0, 
i 1 (see Kronig’s book, p. 70). The rule AA = 0, ± 1 breaks down since 
the Y^’s in Y may involve differing A values, and thereby A loses its signifi- 
cance as a true quantum number.” Thus, with uncoupling, we may have 
the transition 3d ^ A^ 2p 

As was remarked at the beginning of this communication, Davidson will 
discuss the numerical application of this theory to the case of d^-states. 
There is good agreement between the simple theory and experimental data in 
many cases. 


1.4. Note on a Method for including all the Vibration Effects. 

We shall write the wave function Y^^ (defined in equations (2) and (8) ) in 
the form (p) Pn ?? P«> 6? '^te vibration equation (5) 
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in tlie form [G^ + Wi,/B]Pi, (p) = 0. Then the variation equation (9) may 
be written: 



SV*,{(G. + W/B)§(r, 



(26) 


Here, V, = S Cw^Pn, (p)j summed over the complete system of orthogonal 
»»■ 

functions Pk, (p) associated with the electron-rotation function Pk,- We have 


used i j P*,. {K 


— A'j) Pj ix-jj where dvi refers to the complete con- 


figuration space excluding the p-variable. Equation (26) gives : 


S [{G, + W/B} S (r, s) - *„] V, (p) = 0 for all r’s. 

> 

This set of linear differential equations must be solved to determine the W’s 
and the V’s. Por the pair # Aj the equations reduce to : 

[Gi 4- W/B] Vi - 2 V(E: - 1) (K + 2) Va = 0, 

- 2 V(K - 1) (K + 2) Vi + [Ga -H W/B] Vg = 0. 


If the potential energy curves U„ (p) (see below equation (6) ) for the two states 
coincide, these equations show that W = W*, where W* = W,, with K replaced 
by E* where K*(K* + 1) = E (K + 1) ± 2 V(K - 1) (K + 2). Similar 
results hold for the case of the 11 A J states (as Dr. Davidson has shown 
the writer). These calculations indicate that the effect of considering only 
the Vj, = elements in the determinants (22) and (23), is very nearly equivalent 
to including the effects of all the elements. 


II. The Stark Effect in Hg. 

2.1, Introduction. 

In the Stark effect, strong electric fields acting on the source of a spectrum 
produce frequency displacements in some of the lines in the spectrum. A 
description of the observed effects in the spectrum of Hg may be found in the 
writer’s papers.| The Stark effect is very irregular for Hg. Thus, the type of 
displacement may differ greatly between lines produced in nearly identical 
transitions, as, for instance, in lines associated with slightly differing initial 
vibration or rotation quantum numbers. In all cases where accurate measure- 
ment has been possible, the frequency displacements have been found to be 
very nearly proportional to the square of the field strength. We shall now 
develop formulae for the Stark effect in Hg. 

t ‘Proc. Roy. Soc.,’ A, vol. 123, p. 103 (1929), and vol. 131, p. 146 (1931), 
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2.2. The Mathematical Problem,. 

We may insert the potential term due to the electric field, into equation (1) 
of Part I of this paper : 

[Ho + A'-FVj-W]T = 0, (27) 


P is the field strength ; Vj. is the F-directed component of the electric vector V 
(as in equation (24) ). Foi; Hg we have 


Vj. = eZ, Z = [{r^ cos 0„ + r^ cos 6j} cos 0 

+ {r^ sin 0„ cos + r^ sin 0j cos sin 0], (28) 


where r„, 0^, spherical polar co-ordinates of electron “ a ” referred 

to the internuclear axis (origin at the centre). i® measured from the plane 
containing the axis and running parallel to the direction of the field. 0 is the 
azimuthal angle for the nuclear axis referred to the direction of the field. 

Since the observed frequency changes caused by the field are small we may 
expect that the usual power series perturbation method will be legitimate 
here (at least in an asymptotic sense). Thus, the change AW' in the energy 
W' associated with the wave function T', is given by 


AW' = (Fe) 


T'*ZT'dT 


+ 


(Fe)2 


S' T"*ZT'«!t 
W" W' J 


y (W'-w")j 

-(-0(F3) (29) 


(there being no degeneracy whicli leads to an initial secular determinant). 
For H 2 the wave functions are such that [T'* Y'] has the property “ g for 
reflection of the electronic co-ordinates through the origin, while Z (equation 
(28) ) clearly has the property Therefore we find for H 2 that the field- 

perturbed energy and wave function have the forms : 


[W' + AW'] = W' 4- (Fe)^ I G" P j (W' - W") + 0 (F*), 


(30) 


[T' -f AT'] = T' 


where 


l~.|(Fc)2jS'|G^ 


W" 




W")l-1-0(F«) 


a" 


G'‘ 


+ (Fe) S'T'^ 

^ ^ ’ Lw" W' - W' 

j y"*Z'¥' dr. 


; + 0 


(F), (31) 
(32) 


For our T', T" we must use the “ imcoupled ” wave functions, ^ CkT^, 



198 


J. K. L. MacDonald. 


of equation (9). (In many actual cases several of the larger C^’s in the series 
for the uncoupled ’’ functions may be of comparable magnitude, hence it 
would usually be a poor approximation to use a simple form Y = in 
calculating the G’s. However, when there appears to be little uncoupling, 
as in the case of the 3p®-states, then the simple form Y = Y^ may be iised.) 

Since Z in (32) is proportional to a component of the electric vector V used 
in the intensity formula (24), T' and Y^' must be related as in transitions 
associated with polarisations parallel to F, in order to have non-zero G’s. 
Thus, G" = 0 unless : — 

(i) K" — K' = 0, ± 1 ; «— M' == 0. (See paragraph above section 1.4.) 

(ii) T'' and T' have opposite reflection symmetries with respect to the 
origin. 

(iii) T" and T' have the same co-ordinate interchange symmetries. 

The 2K + 1-fold degeneracy associated with the M’s for a given K is largely 
removed by the field. Separated ‘‘ components ” of the original level are 
formed thereby. This (2K + l)-fold degeneracy does not, of course, produce 
a (2K + l)-rowed “ first order ” secular determinant since the wave functions 
corresponding to different M’s in the degenerate set give zero G" values (by 
(i) above). 

2.3. General Theoretical Properties of the Stark Effect m Hg* 

(1) The levels associated with -fM and — M are equally affected by the 
field. This property corresponds to the physical picture in which the two 
senses of rotation of the molecule about the field direction are equivalent as 
regards the effect of the field. Mathematically this ± M degeneracy is 
associated with the fact that integrations over the rotation angles in G" give 
factors involving M only as M^ (see section 2.4.) 

(2) The interchange symmetries are unaffected by the field. This property 
follows from the fact that the perturbation term, FVj? in (27), is symmetrical 
for interchanges of the co-ordinates of like particles, and therefore cannot 
affect the symmetry properties of the equation. 

(3) For the normally permitted transitions, with and without the field, we 
have the selection rules AK == 0, ± and AM = 0 for polarisations parallel 
to the field, AM = ± 1 for polarisations perpendicular to the field. The 
various components associated with the different M’s for a given K, unite at 
zero field strength. Using [ M | < K and (1) above, we may form Table II. 
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Table II. — ^Maximum Possible Numbers of Separate Components of Lines 
produced in Normal Types of Transitions. 



I 

o 

II 

^M=±l(sJ.). 

1 

k:->k + i 

K *j- 1 components 

2K + 1 components 

K K 

K + l 

2K 

1 

K 

2K-1 


Some of these components may have zero intensity or may coincide with other 
components for small field strengths. 

(4) In addition to the “ normal ” transitions mentioned above, there are 
normally forbidden ” transitions brought into existence by the field. These 
'' forbidden ” transitions are associated with departures from the rule, 

Combining states must have opposite reflection symmetries, and the rule 
I AK I 1. The resulting spectral lines will have frequencies not correspond- 
ing to any in the normal spectrum (except in accidental cases). These new 
lines are associated with the presence of the T" functions (and also the O(F^) 
term) in the perturbed wave function (31). By condition (i), p. 198, we see 
that T" may involve rotation functions with K" = K' + 1* Therefore, as 
consideration of the appropriate intensity formula shows, the level concerned 
may combine with another level represented by a rotation number equal to 
K" + 1. Thus we may have the transition AK' = 2. Again, (ii), p, 198, 
requires that the perturbed wave function involve T"’s having reflection 
symmetries opposite to those of the unperturbed function, and thereby these 
properties lose their significance in the presence of the field. This feature is 
a general characteristic of the Stark effect for all atomic and molecular systems. 
As an example we may note that the normally forbidden transition 3p 
2p can occur when there is a field present. 

2.4. Numerical Formulce for the Stark Effect in H 2 . 

When there is sufficient experimental knowledge of the spectrum of in 
the absence of the field, the uncoupling theory given in Part I of this paper 
may be used to determine the C^’s in Y == Yn (equation (9) ). Also, 

when e35)erimental data establish relationships between transitions from the 
levels W' and W" in the normal spectrum, the quantity (W' — W") may be 

■f Kronig, loc. cit., p. 72, and Mulliken, ‘ Rev. Mod. Phys.,’ vol. 2, p. 163 (1930). 


200 J. K. L. MacDonald. 

determined accurately. Under these circumstances we could calciilate the 
Stark effect displacements 

AW' = (Fe)2 [ S' I Gt" |2/(W' - W")], (33) 

W" ^ w 

providing that we could calculate the integral, = J 

which occurs in 

S |[cVCN'YVZYi,.ci!T|= S 

J I J J 

(34) 

We shall now consider the integral (To obtain the positive signs 

given for the o)"s in Part I, we must use suitable normalisation phases. Thus 
must involve a phase factor a^' (defined below) when we use 0 ic,m,a in 
the form given in eq[uation (4), and when is measured as described below 
equation (28). The a’s are determined by the relations ao = 1 and a^+i = di oca. 
according as M < A + With this convention we obtain the following 
results.) 

Using the symmetry properties of the Yjy^s and of Z, we have 

Zn^'N' = (a?A", A') (^o) (I^KMa) (Eg, A, K, tj)* (35) 

Here 

i»A-,A' = VS, 

if only one of the numbers A" or A' is zero, otherwise, 5 Ca.'',a' = 1 

= h^JiTz^meK 

The factor (Rkma) arises in the integrations over the rotation angles. Con- 
sidering the phases and using the methods of Rademacher and Reiche {loo. 
dt) we have in Table III the values of (Rkma) for the non-zero 
The factors in the second column are to be multiplied into the other factors 
in a horizontal line, as indicated by the X sign, to give the actual (Rkma) 
values. 

The factor {^q^Kv) comes from integrations over the electronic and the 
vibration co-ordinates thus ; 

(Eg4.K«) = 2 jPVA."K'V' (p) 1^1 {COS0 „ + SUl 6^, COS ^ J 

^ ^^g'A' Pg'A'KV dp. (36) 

One should integrate first over the electron co-ordinates to obtain a function of 
p only, in the integrand ; then one should perform the p integration. How- 
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E-kma. =aA'aA" j©*K"M"A" {cos 6S (A", A')4-sm 0S (A", A'±l)} ©k'h-aSui 

Values of (Ekma) (see below for exj)lanation). 

Table III. 


(K"-K') 1 

(A" --A') — 

+ 1 

0 

-1 

1 






+ 1 

/ Q(K",M) ,, 
V K"(2K" + 1) 

[ -/0(K.",A'+1)\ 

\V k"(2k:"-i),/ 

/ i / qwt^') \ 

\^V K"(2K"~1)/ 

/ t -A'+l)] 

VV K''(2K''-1) / 






0 j 

/Q(M.O) .. 

V K'(K' + 1) ^ 

/ t/:p(K.'.A')\ 

VV K'(K' + 1)/ 

/ t / Q(^',0)\ 
\\/K'(K'+1)/ 

( ±/PCK.',-A')\ 

VV K'(K'+i); 






-1 

/Q(K',M) .. 

V K'(2K'-1) ^ 

./ X/0{K',-A')\ 

VV K'(2K' + i)/ 

/ t/ Q(K',^')\ 

\V K'(2K'+lj/ 

( 1/ 0(K',^')\ 

W k:'(2K'+i)/ 


In this table, (_) , (^ ) , etc., refer to : . 

Q (». 2/) = - 2/* ; 0{x,y) == (x + y)(x■^■y -1)-, P (as, j/) ~ - y)(»+y + 1). 


ever, if we use tbe 0 „t,a fuuotious as ia Part I and if we neglect quantities like 
SVa. tken we get : 

(EjAKti) = (D„laK®) (EnLA)) 

where 


and 


(DntAK®) = I P^'A'-K"®" (p) Pgf-A'KV (p) P® <^P. 
(E„i,a) = j(«"L"A" I a)* {cos e„ + sin 6^ cos J ^ (w'L'A' 


ajdlT^ 


(37) 

(38) 


The type of vibration integral (37) has been considered graphically for many 
cases by Davidson and by Price (Joe. dt,). When the nuclear potential func- 
tions are nearly the same for the two states W, N", as is usually the case 
for excited levelS; then (D^lak») =r= S {v", v'). 

For the integral (38), we use ; 

where 


'00 

(B»ia) = (XnL) (Yla) with (X^) = E„-.l" (r) E„a' (r) r® dr. 

Jo 


( 39 ) 


The values for YiAare listed in Table IV. 
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Table IV. 


(L"-L') + 


+ i. 

0 

-1 

+ 1 



\/(h'y-{A'f 

-iV{L"-A')(L''-A") 

-1 


-iV{L'-A')(h'-A") 

V{Ly-{Ay 

iV{L' + A')(l,' + AF) 


The integral (X„i,) in (39) may be calculated for any case, but since the 
1 /(W' — W") values which occur in the esqpression (33) will be large for N' 
and N" corresponding to the same principal quantum number m (orbital 
“ degeneracy ”), we may expect that only the n" = %' elements need be 
considered. For this case we have 

(X„J = - ?,nW{[(n'r - (LJ^]/[2L' + 1] [2L" + 1]} 

loTn' = n" and L" = L' ± 1 (40) 

being the larger of L' and L". 

Iniensity Formuloe for the Starh Effect Oom/ponmts . — ^To calculate the 
intensities we must use the perturbed functions (31) in the intensity formula 
similar to equation (24). For polarisations parallel to the field we must use 
the F-direoted component of the electric vector, and for polarisations per- 
pendicular to the field we must xxse a component of the electric vector per- 
pendicular to the field. These components will replace the V in equation (24) . 
Thus, for the normally permitted transitions, say, between T' and T", we 
have the intensities given below (neglecting terms in F^) : 

Ij, = 4v* I I® for “ parallel components ” (where G-",, = 6" has the 
form (34) ) ; 

I, = 4v* e® I G", p for “ perpendicular components ” (where the G"j-value8 
have the same form as the G"’s exicept that the “ M-factors ” given in the 
second column of the table for the (B irw* 1 -values, must be changed to the 


following : — 

(K"-K') 

(M" - M') = ± ]. 

+ 1 

1 ./0(K",±M'-fl) 

® K" (2K" + 1) 

0 



^ V K'(K'-M) 

-1 

j /0(K',:FM') 

^ V X' (2K' - 1) 
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Tlie extension of the formnlse to the case of the forbidden ’’ transitions 
presents no difficulties since and forms again appear when one con- 
siders the contributions of the intensity integral from the functions equivalent 
to 'F ' in the perturbed wave function (31). It will be instructive to consider 
an example of forbidden ’’ transitions. Let us take the 


K = 2(= J = m |Mj = 2, ^ = 0} 

level considered by Richardson and Das.f This level (or, more correctly, this 
spin complex) is associated with positive symmetry for nuclear interchanges. 
Calling the unperturbed wave function T', as in equation (31), we have T" 
functions in the perturbed part which correspond to the following 3#-states 
described by Richardson and DavidsonJ : 

3#{[SJ-2|; nj=2|; n,J=3|; A,J=3i]lM| = 2, ^ = 0}. 


The level J = IJ (= K = 1)} is ruled out for our purposes since we 

must have K ^ 2 = |M|. Thus, the presence of these uncoupled func- 
tions will permit transitions from the perturbed {Sp^IIa, K = 2, |M | = 2, v = 0} 
level to the final levels possible for§ the above 3# states, as given in Richardson 
and Davidson’s fig. 1 ” {loc, cit). The intensity for such a transition will 
be given by 


I = 4v^ (Fe)2 


G" 

W' ~ W' 


where P has the form G"^, or G'^, with the T" (in the G"-form) replaced by the 
wave function for the final state, and the Y' replaced by the wave function 
for the 3(Z^-state under consideration. 

Unfortunately, as yet there is not sufficient knowledge of the spectrum of 
H 2 (in the absence of the field), to permit the numerical application of the 
theory of the Stark effect. Thus, for the triplets there is some confusion about 
the d^-states and the uncoupling theory cannot be applied there yet. For 
the singlets, the 3p^ and levels have not been analysed spectroscopically 
yet, and there are certain ‘‘ extra levels ” which require investigation. How- 
ever, there are some general properties of the observed Stark effect patterns 
in Ha which are predicted by the theory (see the writer’s paper {loo. dt ) ). 


t ‘ Proc. Roy. Soc.,’ A, vol. 122, p. 697 (1929). 

X ‘ Proo. Roy. Soc.,’ A, vol. 131, p. 673 (1931). 

§ That is, compatible with M ^ K for the final state. 
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It is hoped that the present communication will encourage investigation of the 
spectroscopic and the theoretical properties of the excited levels in H 2 . 

The writer expresses his indebtedness to Dr. P. M. Davidson for helpful 
discussion in the course of the investigation, and acknowledges, with thanks, 
supervision by Professor E. H. Fowler. The investigation was carried out 
by means of grants from the Royal Commission of the 1851 Exhibition, and 
Emmanuel College. 


The wave equation for diatomic molecules is expressed in a form suitable for 
light molecules. A theory for successive approximations to give the energy 
values is developed. Only few-rowed determinants appear in the calculations. 
Expressions for calculating the gyroscopic effect called “uncoupling’’ are 
developed for the (Z^-states in H 2 ; the numerical application of these expres- 
sions^ in comparison with experimental material is considered by Davidson 
in a separate communication. A theory for the Stark effect in H 2 is developed 
on the basis of the preceding theory ; general formulse are given for calcu- 
lating the intensities and the displacements of Stark effect components. 
Complete numerical calculations for the Stark effect, cannot be made yot, due 
to lack of knowledge of the normal spectrum. 
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The Pola/rity of Thunderckmds. 

By E. C. Halliday, Ph.D., Lecturer in Physics, Witwatersrand University. 

(Communicated by C. T. E. Wilson, P.R.S.— Eeceived June 10, 1932.) 

[Plates 6-10.] 

1. Introdwtion. 

The mechanism of the maintenance of the negative charge upon the surface 
of the earth has long been sought. C. T. R. Wilson has made the suggestion 
that the activity of thunderstorms of positive polarity— positively charged 
above and negatively charged below — ^will serve to separate positive and 
negative charges, by carrying negative charges to the earth and positive charges 
to the upper atmosphere. Experiments carried out by him during and subse- 
quent to 1916 indicated the presence of clouds predominantly of positive 
polarity,* and similar experiments carried out by Schonland and Oraib, in South 
Africa, gave siuoilar conclusions.! 

Appleton, Watt and HerdJ made observations on the form of atmospherics, 
and came to the conclusion that the thunderclouds which were the seat of 
the disturbances producing atmospherics were of positive polarity. 

Again, Wormell§ from the results of a series of experiments on the interchange 
of electricity between stormclouds and the earth, considered that thunder- 
clouds were predominantly of positive polarity. 

A different view as to the distribution of thundercloud-charges has been 
put forward by G. C. Simpson.il 

In this paper are described e^qieriments carried out in Johannesburg, in 
South Africa, in which the polarity of thunderclouds was investigated by making 
correlations between the natuf e of lightning flashes and the sign of the sudden 
field changes which they produced. 

2. Site and Apparatus. 

The Physios Department of the University of the Witwatersrand occupies 
the top story of a two-storied building standing upon a ridge which runs east 

• ‘ Proc. Eoy. Soc.,’ A, vol. 92, p. 666 (1916) ; ‘ Phil. Trans.,’ A, vol. 221, p. 73 (1921). 

t ‘ Proo. Boy. Soc.,’ A, vol. 114, p. 229 (1927) ; ‘ Proc. Eoy. Soc.,’ A, vol. 118, p. 233 

(1928). 

t ‘ Proc. Eoy. Soc.,’ A, vol. Ill, p. 664 (1926). 

§ ‘ Proc. Eoy. Soc.,’ A, vol. 116, p. 443 (1927). 

!| ‘ Phil. Trans.,’ A, vol. 209, p. 379 (1909) ; ‘ Proo. Eoy. Soc.,’ A, vol. 114, p. 376 (1927). 
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and west thxoilgli the City of Johannesburg about 2 miles north of the line of 
mine dumps which marks the position of the gold reef. This gives an un- 
interrupted view to the south, south-west and south-east, but to the west the 
view is partially obscured by the university buildings and to the east the rising 
ridge obscures the horizon. 

The apparatus was housed in a small laboratory in the south-east corner of 
the building with two windows facing south. An exposed test-plate such as 
that used by Wilson and Schonland was not very practicable, as the room was 
so much above the ground. Instead, an insulated copper sphere was suspended 
from a cable stretched from the roof of the building to a standard in a field 
to the south of it. The ball hung from a point along the cable so that it was 
4 metres from the wall of the building and 9 metres from the ground. It was 
33 cm. in diameter and was suspended from a sulphur-ebonite insulator pro- 
tected from the weather. A wire soldered to the ball passed into the laboratory 
through a hole in one of the window panes. The ball served to record the 
changes of field produced by flashes near the station, but for more distant 
storms an aerial was used. The latter stretched from a point on the wall of 
the building 7 metres high to a standard in the field to the south of the build- 
ing, and was 18 metres long. The insulators were also of ebonite, with sulphur 
guard-rings protected from rain, and the “ lead-in passed through another 
pane in the window. 

The recording apparatus consisted of a capillary electrometer of the type 
originally used by Wilson* and a device whereby the movements of the capillary 
were registered on a moving sensitive plate. It was the same apparatus as 
had been used by Dr. Schonland in Somerset East and was lent by him for 
the research. 

The chief aim of the investigation was to obtain information about the sign 
of the change of field produced by different types of flashes. To do this it was 
necessary to have a means of watching the flashes and at the same time making 
a mark on the record to indicate which field change took place at the same time 
as the flash whose nature was observed. The method used enabled the 

flash observer ” to concentrate nearly all his attention upon watching the 
flashes, as the only other operations which he had to perform were to press a 
key which marked the record with a white line, and note the nature of the dis- 
charges in sequence in the log book. To accomplish this the following device 
was used. The lamp used to illuminate the electrometer was a 50-c.p. 12- volt 


* ‘ Phil. Trans.,’ A, voL 221, p. 70 (1921). 
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motor car head lamp. This lamp was supplied with 16 volts through a suitable 
resistance. The “ make and break ” of a relay was connected across the 
resistance and the relay was connected to the 16 volt supply through a long 
coil of flex wire wound on a drum and having its free ends coimected to a key. 
When a storm was approaching this wire was run out to any window which 
afforded a clear view of the flashes. When the operator of the recorder started 
an exposure he rang an electric bell. The “ flash observer ” then watched for 
flashes, and whenever he saw one, pressed the key and also made a note of 
the nature of the flash. For each new plate in the recorder a new series of 
numbering was commenced, and so after the storm was over and the plates 
were developed, it was easy to tell which mark on the plate corresponded to 
each flash noted in the observer’s log book. Brightening the light was found 
to be better than switching out the light, as it did not cause any discontinuity 
in the record and'so the progress of recovery of the field could be seen, and any 
flash occurring immediately after the first one was not obliterated. This 
method of making correlations is superior to any system of timing, for there is 
no doubt about the identity of the field change indicated. When flashes are taking 
place at the rate of 15 to the minute, as was sometimes the case, or if there 
were any mistake about the exact second at which a record was started, it 
would be quite easy for a flash to be correlated with the wrong field change, 
but with a system of marking, the flash is identified quite unmistakably; 
the mark on the record appearing immediately after the field change. In 
addition it was possible to detect flashes which produced no field change, for 
the average time lag of the observer being known, if there was no field change 
at a distance ahead of the observer’s mark equal to, or slightly greater than 
this time lag, then it was clear that the flash observed could not have caused 
any change of field. In practice it was found that it was a simple matter to 
watch the sky for flashes, press the key as soon as one was seen and then write 
down “ earth ” or “ cloud ” on the log sheet without looking at the paper, and 
sometimes add notes such as “ very large flash ” or “ flash very inclined.” 
With a stop-watch the time interval between the flash and the thunder follow- 
ing it was measured as often as possible and noted in the log book, but this 
could not be done with every flash observed, especially when flashes came in 
quick succession. 

When storms took place at night, photographic records of the nature of 
the flashes were made, but this also could not be done for every flash as the 
film had to be changed for each e 3 q)os\ire so the number of correlations made 
photographically is not large. 
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3. A General Account of the Conditions under which Observations were made. 

During tlie period October, 1928, to December, 1930, 38 storms were observed* 
Most of them were first seen in a S.W. direction moving in a general N.E. direc- 
tion wiicb usually brought them quite near the station and occasionally 
carried them right over it. A large proportion of them occurred during the 
daylight hours of 1 to 5 p.m, so that the observations have been affected in 
two ways : — 

(1) The storms were very seldom observed at distances greater than 14 km. 
In the daylight it is diflGlcult to pick up the lightning from a storm at a 
distance visually. Once the lightning has been seen it is easy to follow 
the progress of the storm to greater distances, but it is difficult to 
observe the beginning of it at such distances. Thunder is heard only 
at about 15 km. and nearer, and with the sounds of traffic all around it 
is difficult to distinguish the thunder from other sounds. By the time 
the thunder is heard quite clearly, the distance of the storm is about 
7 km. Thus unless a very close and constant watch is kept, daylight 
storms are very unlikely to be observed until they are nearer than 14 km., 
and with the work of the department to be carried out a close watch 
could not always be kept. 

(2) The observation of flashes in a daylight storm is always difficult. The 
intensity of the flashes relative to the general illumination is less than 
at night and as a result only powerful flashes are seen. The result is 
that flashes to the ground are almost always correctly observed while 
there is an element of uncertainty about flashes in the clouds where the 
intensity is weakened by the screening effect of the cloud. This is 
important in the case of double flashes of lightning, as is discussed in a 
later paragraph. There is also a greater possibility by day than by 
night of an observer seeing the flicker produced by a flash to the ground, 
but failing to see the actual flash owing to its being on the edge of his 
field of vision, and reporting it as a cloud flash. It is not likely that 
such a happening was of frequent occurrence as lightning flashes 
usually take place in a fairly restricted part of the sky, but it must be 
recognised that the observation of flashes is not entirely free from error 
and allowance must be made for such possible error. Further reference 
is made to this point later. 

Wilson, Schonland and Wormell refer to the possible difficulty of the inter- 
fering effects of two or more storms in action at the same time. The extent to 



209 


The Polarity of Thunderclouds. 

which this difficulty was sometimes met with may he judged hy the fact that 
on certain occasions an observer on the roof of the building, from which an 
uninterrupted view could be obtained, reported that flashes could be seen in a 
complete semicircle stretching round the horizon from west to east. Some of 
these flashes were near and some were far and it was a matter of some 
difficulty to tell if the flash seen were really responsible for the field change 
produced. 

The timing of the interval between the flash and the thunder is an important 
part of the observations, as without it no accurate estimate of the distance of 
the storm can be made, and a correct interpretation of the records depends upon 
a knowledge of the distance of the storm. During some of the storms the 
flashes followed so fast after each other that timing of the thunder interval 
was impossible and valuable information was lost. 

Another troublesome phenomenon was the presence of large fields when the 
active centre of the storm was still far away. It sometimes happened that a 
storm was preceded by a charged cloud or even the remains of a previous storm, 
and the field produced by this charged mass overhead was sufficient to cause 
point discharge from the aerial, causing the capillary bubble to move with a 
steady velocity and making all attempts to record field changes unsuccessful. 
This sometimes happened when the flashes were taking place at such a distance 
that the ball was not sensitive enough to record the field changes produced by 
them. A method was devised which enabled observations to be made under 
such circumstances. The electrometer was shorted by a dial resistance box 
with a maximum resistance of 1 megohm. Usually this resistance was kept at 
the infinity mark, bxlt when a point discharge took place it was given such a 
value that the current was by-passed through the resistance and the electro- 
meter was not disturbed. This was possible because there is a minimum 
current through the electrometer below which no movement takes place. The 
sudden large momentary current produced by a flash of lightning passed more 
readily through the electrometer, as the resistance box possessed a slight self- 
inductance. Thus the field change was registered, though the magnitude of 
the displacement of the mercury was reduced. The resistance box had the 
disadvantage of seriously affecting the recovery curves, but it enabled the 
sign of the field change to be observed and this was the main object of the 
research, A practical test of the apparatus was made, in which the capillary 
electrometer was subjected to an alternating e.m.fi with a frequency of 6 per 
second in one case and 10 per second in another, while the shunting resistance 
was connected across the electromeijer terminals, and a photographic record 
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made of tlie capillary movements showed that they faithfully followed the 
reversals of sign of the potential applied. 

4. Scope of the Investigation. 

0. T. R. Wilson’s experiments on the fields near thunderstorms led him to 
the theory that thunderclouds are essentially bi-polar, the positive charge 
being above the negative charge.* The simplest type of such a cloud would 
have the two charges in a vertical line, but in the discussion of the results, 
Wilson considers the possibility of the two charges being displaced laterally 
and the effect which such a disposition of charge would have on the field near 
the cloud. 

Schonland summarised the discussion of Wilson and placed it in tabular 
form,* There are four different types of flash to be expected from a thunder- 
cloud of positive polarity, each of which will produce a field change at a station 
in the neighbourhood of the cloud : — 

(1) A flash from the bottom of the cloud to the ground will always produce a 
positive field change. 

(2) A flash from the top of the cloud to the ground will always produce a 
negative field change. 

(3) A flash from the top of the cloud into the upper atmosphere, dissipating 

positive electricity into the upper conducting layer will always produce 
a negative field change. 

(4) A flash from the positive top of the cloud to the negative bottom of the 

cloud will produce a field change which changes from negative to 
positive as the storm approaches the station. 

Schonland did not think that flashes (2) and (3) were likely to take place as 
conditions did not favour them, and in the case of flash (3) practically no evi- 
dence exists of such a flash ever having been seen. There remain flashes (1) 
and (4), and a study of the field changes due to these two types of flash led 
Schonland to infer that the majority of the thunderstorms studied were of 
positive polarity. In 12 storms occurring at a distance greater than 16 km. 
523 flashes were observed in the clouds, of which 617 produced negative changes 
and 6 produced positive changes of field. 

Out of 54 positive field changes due to distant flashes, 48 were due to flashes 
to the ground and 6 were due to flashes in the cloud. 


* " Proc. Roy. Soc.,’ vol. 114, p. 233 (1927). 
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The work described in this paper has been carried out to add to the general 
body of information on the subject of the polarity of South African thunder- 
storms. Information has also been obtained on other points of interest 
discussed by Schonland such as {a) the reversal of the sign of the majority 
of the field changes with distance ; (6) the sign of the field changes from over- 
head storms ; (c) the steady fields due to near and distant storms. These 
data will be discussed in a later paper together with observations made subse- 
quent to December, 1930. 

5. General Record of Storms Observed. 

Below is given a general record of the storms observed. The fihst column 
gives the reference letter of the storm. Where figure suJS&xes are given it is 
because during the observation of the storm its distance from the station 
became less and the nature of the field changes altered. The interpretation 
of the records is facilitated by dividing the storm up so that the effect of distance 
is shown. The second and third columns give the date and time of day when 
the observations were made. Column 4 gives the distance of the storm ficom 
the station. Columns 6 to 8 give a record of the field changes which were 
correlated with observation of the flashes and show : (6) cloud flashes which 
produced positive changes ; (6) cloud flashes which produced negative changes ; 
(7) flashes to ground which produced positive changes ; and (8) flashes to 
ground which produced negative changes. The last two columns show the 
total number of field changes which have been recorded, including those 
correlated with observations of the flashes and those where no correlation 
was made. In column 4 the symbol (OH) means that the storm was directly 
above the station. A flash in the clouds above the station will usually produce 
thunder after an interval of several seconds and will therefore give the impres- 
sion that it is 1 or 2 km. distant. Therefore some of the storms which are 
marked 3 km. or 4 km. were probably nearer to the station in a horizontal line, 
but it was decided to mark as overhead storms only those storms where the 
lightning flashes were actually seen above the station. 

It will be seen that a total number of 3,015 field changes were recorded, of 
which 660 were correlated with observations of the flashes. This gives a ratio 
of 5v-4/l for the number of flashes taking place to the number of flashes seen, 
so that out of every six flashes in the storm at least one was seen. This is a 
fair sampling of the flashes taking place, and it is not likely that a more com- 
plete and thorough observation of the storms, if that had been possible, would 
change the nature of the results. 

F 2 
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Table I. — General Record of Storms Observed. 


Storm*. 

Bate. 

Time. 

Bistance. 

Correlation with outside 
observation. 

Total. 

Cloud flash. 

Ground flash. 

4F+ 



JF- 

JF+ 





km. 







A 

14.10.28 

22.40/23.30 

30 

0 

18 

2 

0 

5 

40 

B 

16.10.28 

22.30/23.10 

30 

0 

7 

1 

0 

4 

14 

Cl 

22.2.29 

20.00/20.40 

10 

0 

11 

3 

0 

19 

35 

C, 



4 

16 

3 

7 

1 

35 

5 

D 

18.3,29 

16.40/17.10 

3 

0 

0 

0 

0 

12 

1 

E 

20.3.29 

21.20/22.00 

12 

1 

51 

14 

1 

15 

52 

E 

27.3.29 

21.20/22.20 

10 

0 

0 

0 

0 

23 

45 

G 

28.3.29 

16.60/17.06 

4 

0 

0 

0 

0 

2 

18 

H 

30.4.29 

22.00/23.00 

11 

1 

20 

5 

0 

15 

32 

I 

6.6.29 

21.15/21.50 

4 

0 

0 

0 

0 

6 

14 

Ji 

9.10.29 

19,30/20.00 

(OH) 

3 

1 

5 

0 

8 

1 

J 2 


20,00/22.00 

8 

0 

1 

1 

0 

20 

18 

K 

24.10.29 

10.30/ 1 

1*5 

0 

0 

0 

0 

13 

10 

ii 

27.10.29 

22.20/22.52 

2 

0 

0 

0 

0 

7 

7 

Li 


23.00/23.45 

6 

0 

0 

0 

0 

0 

48 

M 

28.10.29 

13.15/14.00 

12 

1 

4 

17 

1 

18 

5 

N 

8.11.29 

evening 

8 

0 

0 

0 

0 

0 

15 

Oi 

6.12.29 

14.45/15.00 

9 

0 

3 

17 

0 

17 

3 

Cl 


15.00/15.30 

2 

0 


0 

0 

27 

5 

p 

29.12.29 

18.06/18.30 

7 

0 

0 

0 


0 

11 

Q 

30.12.29 

13.07/13.09 

V 

0 

0 

0 

\ 0 

4 

14 

Bi 

5.1.30 

16.43/17.01 

8 

3 

1 

4 

0 

28 1 

73 



17.03/17.14 

6 

1 

1 

1 

0 

29 

24 

s 

9.1.30 

' 16,56/17.01 

3 

5 

2 

2 

1 

60 

13 


11,1.30 

17.24/18.11 

8 

0 

0 

5 

0 

8 

35 

Ti 


18.27/19.11 

4 

8 

0 

0 

0 

55 

0 

Ti 


21.00/ ? 

20 

0 

4 

1 

0 

1 

11 

Cl 

24.1.30 

13.18/13.37 

6 

0 

0 

22 

0 

32 

27 

Ui 


13.38/14.03 

4 

0 

0 

18 

0 

74 

26 

V 

27,1.30 

14.11/14.21 

8 

0 

0 

2 

0 

6 

35 

w 

28.1.30 

14.27/14,53 

4 

2 

0 

13 

1 

65 

20 

X 

29.1.30 

16.07/16.31 

4 

0 

0 

0 

0 

37 

30 

Y 

30.1.30 

17.01/ ? 

11 

0 

0 

11 

1 

23 

78 

AAj 

21.10.30 

16.17/16.42 

8 

0 

1 

3 

0 

7 

11 

AA2 


16.52/17.40 

4 

3 

6 

0 

0 

10 

14 

AB 

22.10.30 

13.28/14.27 

13 

0 

0 

13 

0 

65 

112 

AC 

1.11.30 

20.55/21.10 

5 

3 

1 

1 

0 

6 

1 

ADj 

6.11.30 

14.38/15.16 

6 

6 

0 

0 

0 

136 

15 

ABj 


15.32/16.50 

(OH) 

10 

1 

0 

0 

41 

4 

ABj 


18.08/18.25 

2 

2 

1 

0 

0 

2 

1 

AB4 


18.33/18.37 

7 

0 

4 

2 

0 

8 

17 


14.11,30 

17.25/18.04 

3 

3 

0 

0 

0 

22 

0 

AEa 


18.32/18.37 

8 

0 

0 

0 

0 

1 

4 

AEi 

19.11.30 

12.47/13.16 

11 

0 

0 

8 

1 

20 

20 

APo 


13.33/14.18 

4 

2 

0 

3 

0 

20 

2 

ag“ 

20.11.30 

17.00/17.41 

5 

11 

0 

10 

0 

41 

4 

AH 

27.11.30 

14.55/15.20 

4 

3 

0 

2 

0 

20 

1 

ai 

4.12.30 

15.22/16.20 

17 

2 

1 

3 

0 

24 

106 

AJj 

5.12.30 

11.54/12.40 

10 

0 

0 

0 

0 

3 

20 

AJ 2 


12.41/13.13 

4 

5 

1 

1 

0 

17 

9 

AK 

6.12.30 

17.26/19.14 

12 

3 

14 

4 

0 

45 

191 

AL 

7.12.30 

17.58/20.09 

7 

6 

3 

17 

2 

63 

37 

AAfi 

8.12.30 

17.52/18.43 

15 

1 

4 

39 

7 

83 

262 

AMo 


18.48/19.34 

4 

3 

1 

6 

0 

63 

15 

AM3 


19,36/19.54 

6 

2 

6 

4 

0 

17 

20 


Total flashes observed = 

3,106. 

106 

171 

267 

16 

1,392 

1,623 
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In the table a line has been drawn below storm O 2 .’’ All the storms 
above this line were observed by visual recording of the field changes, using a 
microscope focussed on a capillary electrometer. All the storms below the 
line were recorded on the photographic recorder. 

6. Correlation of the Appearance of the Flashes with the Sudden Field Changes 

which accompanied them. 

(a) Distant Flashes within the Cloud . — ^In Table II all the flashes which were 
observed to take place in the cloud without any discharge to earth have been 
collected. The first column gives the reference letter of the storm as shown in 
the general table, the second gives the distance in kilometres and the last two 
give the number of field changes of either sign accompanjdng the flashes. 


Table IL — ^Field Changes due to Distant Flashes in the Clouds. 


Stonn. 

Distance. 

Field changes. 

Positive. 

Negative. 

I 

A 

km. 

30 

0 

18 

B 


0 

7 

Cx 

10 

0 

11 

E 

12 

1 

51 

H 

11 

1 

20 

Ox 

9 

0 

3 

M 

12 

1 

4 

Ta 


0 

4 

AAt 

17 

2 

1 

AK I 

12 

3 

14 

AM, ! 

10 

1 

4 



9 

137 


The total is 137 negative and 9 positive field changes accompanying flashes 
of lightning in the clouds. The ratio of 15/1 in favour of a flash in the clouds 
producing a negative change of field is good evidence that the storms were of 
positive polarity. The distance at which cloud flashes begin to produce 
positive field changes has been estimated by Schonland as about 12 km., 
though the presence of inclined flashes produces a zone extending from the 
7 km. naark to the 12 km. mark in which field changes of either sign are to 
be expected. At Johannesburg, 6,000 feet above sea level, the clouds are 
nearer to the earth than at lower altitudes, and the outer limit of the inter- 
mediate zone is smaller than 12 km. It was decided therefore to include 
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storms wHct were as near as 9 km. and it will be seen from the table that 
7 out of the 9 positive field changes were produced by storms 12 and 17 km. 
away and only 2 were produced by storms 10 and 11 km. away. 

(6) Flashes to the Ground . — Table III gives a summary of the field changes 
which accompanied all flashes to the ground at any distance from the station. 
The columns give the index letter of the storm, the number of positive field 
changes associated with flashes to the ground, and the number of negative 
field changes due to similar flashes. 


Table III. — ^Field Changes due to Hashes to Ground at any Distance. 



Field Changes. 

Storm 

Positive. 

Negative. 

A 

2 

i 

0 

B 

1 

0 

0 

10 

1 

E 

14 

1 

H 

5 

0 

J 

6 

0 

M 

17 

1 

0 

17 

0 

R 

5 

0 

S 

2 

1 

T 

6 

0 

U 

40 

0 

V 

2 

0 

w 

13 

1 

y 

11 

1 

AA 

3 

0 

AB 

13 

0 

AC 

1 

0 

AD 

2 

0 

AF 

11 

1 

AG 

10 

0 

AH 

2 

0 

AI 

3 

0 

AJ 

1 

0 

AK 

4 

0 

AL 

17 

2 

AM 

49 

7 


267 

16 


This table shows that out of 283 flashes to ground observed, 267 produced 
positive field changes and 16 produced negative field changes, giving a ratio 
of 16/1 in favour of the charge of electricity brought to earth by a flash of 
lightning being a negative one. This is a very solid piece of evidence that the 
lower portions of a thundercloud carry a negative charge. It must be noted 
that out of the 16 negative field changes 7 are due to one storm (AM) and it is 
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possible that this storm may have been a special case. It is one of the storms 
in which the activity was very widespread, notes being made that flashes had 
been seen from several storm centres, and it may be that the negative changes 
were caused by flashes which were obscured from view by the college buildings 
but which produced larger field changes than the flashes which took place in 
another centre at the same time and were seen. Such a coincidence coitld not 
be expected to take place a very large number of times, but when all the lightning 
flashes could not be seen it is quite possible that such an error of observation 
might take place, especially as the storm produced a high frequency of flashes, 
460 being recorded in 2 hours. The storm gave a preponderance of positive 
over negative field changes but produced an unusual number of negative field 
changes ; thus the evidence as to its being of positive polarity is weak. If it 
is eliminated from the table the ratio becomes positive/negative 24/1. 

(c) Flashes in Very Near Clouds . — ^Table IV gives the collected observations 
on cloud flashes in all storms which were nearer than 6 km. to the station, and 
some which were definitely overhead. 

The columns contain (1) the reference letter of the storm as given in the 
general table, (2) its distance from the station, (S) the number of positive field 
changes due to flashes in the clouds, and (4) the number of negative field 
changes due to cloud flashes. 


Table IV. — Field Changes due to Cloud Flashes in Near Storms. 




Field changes. 


-r-w. 1 



htorm. 

jJistiaiiCG. 





Positive. 

Negative. 


km. 



Cj 

1 ^ 

16 

3 

Jl 

(OH) 

3 

1 

Rg 

6 

1 

1 

S 

3 

6 

2 


4 

8 

0 

w 

4 

2 

0 

AA2 

4 

3 

6 

AC 

6 

3 

1 

ADi 

6 

6 

0 

Ar>2 

(OH) 

10 

1 

ABs 

2 

2 

1 

AEj 

3 

3 

1 0 

Al'a 

4 

2 

0 

AG 

5 

11 

0 

AH 

4 

3 

0 

AJa 

4 

5 

1 

AM2 

4 

3 

1 


86 


18 
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The figures in this case are 86 positive and 18 negative field changes, giving 
a ratio of 4*8/1 in favour of the positive charge in the clouds being above the 
negative charge. This is evidence in favour of positive polarity but it is not 
so complete as to leave no doubt. 

Schonland fotxnd at Somerset East that flashes occurring in storms nearer 
than 7 km. to the station, combining both cloud flashes and ground flashes, 
produced positive and negative fleld changes in the ratio 21/1. In Table IV 
only the cloud flashes are shown. If all the flashes to ground at a distance 
nearer than 6 km. to the station are added, the ratio, positive changes : negative 
changes becomes 8/1, which is just about half the ratio for Somerset East. 
The number of negative field changes produced by near ground flashes was only 

3 out of 69. Thus the Johannesburg storms seem to give an unusual number 
of negative field changes for cloud flashes but not for ground flashes. In 
connection with this, one important factor must be taken into consideration. 

In his second paper Schonland drew attention to the possibility of inclined 
flashes in the clouds producing complications and causing negative field changes 
nearer to the station tha:g the simple theory of the thundercloud would indicate.®** 
This led him to place the maximum distance at which cloud flashes would 
always give positive field changes at 7 km. Observations in Johannesburg 
have not only confirmed this suggestion but have indicated that the efiect is 
of quite a large magnitude. At various times it has been noted by several 
‘‘flash observers/’ including the writer, that flashes in the clouds are frequently 
inclined, sometimes almost reaching a horizontal position and often being of 
great length. Storm A was 30 km. away and quite a number of these inclined 
flashes subtended an angle at the station greater than 20° so that their length 
was of the order of 10 km. 

During storm AD, sections (2) and (3), one observer reported that when 
standing in the quadrangle of the building he could see flashes crossing the 
sky vertically above him. These flashes did not reach the ground and must 
have been very inclined to the vertical to appear horizontal to an observer 
below them. At that time the interval between the lightning and the following 
thunder was 11 seconds, so that the height of the flashes was of the order of 

4 km. Storm AA 2 shows 6 negative field changes at an estimated distance of 
4 km. and in the records it appears that two consecutive flashes produced 
thunder after 24 seconds and 4*8 seconds respectively on one occasion, and 
after 11 seconds and 25 seconds respectively 20 minutes later. This gives 


* * Proc. Roy. Soc.,’ A, vol. 118, p. 224 (1928). 
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Fig. 2. 
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distances of 8 and 1-3 km. in the one case and 3-6 and 8-3 km. in the other, 
indicating that the active portion of the cloud was something like 6 km. across. 
Thus it is quite possible for the two poles of the cloud to be separated from 
each other by a horizontal distance of 6 km. 

fig. 1, Plate 5, shows a photograph of a flash in the clouds 5 km. away taken 
during storm AL on December 17, 1930. Its estimated length is 3 km. 
Unfortunately no record of the field change produced by this flash is available 
as the bubble of the electrometer had moved off the scale. 

These instances make it clear that the observations upon flashes and field 
changes recorded above in Table IV are subject to quite important com- 
plications. Consider a flash in the clouds taking place from a positive pole 
6 km. high to a negative pole 2 km. high, the positive pole being right overhead 
and the negative pole being distant 4 km. horizontally from the station. Such 
figures are substantiated by the figures recorded above. Then Wilson’s 
expression for the field change as modified by Schonland (Zoc. dt., vol. 114) 
can be employed, giving “ L ” two values, one for the positive pole and one for 
the negative pole. 

A P (cloud) = - 2Q L^ 2 ) 8/2 ~ (Hi* + V) ^ 

wkere and L 2 , and are the height and horizontal distance respectively 
of the positive pole and the negative pole. Taking the figures suggested we 
have : — 

= - 2Q{0-0278 - 0-0224) 

= ~ 0-0108Q. 


The distance of that flash may easily be estimated as 4 km. If the flash is 
seen it is noted as (OH) in the log book and the field change produced by it is 
negative. It will be seen that only a special type of flash overhead will give 
rise to such a negative field change, but considering the large number of very 
inclined flashes seen from time to time this factor must be taken into con- 
sideration as being a possible cause of some of the negative field changes 
recorded during very near storms. Thus direct observation of lightning flashes 
and the occurrence of negative field changes occasionally with near flashes in 
the clouds leads to the general conclusion that in thunderstorms near Johaimes- 
burg, local conditions favour a lateral displacement of the two poles of the 
cloud relatively to each other. 
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7. Multiple LigMning Flashes, 

During the progress of a storm it is sometimes noticed that a lightning flash 
consists of two discharges, one in the cloud and one from the cloud to the earth, 
with only a very short interval of time between them. Fig. 2, Plate 5, shows 
such a double lightning flash. An examination of the records of field changes 
shows an occasional case where a negative change is immediately followed by 
a positive change without any recovery between the two changes. Such a 
double change is shown in fig. 3, Plate 6. In Tables V, VI, and VII an analysis 
has been made of all the double field changes recorded during all the storms 
which have been observed. Table V shows all the double changes of the 
negative-positive type. Table VI contains all the positive-negative field 
changes, and Table VII includes positive-positive and negative-negative 
field changes. In Tables V and VI the third and fourth columns show whether 
the double field change was accompanied by a cloud flash or a flash to ground, 
while the fifth column contains those changes which were not accompanied by 
observation of the flash. The double field changes in Table VII were all 
unaccompanied by observation of the flash causing them. 


Table V. — Negative-positive Field Changes. 


Storm. 

Distance. 

Observed 
to be 
in cloud. 

ObBcrved 
to be 

to ground. 

No 

observation 
of fiash. 

Q 

1 

km. 

V 

0 

0 

1 

R 

) 8 

1 

0 

0 

T 

, 5 

0 

0 

1 

W 

' 4 

0 

0 

2 

y 

7 

0 

1 

0 

AA 

4 

1 

0 

0 

AB 

15 

0 

1 

0 

ADj, 

2 

2 

0 

0 

AI 

17 

0 

1 

1 

AJ 

8 

0 

0 

1 

AL 

3 

1 

0 

1 

AM 

8 to 4 

2 

5 

2 



7 

s 

9 


Total number of field changes, 24. 


An examination of the tables shows that double field changes have been 
associated equally with flashes in the cloud and with flashes to the ground, 
and that the greater number of the double changes are of the negative-positive 
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Storm. 

Distance. 

{ 

Observed 
to be 
in cloud. 

Observed 
to be 

to ground* 

i 

No 

observation 
of flash. 

R 

km. 

8 

0 

0 

2 

S 

3 

0 

1 

1 

AC 

5 

2 

0 

0 

AI 

17 

0 

1 

1 

AM 

8 to 4 

0 

0 

1 



2 

2 

5 


Total number of field changes, 9. 


Table VII. 


Storm* 

Distance. 

-f + field changes. 

field changes. 


km. 

i 


G 

4 

0 

2 

J 

8 

1 

2 

u, 

4 

2 

0 


3 

4 


Total number of field changes, 7. 


type, the positive-negative changes being less frequent and the positive-positive 
and negative-negative changes quite rare. 

On the supposition that the cloud consists of two areas of charge, the one 
above the other with the negative charge below, a negative-positive field 
change will indicate a flash in the cloud followed by a flash to the ground taking 
place at a distance from the station, or having the cloud flash so inclined that 
it produces a negative field change even when the cloud is nearer than 6 km. 
A positive-negative field change will indicate a similar set of circumstances 
but with the flash in the cloud taking place after the flash to the ground. The 
24 : flashes in Table V compared with 9 flashes in Table VI show that the flash 
in the cloud takes place more easily than the flash to the ground, and agrees 
with observations both by Simpson and Schonland that flashes take place more 
frequently in the cloud than to the ground. 

Double field changes of the positive-positive type can be explained as being 
due to double flashes in near storms where cloud flashes as well as flashes to 
ground produce positive field changes. The double change in storm 
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8 km. away may possibly be due to this cause, in which case the distance was 
slightly overestimated, or it may be due to two separately charged lower 
sections of the cloud discharging one after the other. The negative-negative 
field changes can only be due to two discharges in the clouds, and this might 
also be caused by the lower charge on the cloud being in two separate sections, 
first the one and then the other discharging to the upper pole. 

Though the last two suggestions are made only in a tentative way the 
existence of a double flash of lightning consisting of a flash in the cloud followed 
by a flash to the ground is well established. In his second paper Wilson*** 
states that the capillary electrometer would record field changes separated by 
an interval of 1 /10th second. Experiments carried out with the electrometer 
used in this research indicate that in the present apparatus this value must be 
taken as an outside limit. With a high speed of travel of the photographic 
plate, 1 mm. per second and a slit of width l/50th mm. a theoretical resolving 
power of l/50th second is obtained but the limitations of the photographic 
plate do not allow this in practice. To obtain such a high rate of travel of 
the plate the emulsion must be a high speed one and this means large grains 
of silver so that the image is diffused. Besides this, in the apparatus used for 
this research, it is not possible to place the slit very close to the emulsion of the 
plate because space has to be allowed for the slide of the dark slide which con- 
tains the plate and therefore there is a spreading of the image which makes 
the •minimuTn interval of time which can be recorded just about 1/lOth second. 
With a slower travel of plate this interval is, of course, increased. With a 
travel of 1 mm. per second the plate makes a complete record in 1 minute and 
often it is not advisable or possible to make records at such a speed. Then the 
resolving power of the apparatus is diminished. Such being the case it is 
obvious that if the two flashes of lightning take place with an interval of time 
between them less than 1/lOth second the field change recorded by the electro- 
meter will be a single one, the resultant of the two separate field changes. Thus 
the record may show : — 

(1) A positive change, if the earth flash causes a bigger field change than the 
cloud flash. 

(2) No change, if the two flashes each produce the same magnitude of field 
change. 

(3) A negative change, if the effect of the cloud flash is greater than that of 
, the flash to the groimd. 

* Loc, ciL, * Phil. Trans.’ 
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The effect which this will have in producing anomalous field changes during 
a storm must be considered. In the first place it must be remembered that, 
as has been mentioned in section 3, a flash to the ground is much more easily 
observed than a flash in the clouds. As a result the flash observer ’’ is more 
than likely to note a double flash as a “ ground flash.'' Effect (1) is therefore 
noted as “ ground flash — ^positive " and appears to be a normal case although 
it is not. Effect (3) is noted as ground flash — ^negative " and appears to be 
evidence of negative polarity although it is really a special case of positive 
polarity. Effect (2) is noted as “ ground flash — ^no change ” and immediately 
shows that the flash is not a simple one. A photographic correlation of flashes 
will show all three effects clearly, for the photograph will reveal the double 
flashes as visual observation cannot. For example the flash shown in fig. 2 
would certainly have been reported as a flash to the ground without the aid 
of the photograph. Table VIII gives the results of a few photographs of 
flashes which show the possibilities of the method, although sufiSlcient have not 
been obtained to provide a weighty body of evidence. 

Table VIII. — ^Double Flashes. (In Cloud and to Ground.) Photographic 

Correlations. 


Held changes. 


Positive. 

Negative. 

1 

Zero. 

2 

8 

1 


Information for the study of effect (2) has been obtained by visual observa- 
tion of the flashes and is given in Table IX, which gives the number of flashes 
producing no field change which have been observed in the storms under 
discussion. The first column gives the index letter of the storm, the second 
column gives its distance from the station, the third colunm shows the number 
of flashes reported '' cloud flash " and the fourth column shows the number of 
flashes reported ground flash.” 

The table shows that 46 flashes of lightning to the ground produced no field 
change and it is very likely that these were really double flashes of which only 
the discharge to the ground was seen by the flash observer.” 

The occurrence of flashes which produce no field change having been demon- 
strated, there is no reason to doubt that similar flashes took place as has already 
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Table IX. — Flashes Producing No Field Change. 


Storm. 

Distance. 

Observed 
to be 
in cloud. 

Observed 
to be 

to ground. 

' 

km. 



El 

8 

0 

2 

S 

3 

2 

2 

T 

8 

0 

1 

XJ 

6 

0 

5 

w 

4 

2 

0 

Y 

11 

0 

2 

AA 

7 

3 

1 

AB 

13 

0 

1 

AD 

6 

3 

2 

AFi 

11 


4 

AG 

5 

2 

1 

AJg 

4 

3 

2 

AK 

12 

2 

5 

AL 

6 

9 

10 

AMi 

8 

10 

8 


1 

46 


been suggested, where the charges on the two poles were of such relative 
magnitudes as to make the nett resultant field change negative. This probably 
accounts for some of the 16 negative field changes due to flashes to the ground 
shown in Table III. 

The point may quite conceivably be raised that perhaps the cloud is really 
of the nature suggested by Simpson (foe. ci^.), with a positive charge located 
in the lower front portion of the cloud and a negative charge spread over the 
upper portion of it and extending to the rear, and that the positive field changes 
due to flashes to the ground are really due to double flashes of which only the 
flashes to the ground are seen. The answer to this is along three lines : — 

(1) Such a flash as is under discussion is quite definitely not a normal flash. 
The most usual discharge is a single flash either between the two poles or from 
the lower pole to the earth and only special conditions will produce a second 
flash. Still more special conditions would be required to produce the two 
flashes so close together in time that they would be recorded as a single field 
change. 

(2) The sign of the field ' change produced by a double flash depends upon 
the distance of the storm from the station as well as upon the relative magnitudes 
of the two charges, and in a table such as Table III where observations upon 
storms at all distances are recorded, it should be found that at certain distances 
positive field changes should predominate and at other distances negative 
field changes should predominate. 
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For both these reasons a cloud of the type suggested by Simpson could not 
be expected to give a large number of positive field changes. Table III shows 
that 267 positive and 16 negative field changes were observed to be caused by 
flashes to the ground. It is more logical to make use of the existence of a 
small number of special double flashes to explain the 16 negatives than to 
explain the 267 positives, 

(3) Table VIII shows that out of 11 flashes photographed and shown to be 
double, 8 were accompanied by a negative field change. Thus the indications 
are that in the case of a double flash the field change, if it is a single change, 
is more likely to be negative than positive. This again shows that the abnormal 
field change is not the positive change but the negative one and supports the 
view that the lower charge on a thundercloud is a negative one. 

The 34 cloud flashes producing no field change are also worth consideration. 
It is scarcely possible that they were all double flashes of which the observer 
saw only the cloud flash and missed the ground flash. It is more probable 
that they were cloud flashes taking place in the reversal zone where the field 
change due to a cloud flash is zero. 

In the 4 storms at a distance greater than 8 km. from the station only 2 
flashes were seen which produced no field change. In the 4 storms 7 and 8 km. 
away from the station, 3 storms supplied 3 flashes producing no change, and 
the remaining storm is AM ” whose distance could not be definitely deter- 
mined (the frequency of the flashes made the timing of the thunder interval 
very difiicult) and which produced 10 flashes in the cloud without any field 
change. The remaining 19 flashes all occurred in storms closer to the station 
than 7 km. Ruling out the doubtful storm we have : — 

4 storms more than 10 km. away — 2 flashes with no field change. 

3 storms 7 and 8 km. away — ^3 flashes with no field change. 

7 storms less than 7 km. away — 19 flashes with no field change. 

Thus the reversal zone for the field change produced by cloud flashes seems 
to start at a distance from the station of about 7 km. This confirms the remark 
that the reversal distance at Johannesburg is less than at Somerset East 
{§ 6 (a ) ) and justifies the inclusion of storms 9 km. away in the table of distant 
storms. 

8. Branched Lightning Flashes, 

Many of the photographs of lightning flashes taken in Johannesburg for the 
purpose of making correlations, show branching. On the suggestion of 
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Dr. Sclionland these photographs have been examined, together with the records 
of field changes made at the same time, and the results obtained are given in 
Table X. This table contains all the photographs which showed flashes to 
ground only, double flashes not being included. The first three columns give 
the number of flashes with downward branching according as they produced 
positive or negative field changes or where no record of the field change was 
obtained. The next three columns show the unbranched flashes divided 
according to the same rule. 

Table X. 


Plashes branched down. 

Plashes unbranched. 


JF 

No record 


^F 

No record 

positive. 

negative. 

of fields. 

positive. 

negative. 

of fields. 

10 

0 

i 

8 

I 6 

0 

1 


None of the flashes showed upward branching, and in none of the photo- 
graphs did a downward branching flash produce a negative field change. 

The ratio of hra'mhed flashes to uribranohed flashes is 18/7 or 3/1, This is 
liable to be an underestimation of the value because with increasing distance 
from the station the intensity of the flashes falls off and the branches, which 
are not as bright as the flashes, do not show on the photograph. The ratio 
positive/negative for flashes to ground is 16/1. It is therefore inevitable that 
since the branched flashes outnumber the unbranched flashes and the positive 
field changes outnumber the negative field changes, then negative electricity 
must pass to the ground by way of flashes which have downward branches. 
The eight branched flashes where the field changes were not observed can be 
treated statistically. Since all the observed branched flashes produced positive 
field changes it cannot be assumed that all the unobserved flashes produced 
negative field changes. It is more likely that at least half of them produced 
positive field changes. Therefore it can be taken that out of 18 branched 
flashes 14 produced positive field changes and only 4 produced negative field 
changes. This also indicates that it is possible for lightning flashes to fork from 
a negative charge to a positive charge. It is therefore concluded that the 
forking of a flash does not give an indication of its direction or the polarity 
of the part of the cloud from which it started. This conclusion has recently 
been subjected to laboratory tests by Schonland and Allibone.* 


* ‘ Nature,’ vol. 128, p. 794 (1931). 
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9. Some Photographic Data. 

In this section some examples are given of the photographic data obtained 
during the investigation to illustrate the arguments in the previous sections of 
the discussion. 

Illustrations are given of the following types of correlation : — 

(1) A distant flash to ground with a positive field change. 

(2) A near flash to ground with a positive field change. 

(3) A distant flash in the cloud with a negative field change. 

(4) A near flash in the cloud with a positive field change. 

(5) A double flash of lightning with a positive field change. 

(6) A double flash of lightning with a negative field change. 

Wherever possible the record of the field change has been shown with the 
photograph of the flash. In a few cases the record of the field change has been 
too thin to make a clear reproduction and so the sign of the change is noted in 
the text. Where reproductions of the field change records are shown, a move- 
ment of the mercury meniscus, as shown by the black shadow, in an upward 
direction indicates a positive change of field. In each case a time scale is 
marked under the record in units of 10 seconds. The instant when a flash 
of lightning was seen is marked on the field records by a white line caused by 
brightening the light. This causes the image of the slit of the recording 
apparatus to spread a little owing to a certain amount of halation produced 
by the bright light, and in some cases, where the key was pressed by the 
** flash observer ” very soon after the flash was seen, it caused the bright line 
on the record to extend to the left of the sudden mercury movement. This 
was very likely to happen when the rate of movement of the photographic 
plate was slow, and in some of the illustrations the effect is clearly seen. It 
does not mean that the indicator mark was made before the field change was 
produced. 

Photographic Correlation, 1. Kg. 4, Plate 6. — ^This photograph, which was 
takend uring storm AL, shows a flash to earth which produced a positive field 
change. Its distance could not be estimated as it was very difficult to time 
the thunder interval owing to the frequency of the flashes, but it was not very 
near and the photograph gives the impression that it might have been more 
than 7 km. distant. The apparent turning back of the flash upon itself may 
be an illusion. It is possible that the flash had a horizontal portion at the top 
as can be seen in other photographs, and what is seen is a foreshortened view 
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of this Ixorizontal portion. It may even be that the photograph really stows 
a cloud flash and a ground flash, in which case it is an example of a double 
flash producing a positive field change. The flash is not a very near one, and 
comes to ground without branching. The field produced by the storm was' 
negative, and the field change produced by the flash was positive. 

Photographic Correlation 2. Fig. 5.— This photograph was also taken during 
storm AL and seems to be at about the same distance as the other. The forks 
on the left-hand flash, which can be seen clearly on the negative, are very thin 
and so have been indicated by dots above them. The field change record 
shows a second positive change taking place 1 • 5 seconds after the one marked. 
There is a possibility that this second change was produced by one of the two 
flashes shown in the photograph, for when the camera was on a stand the 

flash observer ” generally pressed the key for marking the field record before 
closing the camera shutter. The flash is branched downwards to the ground 
and was not very near to the station. The field change produced by the flash 
was positive. 

Photographic Correlation 3. Fig. 6. — This flash was photographed during a 
storm which occurred during the latter part of 1931 and which is not included 
in the storms discussed above. It provided some photographic correlations 
which are included here as illustrations. Its catalogue number is CO-. This 
flash was about 20 km. away from the station. As a result it is impossible to 
tell if it was branched or not. It struck the ground, for the shadow of a tree 
and the horizon can be seen just at its foot. The flash was a* distant flash to 
the ground and the field was a small positive one — ^about the normal fine weather 
field. The field change produced by the flash was positive. 

Photographic Correlation 4. Fig. 7, Plate 7. — This photograph was also 
taken during storm CG. The branches on the flashes which are very faint have 
been indicated by dots near to them. The flash was a downward branching 
flash to ground, and the field change produced by the flash was positive. 

Photographic Correlation 5. Fig. 8. — ^This photograph, also taken during 
storm CG, shows a flash to the ground taking place at a distance about 20 km. 
away. No details of forking can be seen. The field change produced by the 
flash was positive. 

Photographic Correlation 6. Fig. 9, Plate 8. — This photograph was taken 
during storm AM and shows a flash which caused a voltage surge and flash 
over ” on a high-tension supply wire in the city so that it must have been very 
near. The indicator mark on the record is 2-2 seconds after the field change 
produced by the flash because the blaze of light in the city caused the observer 
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to forget to press the marking key at onee.* The flash branched downwards 
to the ground. Its distance was about 2 km. The fleld produced by the 
storm was negative, while the field change produced by the flash was positive. 

Photographic Correlation 7. Fig. 10. — ^This flash was photographed during 
the same storm (AM) 3 minutes after flash number .6. Its distance was esti- 
mated as 3 km. and it produced a positive field change. Downward branching 
can be seen in the photograph and the branches have again been indicated 
by dots. The ball in the foreground is the copper ball which was being used 
to measure the field change. 

Photographic Correlation 8. Fig. 11. — This flash (storm AD) was ob- 
served to produce thunder after 13 seconds corresponding to a distance of 
4*3 km. from the station. It will be seen in the photograph that it struck the 
ground behind a mine dump which is known to be over 4 km. distant, so that 
the estimated distance may be too small by several kilometres. This illustrates 
another way in which photography is of use in obtaining reliable information 
about a storm. The flash is a downward branching flash to ground. The 
distance of the flash was about 6 km. The field produced by the storm was 
negative and the field change produced by the flash was positive. 

Photographic Correlation 9. Fig. 12, Plate 9. — This flash, which was photo- 
graphed during storm CG, was a cloud flash taking place at a distance. It will be 
seen that the flash is almost horizontal, emerging from the cloud in the centre of 
the picture, passing into the cloud again farther to the right and then emerging 
again right at the edge of the field of view. Its horizontal dimensions are about 
6 km. It illustrates the distorted nature of some of the thunderclouds which 
are observed in Johannesburg. The flash was a distant cloud flash, about 
20 km. The field change produced by the flash was negative. The white line 
between the factory chimney and the cloud flash is not a flash to ground but a 
mark on the plate. 

Photographic Correlation 10. Fig. 13. — This photograph shows a flash 
in the clouds at a distance of 2 km. from the station. It will be noticed 
again how very nearly horizontal it is. At the bottom edge of the picture a 
tree and a large light outside a cinema indicate the position of the ground. 
In the top left-hand corner is the silhouette of one of the insulators of the 
aerial used for recording distant storms. The field change was positive but 
the record is not clear enough to be reproduced. 

Photographic Correlation 11. Fig, 14, Plate 10. — This photograph shows a 
double flash of lightning. The cloud flash, as is often the case, is very weak owing 
to the screening effect of the clouds, but is quite visible on the negative. The 
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second field change on the record is the one which was produced by the double 
flash. This is a case of a double flash producing a positive field change. The 
flash took place in storm CG, over 20 km. away. It is probable that the very 
inclined nature of the cloud flash caused the field change from it to be small in 
comparison with the positive change due to the flash to the ground. 

Photographic Correlation 12. Fig. 16. — This flash, also taken during storm 
CG, shows a very long cloud flash, almost horizontal, which at one point 
sends a flash to the ground thus constituting a double flash. It touches ground 
to the left of the factory chimney and also sends branches to the ground to the 
right of the chimney. These branches cannot be seen in the reproduction. 
This is another case of a double flash producing a positive field change. 

Figs. 2 and 16 show double flashes which produced negative field changes. 
The photographs were taken in 1929 before records of the field changes were 
made photographically, so the field changes cannot be shown. The distance 
of the two flashes was about 8 km. 

In conclusion the author wishes to thank Dr. B. F. J. Schonland of the 
Physics Department, University of Cape Town, at whose suggestion the work 
was undertaken and who has provided much valuable advice and assistance ; 
Professor H. H, Paine of the Physics Department, University of the Wit- 
watersrand, for many suggestions and the use of apparatus, and the Eesearch 
Grant Board of the Union of South Africa for a grant in aid. 


10. Summary, 

An account has been given of a method of recording photographically the 
sudden changes of electric field caused by a flash of lightning and at the same 
time of observing the flash visually, photographing it if possible and making a 
mark on the field change record immediately after it took place. 

An analysis has been made of 560 correlations of “ nature of flash ” with 
sudden field change ” made in this way, on the lines indicated by a study of 
the effects to be expected from lightning flashes taking place from clouds where 
the positive charge of electricity was above the negative charge, and following 
on the work done by Wilson and Schonland on this subject. It has been shown 
that the field changes obtained when flashes of lightning took place from the 
cloud to the ground and when they took place in the cloud when it was at a 
distance from the observing station were such as to support the view that the 
upper charge on a thundercloud is positive and the lower charge is negative. 
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The occurrence of ‘‘ double ’’ lightning flashes has been discussed, together 
with the electrical efiects which such a compound flash would produce. 

The question of the exact significance of branching in a lightning flash has 
been investigated, and it has been shown that negative electricity can travel 
from the cloud to the ground by way of a flash which branches towards the 
ground. 

The conclusions arrived at have been supported by photographs of lightning 
flashes illustrating the points considered. 


Inelastic Electron Scattering in Gases , — 

By C. B. 0. Mohr, B.A., M.Sc., Trinity College, Cambridge, 1851 Exhibitioner, 
University of Melbourne ; and F. H. Nicoll, M.Sc., Trinity College, 
Cambridge, 1861 Exhibitioner, University of Saskatchewan. 

(Communicated by Lord Rutherford, O.M., F.R.S, — ^Received June 26, 1932). 

ImJtroiuction, 

The study of the scattering of electrons in gases has been considerably 
extended during the last three or four years by numerous investigators, and 
the results in a few cases have recently been interpreted with some success by 
the wave mechanics. 

The earlier experiments of Dymond and Watson,* * * § llarnwell,t and McMillenJ 
on the angular distribution of the scattered electrons were confined to electron 
velocities above 50 volts and to angles of scattering smaller than 60® ; the 
results showed only a steady decrease in the scattered intensity with increasing 
angle of scattering, the steepness of the curves increasing with increased 
electron velocity. 

More recently the elastic scattering in various gases has been systematically 
investigated in this laboratory by Bullard and Massey, § and by Axnot,|l and 
the measurements carried out over a large range of electron velocities and an 

* ‘ Proc. Roy. Soc.,’ A, vol. 122, p. 571 (1929). 

t ' Pbys. Rev.,’ vol. 34, p. 661 (1929). 

t ‘ Phys. Rev.,’ vol. 36, p. 1034 (1930). 

§ ‘ Proc. Roy. Soc.,’ A, vol. 130, p. 579 (1931) ; vol. 133, p. 637 (1931). 

11 ‘ Proc. Roy. Soc.,’ A, vol. 130, p. 654 (1931) ; vol. 133, p. 615 (1931), 
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angular range of from 15° to 125°. In all cases diffraction effects were found 
to occur, maxima and minima appearing at large angles. In certain cases, 
theoretical curves have been obtained which agree fairly closely with the 
experimental* * * § These results have since been verified and extended to larger 
angles of scattering and lower velocities by Eamsauer and Kollathf in various 
gases, by Pearson and Axnquist J in mercury vapour, and by Hughes and 
McMillen§ in argon. 

More recent investigations of the inelastic scattering have been carried out 
by Rosell in mercury vapour, and by Hughes and McMillen^ in argon, the 
observations again being confined to angles of scattering of less than about 50°. 
The results again showed only a steady decrease in the scattered intensity 
with increased angle of scattering, this decrease being more rapid than in the 
case of the elastic scattering for electrons of the same incident velocity. 

The present paper describes experiments on the angular distribution of the 
inelastic scattering for the case of electrons which have lost energy in raising 
the atom to the most probable excited state. The investigations have been 
carried out in helium, argon and mercury vapour over an angular range of from 
20° to 160°, using electrons with incident energies between 23 and 196 volts. 
In the case of argon and mercury vapour, the curves obtained show maxima 
and minima at large angles, and are markedly similar in most cases to the 
corresponding curves for the elastic scattering. Incidentally, good agreement 
is obtained with the results of previous observers for the elastic scattering, 
the measurements being extended to an angle of 160°. 

Description of the Apparatus, 

The apparatus used is illustrated diagrammatically in fig. 1a. It consisted 
essentially of a cylindrical chamber 0, in which the electron collisions occurred, 
and a chamber A in which the scattered electrons were analysed. 

Electrons were fired towards the centre 0 of the collision chamber from the 
electron gun G, which was rotated about the axis 0 by means of a ground 
glass joint ; the gun consisted of a straight tungsten filament surrounded by 
an outer case containing a pair of shts 1*1 mm. X 6 mm., and 6 mm. apart ; 

* Vide Bullard and Massey, ‘ Proc. Roy. Soc.,’ A, vol. 133, p. 637 (1931). 

t ‘ Ann. Physik,’ vol. 12, pp. 529, 837 (1932). 

t ‘ Phys. Rev,,’ vol. 37, p. 970 (1931). 

§ ‘ Phys. Rev,,’ vol. 39, p. 585 (1932). 

II ‘ Canadian J. Res.,’ vol. 3, p. 174 (1930). 

‘Phys. Rev.,’ vol. 39, p. 585 (1932). 
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tiie magnetic jSeld of the filament was reduced to a minimum by placing the 
return lead as close as possible to the filament. 

Electrons scattered in a small region about 0 passed through two slits 
(0 • 56 X 3 • 4 mm.) and Sg (0 * 24 X 2 • 8 mm.), 10 mm. apart, into the analyser A, 
in which the electrons of different energies were sorted out by a uniform radial 
electrostatic field.* The electrons then passed into the Faraday cylinder F, 
enclosed in a case carrying a slit 0*2 mm. X 2*8 mm. 



Fig. 1a. — ^D iagram of apparatus. 


The collision chamber was lined with thin metal in order to produce a field- 
free space, but near the analyser A ; the metal lining was shaped so as to pre- 
vent electrons passing into the analysing chamber or analyser except through 
the slits Si and Sg- 

The deflecting plates of the analyser A were made of copper, accurately 
bent to the required shape ; they were fixed to the slits Si and Sg and to the 
Faraday cylinder case by means of small copper screws, insulated by small 
pieces of steatite P, previously cut to the required shape and baked hard. The 
Faraday cylinder was insulated by a piece of quartz tubing, and the lead to it 
shielded by a light metal cylinder H. This analysing system was supported 
in position, with Si, Sg, and 0 in a straight line, by means of two rigid copper 
wires L, Li, silver-soldered to tungsten leads, the latter being sealed into the 
glass side-tube containing the analyser. 

The other metal parts were made of copper or Eureka, and the whole system 
was enclosed inside a Pyrex vessel. The whole apparatus, with the exception 
of the ground joint, could thus be baked at a temperature of about 460® 0., 

* Hughes and Rojansky, ® Phys. Rev.,’ vol. 34, p, 284 (1929). Rudberg, ‘ Proo. Roy. 
Soc.,’ A, vol. 129, p. 628 (1930). Van Atta, ‘ Phys. Rev.,’ vol. 38, p. 876 (1931). 
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the apparatus, in fact, being designed with this end in view. Without this 
precaution, stray scattering from gas and films of grease on slits, etc., was 
obtained which, even at small angles, was comparable with the scattering 
by the gas, and at large angles completely obscured it. 

The apparatus was connected through a liquid air trap to a mercury 
diffusion pump backed by a Hyvac oil pump, and the pressure of the residual 
gases inside the apparatus could be maintained below 10""^ mm. Hg. When 
investigating the scattering in mercury vapour, liquid air was not placed on the 
trap, and mercury vapour was allowed to diffuse over from the mercury 
diffusion pump. Before investigating the scattering in helium and argon, 
the pressure of the mercury vapour in the apparatus was reduced to a negligible 
quantity by prolonged baking, liquid air being kept on the trap ; the gas to 
be used was then passed from a reservoir through a fine leak into the apparatus , 
the pressure of the gas being maintained at a value less than 10“'^ mm. Hg. 



The electrical connections are illustrated in fig. 1b. The slits at each end of 
the analyser A were kept at a potential midway between the potentials of the 
two defiecting plates by means of two equal high resistances as shown, a 
potentiometer arrangement being used to apply a variable potential between 
the deflecting plates. A retarding potential was placed between the Faraday 
cylinder and its case in order to reject all electrons of lower velocity than those 
it was desired to collect, and so remove any possible background due to slow 
electrons. A potential could be applied between the slits and Sg in order to 
accelerate the scattered electrons at the lower voltages, if desired, before enter- 
ing the analyser ; actually it was not found necessary to do this. The filament 
emission was measured by a milliammeter M, the electron beam leaving the 
gun by a galvanometer G, and the voltage applied to the analyser plates by an 
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accurate voltmeter V ; tlie current collected by tbe Faraday cylinder wm 
measured by tbe rate of drift of a Dolezalek electrometer. 

Tbe apparatus, when first constructed, consisted of an analysing chamber, 
separated from tbe scattering chamber by a glass inner seal carrying a small 
slit 0*1 mm. X 3 mm., and tbe analyser was connected by a piece of short wide 
pyrex tubing to a large liquid air trap. . Thus, while tbe scattering chamber 
contained, say, mercury vapour at a pressure corresponding to room tempera- 
tilre, tbe pressure in tbe analyser could be kept much lower. Also tbe analyser 
plates were of radii 3*5 and 6 cm. respectively, and 4 cm. wide. After several 
curves bad been obtained for tbe angular distribution of tbe inelastic scattering 
in mercury vapour, using this apparatus, it was decided, as a. result of tbe 
experience gained, to modify it slightly in order to effect several improvements* 
For example, it was found that, if tbe length of path could be decreased slightly 
in tbe analyser, tbe effect of not evacuating tbe analyser was of little importance, 
and caused no appreciable difference in tbe results obtained. Without tbe 
necessity for evacuating tbe analyser, tbe design could be much simplified, and 
tbe problem of alignment of tbe various slits rendered much easier. Tbe 
apparatus in its second form was as described at tbe beginning of this section, 
and tbe analyser plates were of radii 1*3 cm. and 1*9 cm. respectively, and of 
width 1 *5 cm. Tbe measurements of angular distributions in mercury vapour 
were repeated with this apparatus, and found to agree closely with those 
obtained with tbe earlier apparatus. 

Experimental Procedure. 

Before measuring the angular distribution of tbe scattered electrons it was 
first necessary to investigate their energy distribution by measuring tbe 
collected current over a range of defl.ectmg voltages. Peaks appeared in 
tbe energy distribution corresponding to tbe elastically and inelastically 
scattered electrons, tbe latter having energies corresponding to various energy 
losses, while tbe value of tbe deflecting voltage required to focus tbe elastically 
scattered electrons was found to agree closely with that calculated from tbe 
dimensions of tbe analyser. 

With tbe voltage on tbe deflecting plates fixed at tbe value corresponding 
to tbe top of a peak, tbe angle of scattering was varied by rotating tbe ground 
joint carrying tbe electron gun, and tbe scattered intensity obtained as a 
function of angle. Tbe zero of angle was obtained from tbe symmetry of 
curves taken for positive and negative angles in a preliminary run. Tbe 
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electron heam current, as measured by the galvanometer, did not vary by 
more than 10 per cent, during a run, and the scattered current was corrected 
for this variation by dividing each reading of the collected current by the 
galvanometer reading. 

That the height of the peak was a measure of the number of electrons 
scattered was verified by comparison of energy distribution curves taken at a 
large number of angles, when it was seen that the width of the base of the peak 
remained constant, so that the area xmder the peak was proportional to the 
peak height. A correction for the change of scattering volume with angle 
of scattering was made, in the usual manner, by multiplying the scattered 
intensity by the sine of the angle of scattering. 

In preliminary experiments the following checks were made on the working 
of the apparatus : — 

(i) "With no gas or vapour in the apparatus, no measurable scattered current 
was collected by the Faraday cylinder except at angles less than about 40®, 
when it was only a few per cent, of that obtained with gas in the apparatus ; 
at angles less than about 4® the main electron beam from the gun began to 
enter the analyser. 

(ii) The collected current was proportional to the total current from the gun 
as measured by the galvanometer. 

(iii) The results obtained were shown to be due only to single scattering in 
the gas, as follows : the variation of the scattered current with pressure was 
investigated for several difierent angles of scattering greater than 20®, and 
found to be linear over the range of pressures used in the experiments ; some 
of the results obtained for helium and argon are shown in fig. 2. At higher 
pressures than that shown in the figure, a departure from linearity began to set 
in, probably owing to collisions in the analyser as much as to the onset of 
multiple scattering in the scattering chamber. In the case of mercury vapour 
it was necessary to measure the pressure with an ionisation gauge, and to 
alter the pressure of the vapour by heating or cooling the apparatus ; although 
the results were not as accurate as might have been desired, owing to the 
difficulty of maintaining uniform and steady temperature conditions, there 
seemed to be no marked deviation from single scattering for pressures below 
10“^ mm. Hg, the pressure of mercury vapour at room temperature. 

(iv) That the scattered electrons coUeoted by the Faraday cylinder really 
had the energy expected, from a knowledge of the potential applied to the 
focussing plates, was checked by varying the retarding potential between the 
Faraday cylinder and its case, and so obtaining retarding potential curves. 
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(v) The results obtained for the elastic scattering were found to agree closely 
with those obtained by Bullard and Massey, and Arnot (Zoc. cit.) with a different 
type of apparatus. 

We now proceed to consider the results obtained for the scattering in the 
gases investigated. 



Eeg. 2. — ^Illustrating ratio of scattered current to pressure. 

A. — 42 volts, inelastic, 40° Argon. 

B. — 84 volts, inelastic, 30° Helium. 

C. — 62*5 volts, elastic, 30° Helium. 


Results. 

{a) Helium . — ^Typical curves showing the energy distribution near the main 
inelastic losses in the three gases investigated are given in fig. 3 ; the curves 
are plotted with the energy loss as abscissa. 

The curve for helium is for incident electrons of 42 volts energy and an 
angle of scattering of 30°. In view of the work of Whiddmgton and Eoberts®** 
and Van Atta,f it is clear that the peaks at about 21 volts and 23 volts corre- 
spond respectively to the excitation of the helium atom to the 2^P and 3^P 
levels (21*11 volts and 22 • 96 volts), while there are indications of the 23 * 6-volt 
loss corresponding to excitation to the 4^P level. 

* ‘ Proc. Leeds Plul. Soc.,’ vol. 2, p. 201 (1931). 

t ‘ Phys. Rev.,’ vol, 38, p. 876 (1931). 
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In fig. 4 are plotted points showing the angular distribution of the elastic 
and inelastic scattering (21 • 11 volts loss) for electrons of 64, 83, 120 and 196 
volts energy, and for angles up to 60° ; the angular distribution for the case of 
the 22 •96-volt loss for 83-volt electrons is also given. In order to compare 
the results with theory, the figure shows calculated curves obtained by the use 
of the ordinary Bom formula ; the question of agreement with theory will be 
discussed later in the paper. 



C.— Argon, 20°, 42 volts. 

In order to show the large angle scattering, the curves have been re-plotted 
on a different scale in fig. 5, and extended to an angle of 160°. 

(6) Argon , — ^The main inelastic loss in argon corresponds to an energy loss 
of 11 *6 volts, as found by Van Atta, and Hughes and McMillen (?oc. dt), A 
typical energy distribution curve in argon is shown in fig. 3 for incident electrons 
of 42 volts energy and a scattering angle of 20°. 

The angular distribution of the elastic and inelastic scattering (11 • 6 volt loss) 
in argon for incident electrons of 42 volts and 61 volts energy is illustrated in 
fig. 6 ; the curves are arbitrarily fitted together at one point. It was, un- 
fortunately, not possible to measure the large angle scattering at lower voltages 
owing to lack of intensity, while at higher voltages the losses near the ionisation 
potential became more prominent than the 11-6 volt loss, and were not com- 
pletely separated from the latter by the analyser. 
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It is seen that the inelastic cuives exhibit maxima and minima at about 
the same angle as the elastic curves, although the maximum is much less 
pronounced, particularly in the case of the 61-volt curves. 

(c) Mercury Yajpour . — typical energy distribution in mercury vapour is 
shown in fig. 3 for incident electrons of 42 volts energy, and a scattering angle 



• • Experimental points, elastic — Theoretical elastic. 

O O Experimental points, inelastic [2^ P] — Theoretical 2^ P. 

X X Experimental points, inelastic [3^ P] Theoretical 3^ P. 


of 90^^. On the left is shown the elastic peak on one-tenth of the scale ; the 
main peak at 6*7 volts is due to excitation to the level, while there are 
indications of a peak at 4*9 volts corresponding to excitation to the l^Plevels. 
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Above 8 volts are grouped together, unresolved, the various enei^ losses 
near the ionisation potential obtained by Whitney,* Foardf and Eose.J 



Fio. 6. — 'Large angle soatteiing in Helitun. 

elastic. — inelastic. 

The angular distribution of the elastic and inelastic scattering (6-7 volts loss) 
for incident electrons of 23, 31, 42, 55, 83 and 120 volts energy is shown in 
fig. 7, the curves being arbitrarily fitted together at one point. It is seen 

* ‘ Phys. Eev.,’ vol. 34, p. 923 (1929). 
t ‘ Pfiys. Rev.,’ vol. 35, p. 1187 (1930). 
t ‘ Canadian J. Res.,’ vol. 3, p. 174 (1930). 
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ttat tte elastic and inelastic curves closely follow one another at large angles 
at 120 volts and 83 volts ; at 56 volts the curves are less similar, the heights of 
• the maxima at 110^ differing by a much greater amount than the experimental 
error. At 42 volts the curves are quite dissimilar at angles less than 80°, no 
maximum appearing in the inelastic curve at 60° corresponding to the maximum 
in the elastic curve at this angle. At 31 volts the two curves are only slightly 
similar, the pronounced minimum in the elastic curve at 85° appearing only 
slightly in the inelastic curve at 100°. At 23 volts, aU maxima have dis- 
appeared from the inelastic curve, and the two curves are quite dissi m ilar, a 



Eig. 6 . — Large angle scattering in Argon. 

elastic. — inelastic. 

miuimuTn. appearing in the inelastic curve at the angle at which a maximum 
appears in the elastic curve. 

The strildng similarity between the elastic and inelastic curves at the higher 
voltages at once suggests the possibility of multiple scattering as a mechanism 
for the production of the similarity. Thus the results might be explained if 
the collected inelastically scattered electrons had suffered, not a large angle 
inelastic collision, but a large angle elastic collision and a small angle inelastic 
collision before entering the analyser. 

That the results are not explicable on this basis, but are really due to a single 
large angle inelastic collision, seems to be clearly indicated by the following 
considerations. 
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(1) As siLOwn in a previous section, the collected current was accurately 
proportional to the pressure over the range of pressures used in the experiment. 



Eig. 7. — -Large angle scattering in Mercury Vapour. 

elastic. — inelastic. 

(2) The intensity of the inelastic scattering at large angles in argon and 
mercury vapour was usually between a tenth and a twentieth part of the 
intensity^pf the elastic scattering at the same angles. If the results were due 
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to multiple scattering in the manner suggested above, it would req^uire that 
one in every ten or twenty electrons passing across the scattering chamber 
should undergo a small angle inelastic collision. Calculations of the probability 
of such a happening on the basis of the known pressure of the gas, length of 
path, and the inelastic cross section, show this to be much too high a prob- 
ability ; actually the inelastic angular distributions in argon were found to 
have the form shown in the figure at a pressure as low as 2 X 10^^ mm. Hg. 
A further test of this point was made in the case of argon and mercury vapour 
by placing the gun at an angle of 0° and measuring the ratio of the height of the 
inelastic peak to the peak due to the main beam from the gun ; in this way 
it was found that less than 1 per cent, of the main beam crossing the scattering 
chamber underwent a small angle inelastic collision. 

(3) That the peaks in the inelastic angular distributions are not due in any 
way to the influence of the elastic angular distributions seems to be indicated 
by the dissimilarities which occur at the lower voltages in mercury vapour. 
Thus at 42 volts the inelastic curve rises very much less steeply between 80® 
and 30° than the elastic curve between the same angles, whereas it would be 
expected to rise at least as steeply if multiple scattering were responsible for 
the results. Again, at 23 volts there is little resemblance between the curves, 
a minimum appearing in the inelastic curve where the elastic curve has a 
peak. 

Discussion of Results. 

In the theory of the scattering of electrons by atoms many complicating 
processes are involved, and it is necessary to proceed in a series of successive 
approximations to include the various factors. 

The first step, due to Bom,* is to take as a first approidmation plane waves to 
represent the incident electron beam ; the formula so obtained is valid at 
sufficiently high velocities, and gives angular distributions which faU off 
uniformly with angle. 

In fig. 4 observed angular distributions in helium are compared with those 
calculated using the Bom formula, and it is seen that at 120 and 196 volts there 
is fair agreement between theory and experiment as is to be expected, for the 
Bom formula should be nearly correct at these voltages ; thus Dymond and 
Watson {loG. dt) obtained good agreement with theory for the elastic scattering 
at 210 volts. It is seen, however, that the observed elastic scattering for the 
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120-volt and 196-volt electrons is not in agreement with theory at angles as 
small as 20°. This is doubtless due to the fact that at these small angles, 
and with the dimensions of the slits used, the angular width over which the 
electrons are collected is comparable with the mean angle of scattering ; 
nevertheless, the much more rapid increase of the inelastic scattering at these 
angles, compared with the elastic, is clearly shown. 

At 84 volts and 64 volts an increasing discrepancy between the simple 
theory and experiment appears, the observed scattering falling more steeply 
with angle than given by the Born formula. Furthermore, at large angles, the 
experimental curves (fig. 6) are on the whole fairly flat, instead of falling to 
smaller and smaller values with increasing angle of scattering, as expected from 
the Born theory, and the failure of this theory for the heavier atoms is obvious 
in the region where peaks appear in the angular distribution. 

It is therefore necessary to take into account the complicating effects due to 
the distortion of the incident and outgoing electron waves by the field of the 
atom, and the exchange of electrons between the incident electron beam and 
the atom. The effect of the distortion of the incident wave has been included 
in the theory by Holtsmark* and by Allis and Morse, f and good agreomcuit 
wdth experiment obtained. 

The effect of exchange on the elastic scattering has been includ(Hi in the 
theory, together with the effect of distortion, by Massey and Mohr:|; for the 
case of the light elements hydrogen and helium. They have shown that if thes<^ 
effects are taken into account in the theory for th(‘ <jase of the <'Jastic scattering, 
the observed effect is obtained of the curves first falling off rapidly with 
increasing angle of scattering and then becoming flat. The extension of the 
calculations§ to the case of the inelastic scattering in hydrogen and helium, 
taking into account the distortion of the incoming and outgoing waves and the 
effect of exchange, shows that a similar behaviour to that found for the elastic 
scattering is to be expected at the lower voltages ; the calculated curves for the 
inelastic scattering show features similar to that exhibited by the experimental 
54-volt curve, which has a maximum at 100°. 

The following difficulty is now seen to arise. It has been shownj that it is 
not possible to explain the observed angular distributions in hydrogen and 
helium by merely including in the calculations the effect of distortion ; it is 

* ‘ Z. Physik,’ vol. 55, p. 437 (1929) ; vol. 66, p. 49 (1930). 
t ‘ Z. Physik,’ vol. 70, p. 567 (1931). 

J ' Proc. Roy. Soc.,’ A, vol. 136, p. 289 (1932), 

§ In course of publication. 
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necessary to include also the effect of exchange. How has it been possible, 
as shown by Holtsmark and by Allis and Morse {loc, cit.), to obtain agreement 
with the observed results for the elastic scattering in the case of the heavier 
atoms, without takiag into account the effect of exchange ? We shall see 
that the present experimental results may provide a clue. 

The angular distributions calculated by such methods as the above may be 
expressed in terms of an infinite series of spherical harmonics, and the peaks in 
the observed angular distributions are due to the predominance of one or 
more of the spherical harmonics. Since the excited atom of mercury, say, 
is not very different from that of the normal atom, it seems not unreason- 
able to suppose that the same harmonics which predominate in the elastic 
scattering also predominate in the inelastic scattering at any particular voltage, 
provided the energy lost in exciting the atom is small compared with the 
energy of the incident electrons, when the wave-lengths of the incident and 
outgoing electron waves are nearly equal ; the inelastic and elastic angular 
distributions would thus be similar at large angles and higher velocities. At 
lower velocities, however, the wave-lengths of the incident electrons and of the 
outgoing electrons which have lost energy will differ by a greater amount, 
and the similarities will tend to disappear. 

Similar arguments might be applied to show that the angular distribution 
of the outgoing exchanged electrons would be, similar to that of the outgoing 
non-exchanged electrons. This would probably be true down to quite low 
velocities, since the wave-lengths of the outgoing exchanged and non exchanged 
electrons are, of course, equal ; thus one can see how the elastic angular dis- 
tributions in the case of the heavier atoms might be explained without taking 
into account the effect of exchange. 

The problem of the scattering of electrons by the heavier atoms may thus 
be simpler than would be expected from the presence of the many complicating 
factors, and it seems likely that in the explanation of the inelastic scattering, 
as weU as in the elastic, it is merely the size ” of the atom which is funda- 
mentally important. 

Experiments are in progress with other gases, and also further theoretical 
calculations. 

In conclusion, we wish to thank Lord Rutherford and Dr. J. Chadwick 
for their interest and encouragement throughout the work, and Dr. H. S. W. 
Massey for much discussion and many valuable suggestions. 
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Summary. 

The angular distribution of inelastically scattered electrons has been 
investigated in helium, argon and mercury vapour for the angular range between 
20° and 160°. The scattered electrons of different energies were sorted out by 
a uniform radial electrostatic field. 

In helium, scattering curves have been obtained showing small and large 
angle scattering for 64, 83, 120 and 196-volt electrons, and theoretical curves 
are given for comparison. Angular distributions have been obtained in 
argon for 42 and 61-volt electrons, and in mercury vapour for 21, 31, 42, 65, 
83 and 120-volt electrons. At the higher voltages, maxima and minima 
occur in the inelastic curves, which are similar to the corresponding elastic 
curves, while at the lower voltages in mercury vapour the resemblance gradually 
disappears. 

The results suggest that the problem of the scattering of electrons by atoms 
is not so serious as might be expected from a consideration of the various 
complicating processes which are involved, and that in the explanation of the 
observed results for the elastic and inelastic scattering of electrons by the 
heavier atoms, it is merely the “ size ’’ of the atom which is of fundamental 
importance. 
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Further Experiments on Superconductivity with Alternating 
Currents of High Frequency. 

By J. C. McLennan, F.E.S., A. C. Bubton,* A. Pitt, and J. 0, Wilhelm. 

(Received September 12, 1932.) 

In some previous papersf experiments have been described in which the 
phenomena of superconductivity were investigated by the use of alternating 
currents having frequencies up to 16 milKon per second. It was found that 
with these currents there was a critical temperature at which the high frequency 
resistance abruptly decreased and that this point was a little lower than the 
critical temperature at which superconductivity appeared when direct currents 
were used. This depression of the superconducting point was shown to be a 
function of the frequency of alternation of the currents used, becoming greater 
the higher the frequency. The effect was investigated with the metals tin, 
lead, and tantalum, by using several frequencies. In this paper further 
experiments upon the frequency disturbance of superconductivity are described. 

1. ExperiTnents with Lead. 

Lead had been the metal used in the first experiments that were made , with 
high frequency currents, and it was shown that with currents of frequency 
1*1 X 10^ per second there was an abrupt change of high frequency resistance 
as the temperature was lowered, that appeared to occur at a slightly lower 
critical temperature than 7 • 2° K. the critical point at which the direct current 
resistance of lead abruptly disappears. The preliminary nature of these 
initial experiments did not permit an accurate determination of the tempera- 
ture, although there were indications that there was a depression of the critical 
point, such as was later established in the experiments with tin and tantalum. 
It was therefore desirable that the experiments with lead should be repeated 
and, if possible, with a more accurate determination of the temperature 
involved. It was thought possible that as the superconducting point with' 
direct currents, 7-2° K., was considerably higher than that of the other metals 
investigated (tin 3*76° K., tantalum 4*3° K.) a frequency disturbance of 
greater magnitude might be found, 

* Fellow of the National Research Council of Canada. 

t McLennan, Burton, Pitt and Wilhelm, ‘ Phil. Mag.,’ voL 12, p. 707 (1931) ; ‘ Proc. 
Roy. Soc.,’ A, voL 136, p. 52 (1932). 
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The apparatus originally used (fig. 1) was modified by the addition of a 
helium gas therometer at C in the space beneath the resonator, so that with 
it and the thermometer T temperatures noted above and below the coil might 
be recorded. The added thermometer consisted of a pyrex glass bulb of 
capacity about 10 c.c., filled at room temperature with helium at atmospheric 
pressure. A copper tube of fine bore sealed, at the level of the thermometer 
T, to a glass capillary connected the bulb to a manometer mounted outside 
the flask. The two thermometers were compared at three temperatures 
during each experiment, namely, at room temperature, at 
the temperature of liquid air, and at the helium lique- 
faction point. 

A resonator of lead wire of diameter 0-038 mm., with 
lead condenser plates was used, having a natural frequency 
11-6 X 10® per second. The procedure followed in the ex- 
periments was exactly similar to that employed in previous 
work. As the resonator was cooled resonance curves were 
obtained at various temperatures, from the height of the 
“ peak ” of which the high frequency resistance of the 
lead could be deduced, being inversely proportional to 
the peak height. As the critical temperature was ap- 
proached, the frequency of the oscillator was adjusted so 
that it remained at the point of resonance, and the galvan- 
ometer deflection that indicated the height of the peak was 
observed closely. When a sudden increase in this deflection 
indicated that the critical point had been reached, the 
temperatures instantaneously indicated by the two ther- 
mometers, above and below the coil, were recorded. Since 
cooling proceeded downwards from the liquefier, above the coil, the tempera- 
ture of the latter must be between these recorded temperatures, i.e., the 
con was warmer than the thermometer T and not warmer than the 
thermometer C. 

The result of repeated determinations of the critical point was that the 
temperature of the lower thermometer was 7*0 ± 0-1° K. while that of the 
upper was 7*0 ± 0-1® K. The indicated point was then 7*0® K. with a 
possible error of ± 0*1® K. Eepeated experiments with direct currents had 
shown that the change to superconductivity occurred when the upper ther- 
mometer registered a temperature of 7*2® K., i.e., when the temperature of 
the specimen was certainly not less than this. There was then a definite 



Eig. 1. 
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indication of a depression with this frequency of about 0 *2° K. The difficulties 
of regulating and of reading accurately the temperature of the circulating gas 
prevent more definite measurement of the effect. 

2. Bismuth-Lead Alloy. 

An alloy consisting of 58 per cent, bismuth and 42 per cent, lead had 
previously been found to have a superconducting point that was above 8° K.* 
The transition to superconductivity was known to be very abrupt, the ratio 
R/Rq just before the critical point being as great as 0*5, dropping to a zero 
value in a fraction of a degree Kelvin. This feature made it particularly 
suitable for measurements with high frequency currents, where it had been 
foimd that the higher the resistance of the resonator, the more definite the 
indication of the critical point became. 

Some wire of this composition was therefore made by an extrusion process 
by Baker & Co., Newark, N.J. A fibre former was wound with it to make a 
resonator of natural frequency corresponding to the frequency 11*6 X 10®. 
For condenser plates tin was used, as being more easily worked and available 
than plates of the alloy. As chief interest was in the temperature at which 
the transition to superconductivity took place rather than in the values of 
R/Rq for the alloy, this could introduce no relevant error. The arrangement 
of the two thermometers was the same as that used in the experiments with 
lead just described. 

The indication of the critical point proved to be very definitely given by the 
sudden increase in height and sharpness of the resonance peaks. Fig. 2 shows, 
in the contrast between the resonance curves taken at 10® K. and at 4*2® K., 
how very different was the effect upon the oscillator when the metal was in 
the superconducting state from that when it was just above the critical point. 
The results with the frequency of 11-6 X 10® per second were that the upper 
thermometer registered a temperature of 8-1° K. and the lower thermometer 
8*3® K. at the critical point. With conditions as nearly as possible identical, 
the experiment was repeated using direct currents. For this measurement 
potentiometer and current leads had to be added to the coil at the junctions of 
the wire with the condenser plates. The corresponding temperatures were 
found to be practically identical with those obtained with the high frequency 
currents, namely, 8*1® K. for the upper thermometer and 8*35® K. for the 
lower. Though there was a slight indication, in the last reading, of a depres- 


* McLennan, Allen and Wilhem, ‘ Trans. Roy. Soc. Canada,’ Sec, III, vol. 24 (1930). 
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sion of tke superconducting point with, frequency, it was not sufficiently great 
to be measurable by the methods available at these temperatures. 

The frequency disturbance of superconductivity, in the metals studied, was 
seen therefore to be an eJSect of small magnitude, measurable with accuracy 
only at temperatures below the boiling point of helium, where the more sensitive 
measurement and control of temperature by vapour pressure could be employed. 



Capacity 8c?alo. 

Fio. 2. 

3. Exferirmnis with Higher Frequewies, 

An experiment was made to find the depression of the superconducting 
point of tantalum with currents of a higher frequency than any yet used, 
namely, 30-3 X 10® per second corresponding to a wave-length of about 10 
metres. The natural frequency of the resonator of tantalum used with 
oscillations of the lower frequency was increased to this frequency by removing 
some of its condenser plates. It was found necessary in the case of the 
generator, however, to change the circuit to that known as the Hartley type. 
The variation in frequency was made by a variable condenser connected across 
the end of the coil that was in the plate .circuit.’' The frequencies were 
measured on a wave meter which was calibrated directly by measurements 
of wave-length on a Lecher wire system. 

No difficulty was found in observing with accuracy the temperature at which 
the resonance peaks by increasing abruptly, indicated an abrupt decrease in 
the high frequency resistance of the metal. With direct currents this abrupt 
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decrease occurred at a vapour pressure of 920 mm. of mercury, i.e., at a 
temperature of 4 * 4° K. well above tbe boiling point of helium ; but with currents 
of the high frequency used the critical point was not reached until the pressure 
was reduced to 770 mm. of mercury. The corresponding points at which the 
transition to superconductivity was complete were for the direct currents, 
907 mm. and for the high frequency 650 mm. There was therefore a frequency 
depression of the critical temperature of about 0-2° K., equivalent to a difEer- 
ence in vapour pressure of the liquid helium of over 160 mm. of mercury. The 
results so far obtained for tantalum are tabulated below. 



1 Starting point. ^ 

PinisHng point. 

Preq^uency. 

Pressure. 

Temperature. 

Pressure. 

Temperature. 

0 (direct currents) 

920 

4-41 

907 

4-39 

11*6 X 10« 1 

820 

4*28 

705 

4-12 

30-3 X 10‘ 

770 

4-21 

650 

4-04 


It will be seen that there is an indication that the critical temperature- 
frequency curve follows a course similar to that found for tin. If this be so, 
and the curve between the frequency 11-6 X 10^ and 30-3 X 10® be taken as 
linear, extrapolation would give as with tin, a frequency of the order of 10^ 
per second as the one corresponding to a critical temperature of 0® K. An 
experiment with a still higher frequency than 30*3 X 10® per second is, of 
course, necessary to establish this point beyond any doubt. 

Experiments with Direct and Alternating Currents flowing simultaneously in the 

Spemnen. 

Since the experiments had shown that, when alternating currents of high 
frequency were used, the superconducting state was not established until a 
lower temperature was attained than that reached when direct currents were 
used, it was therefore of interest to inquire whether the addition of high 
frequency currents would prevent the direct current resistance also from 
disappearing until the lower temperature was reached. On the other hand, 
the presence of the direct current might cause the metal to become super- 
condUjCting to the high frequency currents also at the normal, direct current, 
critical point, or some intermediate result might be found. 

Since the resonator did not offer a closed circuit to direct currents, there was 
no difficulty in the measurement of the direct current resistance of the coU. 
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For tMs purpose two pairs of leads, one pair to carry current to the coil, the 
other for the measurement of the drop of potential across the coil were 
attached to the ends of the latter where they made connection to the condenser 
plates. This addition to the high frequency circuit, however, effectively 
“ short-circuited ” the condensers of the resonator and destroyed the possibility 
of obtaining resonance in that circuit with the generated oscillations. Chokes 
had therefore to be inserted in all four of the added leads to prevent the passage 



of the high frequency currents by that path. After considerable experimenta- 
tion an arrangement was achieved in which the two measurements, that of the 
direct current resistance by the potential drop across the coil, and that of the 
high frequency resistance by the observation of resonance curves, were very 
nearly independent of each other at room temperature. 

The arrangement finally adopted is shown in fig. 3. The resonator was 
contained in the side flask into which liquid helium could be siphoned over by 
the tube A from the flask in which it was liquefied. The chokes C were con- 
tained in the metal head B of the side flask. They were made by “ space 
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winding ” constantan wire of No. 40 gauge upon asbestos string, a length of 
choke being then j&xed by thread to a fibre card. This was found to be a 
convenient method of obtaining sufficient impedance with small distributed 
capacity in a compact form. The resistance of each of the chokes was about 
200 ohms. To avoid disturbances, due to thermal electromotive forces, the 
leads D to the resonator were of the same constantan wire. Although for the 
blocking of high frequency currents it would be desirable to place the chokes 
down in the flask closer to the resonator, this could not be done as the heat 
generated in them by the direct currents used in an experiment would boil 
away the helium. The direct currents were driven by a battery of cells through 
a high resistance of the order of 10,000 ohms, included in order that any 
changes in the resistance of the chokes as the temperature was lowered might 
have negligible effect in altering the currents in the specimen. For the 
measurements of the potential drop across the coil, the observation of the 
deflection of a high resistance galvanometer shxmted by the specimen was 
preferred to the usual potentiometer measurement as it was of greater simplicity. 
Errors due to thermal electromotive forces were eliminated, by observing the 
deflections in opposite directions on the scale of the galvanometer when the 
reversing switch, K, was operated. The deflections of the two measuring 
galvanometers, the one in the direct current circuit and the other in the plate 
circuit of the generator, were shown on two scales that were arranged one 
inomediately above the other. 

Tantalum was chosen as the metal to be used for the resonator because of 
its purity and of the position of its critical point. 

When the tantalum coil had been covered with liquid helium the pressure 
upon the liquid was raised to a total greater than 950 mm. of mercury ; the 
normal transition temperature for tantalum being that corresponding to 920 mm. 
vapour pressure. With the high frequency generator not operating, observa- 
tions of the deflection of the galvanometer giving the potential difference across 
the tantalum coil were taken at successively lower pressures until super- 
conductivity was complete. The graph, fig. 4, between the resistance ratio 
E/Eq and the temperature shows the results in the curve marked by circle. 
The change in resistance began to be evident at a pressure of 927 mm. and was 
complete at about 907 mm. pressure. The direct current in the specimen was 
12-9 milliamperes. 

The high frequency generator was then switched into operation, its frequency 
being adjusted until the peak of the resonance curve indicated that the maxi- 
mum high frequency current was being induced in the tantalum coil. While 
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the maximum high frequency current was flowing observations of the direct 
current resistance were then repeated over the same range of pressures as 
above. No change from the previous results could be noticed. In order that 
the ratio between the induced high frequency currents and the direct current 
in the metal might be made as great as possible, the coupling between the 
generator and resonator was increased while, at the same time, a smaller direct 
current, 7 • 1 milliamperes, was used. 

The curve marked by crosses in the graph, fig, 4, shows the results now 
obtained. It is evident that the presence of the high frequency currents 



Fig. 4, 

delayed the initial appearance of the change in resistance, although the final 
point where the resistance had reached a zero value was unaltered. The 
greater “ steepness ” of the transition when the high frequency currents were 
present was very noticeable when the experimental observations were being 
made. 

This result is what would be expected if there were an effect of the high 
frequency currents in preventing the change to the superconducting state 
until a lower temperature than the normal. Due to the skin effect ” the 
high frequency currents would be largely confined to the outside of the tantalum 
wire, leaving a central region of the wire where the high frequency current 
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was very small, liowever great the total high frequency current carried by the 
wire might be. We were then measuring the resistance of a number of con- 
ductors in parallel, in which there were high frequency currents of varying 
magnitude from zero up to the maximum current density at the surface of the 
wire. There was therefore one of these conductors, a fine core in the centre of 
the wire, whose resistance would follow the curve marked by circles, vanishing 
at the normal point, at 907 mm. pressure. The measured direct current 
resistance, namely, that of the conductors in parallel, had therefore to vanish 
at this point. At higher pressures where the resistance of the filament con- 
sidered had not completely vanished, the increased resistance of the other 
filaments, due to the high frequency currents in them, made the total measured 
resistance ratio E/Rq higher than that found without high frequency currents 
present. The curve obtained was therefore just what would be expected of 
a system of conductors in parallel under such conditions. 

To complete this part of the experiment, an estimate was made of the 
relative magnitudes of the high frequency and direct currents present in the 
wire during the experiment. The flasks around the resonator and chokes 
being removed, a small crossed-wire ’’ type of vacuum thermocouple of 
resistance about 0 • 6 ohm was inserted in series into the circuit of the resonator 
at the point where one end of the tantalum coil was connected to a set of con- 
denser plates. The leads from the junction were short lengths of fine wire, 
leading to a galvanometer and twisted together to minimise induction of high 
frequency currents in them. The maximum deflection of this galvanometer 
when the generator was operated at the resonance point was noted, and the 
magnitude of the direct current was found that would produce the same 
deflection when passed through the resonator coil. This direct current was 
17-6 milliamperes. Since it was known that for the fine wire of the thermo- 
couple the high frequency resistance was negligibly greater than the direct 
current resistance,, the high frequency currents must have been also of this 
magnitude, 17*6 milliamperes. The resonance peak recorded by the variation 
of the plate current of the generator was simultaneously of about half the value 
obtained in the actual experiment at the low temperature. Since, with con- 
stant coupling, between resonator and generator the height of the resonance 
peaks was proportional to the current in the resonator (by the relation 
di 

e = My = ^ Mcoi), the value 35 milliamperes can be given as the lower limit 

Clu 

of the high frequency currents in the resonator at the low temperatures. The 
direct current was only one-fifth of this in the final experiment. 
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This point is made in some detail because it gives an estimate of the order 
of magnitude of the high frequency currents used in the whole series of experi- 
ments that have been made with the different metals, in all of which the currents, 
as shown by “ resonance peaks "" had values less than the 35 miUiamperes just 
arrived at. The possibility of the depressions found in these experiments 
being due to errors, caused by heating effects that do not occur in direct current 
experiments, is therefore denied beyond doubt. For in the experiment just 
described, high frequency currents of magnitude greater than any previously 
used were present yet produced no apparent depression of the superconducting 
point at all comparable to that measured in the experiments referred to. 

It was logical to proceed to an experiment in which no part of the metal 
imder test could escape the action of the high frequency currents. Skin 
effect may be practically eliminated by the use of a tubular conductor in which 
the thickness of the metal is small compared to the diameter. Such a conductor 
was constructed by wiping ” a layer of block tin upon a constantan wire, 
of diameter 0*016 cm. The tin skin was of average thickness about 1 /600 mm., 
and its presence decreased the resistance of the wire at room temperature by 
about 7 per cent* Calculation shows that at the low temperatures just above 
the superconducting point the resistance of the constantan would then be at 
least 30 times that of the tin, so that the presence of the core of constantan 
could introduce no serious errors in the measurements in that region of tempera- 
ture. This device had the advantage also that the resistance of the resonator 
at the low temperatures was much greater than it had been possible to obtain 
by the use of solid tin wire. 

The experimental procedure was the same as in the preceding experiment. 
The deflection of the galvanometer indicating the potential drop, proportional 
to the direct current resistance of the cod, was observed at a series of tempera- 
tures with and without the presence of high frequency currents simultaneously 
flowing in the metal. The results are shown by the graph, fig. 5, in which the 
curves show the relation between the direct current resistance ratio R/Rq and 
the temperature, both without high frequency currents present, and with these 
simultaneously flowing in the metal. 

When, in addition to the direct current, high frequency currents were induced 
in the same conductor, the resistance was changed so that the curve AB first 
obtained was shifted to lower temperatures, becoming the curve A'B\ The 
switching on and off of the high frequency generator changed the resistance 
reversibly from the point A to A', B to B' and so on. Even when the resistance 
had become zero on the undisturbed curve, it could be partially restored to the 
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metal by the switching on of the generator. The points on the curves were 
obtained as the temperature was gradually lowered by decreasing the vapour 
pressure of the helium, but in addition a series of pairs of points such as AA', 
BB', were obtained as the specimen was allowed to warm up. With these the 
accuracy of the curve could be checked. 

The ratio of the high frequency to the direct current was then decreased by 
simultaneous decrease of the coupling of generator to resonator and increase 
of the direct current in the specimen ; curves intermediate between the, two 
just described were obtained showing that the position of the displaced 
curve depended on the relative magnitudes of the direct and high frequency 
currents in the specimen. A number of curves were obtained with different 
values of this ratio, but for clearness only one of them, CD, is included ia the 
graph. 

High Frequency Resistance. 

In the same experiment it was possible to follow the changes in the high 
frequency resistance quite independently of the measurements of the direct 
current resistance. When observations giving the latter were recorded at any 
temperature the height of the resonance peak, indicated by the second galvano- 
meter,' were simultaneously observed. Curves can, therefore, be drawn show- 
ing how the high frequency resistance changed with temperature, both with 
and without accompanying direct currents in the specimen. Two of such 
curves are drawn in fig. 6, curve I being that obtained without, curve II with, 
accompanying direct current in the metal. The high frequency resistance can 
be given in arbitrary units only, as the total high frequency resistance, which 
included an induced ’’ resistance, due to the neighbouring currents as well as 
the resistance of the tin-constantan coil, was the quantity that was inversely 
proportional to the height of the resonance peaks. The relative values of the 
resistance of the coil itself plotted in the graph were obtained on the assumption 
that the added induced ’’ resistance was a constant quantity in this range of 
temperature. 

It was seen that the presence of the direct current had the effect of shifting 
the curve to higher temperatures, so that while there was still some resistance 
offered to the high frequency currents alone, that resistance could be wholly 
or partially removed by the addition of the direct current field in the metal, 
as shown by complete change A to B and partial change C to D, fig. 6. When 
both currents were flowing in the metal, the respective temperatures at which 
the high frequency began to change abruptly and had completed the change, 



256 


J. C. Mclennan and others. 


were the same as the corresponding temperatmes for the direct current 
resistance that was simultaneously observed in the experiment. This could 
be verified by inspection of the values obtained in the various experiments with 
different ratio of high frequency to direct current. That is, observations of 
the direct current resistance taken at the same time as the observations giving 
the high frequency resistances in curve II, fig. 6, yielded values of the direct 
cxurent resistance ratio R/Rq that lay on a curve intermediate between curve 
AB and A'B' in fig. 5 (close to, but not identical with the curve CD). 



He Vapour Pressure. M.M. Hg. 

Pio, 6. 

Two effects have therefore been established, the depression of the critical 
point for the direct current resistance by the application of high frequency 
currents, and the raismg of the critical point for the high frequency resistance 
in the presence of a direct current. When both currents are flowing in the 
metal, the critical point for the direct current resistance is the same as the 
critical point for the high frequency resistance, ie., when the superconducting 
state had been established at this common critical point, resistance was 
offered neither to the direct nor to the alternating current. The position of 
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this common critical point on the temperature scale was dependent on the 
ratio of the magnitude of the direct to the high frequency currents in the 
specimen. 



He Vapour Pressure. M.M. Hg. 

Fig. 6. 

Summary. 

Experiments have been carried out on the phenomena of superconductivity 
with alternating currents of high frequency, following those already reported. 
In these experiments, observations have been made on the resistance of a 
conductor at low temperatures when both alternating (frequency 12 X 10®) 
and direct currents were flowing simultaneously. 

The experiments may be divided into two sets : 

{a) The resistance offered to direct currents by the metal (tin) was 
measured both with and without accompanying high frequency currents. 

(b) The resistance offered by the same sample to high frequency currents 
was measured both with and without accompanying direct currents. 


VOL. oxxxviir. — ^A. 
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The resistaaces of the conductor to direct currents and to high frequency 
eorr^its measured hy independent methods. 

When boii currents wete flowing, the critical point for the high frequency 
resists was ihe same as the critical point for the direct current resistance ; 
the poation of this common critical point on the temperature scale is 
determined by the ratio of the magnitude of the direct to that of the alter- 
nating current. Thus, when the superconducting state has been established 
at tHs common critical temperature, resistance was offered neither to direct 
nor to alternating currents. 

Two effects have therefore been established, the depression of the critical 
point for the direct current resistance by the application of high frequency 
currents, and the raising of the critical point for the high frequency resistance 
in the presence of a direct current. 

These experiments confirm the reality of the frequency disturbance of the 
supereonducting point found in our early experiments, and it follows that any 
theory of the nature of superconductivity that may be advanced must include 
an explanation of this new phenomenon. 
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Adsorption. A Study of Availability and Accessibility. 

By Sir William Haedy, B.E.S., and Millicent Nottage. 

(Received Marcli 16, 1932.) 

Our object is twofold — ^to show how friction may be used to analyse the 
composition of an adsorbed layer, and to exhibit the remarkable effect of 
“ previous history ” upon its composition and properties. When polar 
molecules are absent the composition of the layer when first formed commits 
it to a path of change from which it can escape only by turning back on its 
path and passing through the point of origin. 

In the opinion of one of us the esgperiments are of interest to biologists. 
They reveal systems, let us call them solutions, whose relations to an adsorbing 
surface are complex and active only over a curiously narrow range of tempera- 
ture of some 15 to 20 degrees ; outside this range, temperature has no effect. 
The influence of previous history ” is great and that of chennic^ constitution 
obvious. The remarkable “specific” relations so' characters of living 
matter are not there but only molecules of simple type incapaMe* of mutual 
chemical reaction are involved : — Speciflcity in fact is mmrely a question of 
degree. Given molecules of complex atomic pattern and the phenomena would 
probably have been quite beyond analysis, indeed the curves for the m^n^l 
reaction (adhesion) of simple binary mixtures are beyond explanation 
when the components can react together or when one is a ring and the other a 
chain compound.* 

The facts will be stated in terms of two assumptions. It will be assumed 
that the slider used, which had a spherical face, owing to the great pressure 
under it, reduced the layer of lubricant to two primary layers with the yield 
plane or surface of slip between them. This is the first assumption; its 
validity has been discussed in earlier papers.f Static friction, which alone 
is considered, is the strength of the joint in shear ; it is also the mammal 
reaction of the surface of slip to traction. 

The second assumption is that each of the molecules which compose the two- 
primary layers contributes independently to the total reaction, and the vahte 
of an individual contribution is fixed by the atomic structure of the ij^lecrie 
to which it belongs. This assumption makes it possible to identify' the species 

* Nottage, ‘ Proc. Roy. Soc.,’ A, vol. 118, p. 607 (1928), 6^. 2 3. 

t Hardy and Biroumshaw, ‘ Proc. Roy. Soc.,’ A, vol. 108, p. $ (19^). 
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of molecule' present in the layers and to follow changes in the composition of 
the latter. 

The equation for the friction of a lubricant composed wholly of a single long 
chain compound is : 

2i 

where the first term on the right is a pure function of the nature of the solids, 
steel, glass, etc., and the term in brackets is a pure function of the atomic 
structure of the lubricant.* Since the solid was the same throughout, both 
slider and plate being of mild steel, the contribution of the solid can be neglected 
in computing changes in the relative numbers of different species of molecules. 

A few words must be devoted to the first assumption. In 1912 one of us’f’ 
pointed out that in aU close packed structures whose molecules are other, than 
spherical the cohesive forces across an interface would not only hold molecules 
by direct attraction, the range of the force being of the order of dimensions of 
a liholecule, but would also penetrate as an oriented strain transmitted from 
molecule to molecule.^ 

Direct observation with X-rays and indirect evidence such as is furnished 
by the Mean Value Rule which defines the effect of the nature of the solid 
upon friction and adhesion, have confirmed this view, at any rate for long chain 
compounds and for solid surfaces. 

The layer held hy direct attraction is probably identical with the primary 
layer— that is the well-known layer of insensible thickness which spreads over 
clean fluid or solid faces. This layer has a large heat of formation, is strongly 
held and is probably mono-molecular. It is the layer formed by “ primary 
spreading.’"! 

But the mechanical properties of the layers formed by transmitted strain 
are also determined mainly by ibe fi.elds of force of the solids. Indeed the 
Mean Value Rule shows that the influence of a solid can penetrate some 
thousandths of a millimetre into a fluid in contact with it. Therefore as one 
has primary and secondary spreading of liquids over surfaces, it is just to 
primary adsorption and secondary adsorption. 

According to the first assumption, however, the lubricating system is reduced 
hy a spherical slider to two primary layers, one on each steel face, with the 

* Hardy and Bircnmshaw, Zoc, cit, p. 24. 

f Hardy, ^ Proc. Roy. Soc.,’ A, vol. 86, p. 131 (1912). 

J Hardy and Doubleday, ‘ Proc. Roy. Soc.,’ A, vol. 100, p. 668 (1922). 

§ Hardy, ‘ Phil. Mag.,’ voL 38, p. 49 (1919). 
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surface of slip between them. Only steady states are considered, and as the 
slider was frequently moved about on the plate the primary layers may be 
considered to have been in equilibrium with the oil. 

In the sequel it will be seen that both assumptions are possibly too narrow, 
for even a spherical slider seems sometimes to be unable to penetrate to mono- 
molecular layers, and the mechanical properties of a molecule in the primary 
layer depends not only upon its own chemical constitution and the solid to 
which it is attached but also upon both normal and tangential reactions with 
its neighbours. 

Certain terms need definition. By successive extractions of two commercial 
oils with acetone or by exposure to adsorbing surfaces such as those of clean 
glass beads it has been found possible to remove the more reactive constituents 
until the fraction dissolved by the acetone or adsorbed had the same com- 
position as the residual oil.* Since selective adsorption had then ceased the 
residuum was an adsorption individmd with no temperature coefficient of 
friction between the limits explored, namely, 10° C. to 106° C. From its method 
of preparation it may be taken to have been freed from polar molecules. 

The adsorption individual was found to form from 93 to 96 per cent, of the 
two commercial oils examined — ^it is the Mumt which holds in solution from 
4 to 7 per cent, of active componen^s.f 

Obviously when a lubricant is a single pure chemical individual it is also an 
adsorption individual and has no temperature coefficient of friction.* No 
exception to this rule has been found. 

A temperature-friction curve is said to be reversible when it has the same form 
for an ascending as it has for a descending series of temperatures. The curves 
for adsorption individuals are always reversible. 

The sMe of an oil is defined by the statistical average taken by volume or by 
time of the molecular species composing it. The word in short has its ordinary 
significance in kinetic theory. The state of a component in an oil may be 
such that in competition with other components or with the diluent itself it 
cannot find a place in the adsorbed layers — ^it is then said not to be amUafAe 
for adsorption. It may, however, be available when it competes for a place 
on a dean surface but unable to displace other molecules already in pomesmqn 
of the surface. It is then said not to be accessi&fe.f ' - 

* Hardy and Nottage, “ Lubrication Research, Technical Paper No. I,” p* 16» H Jls. 
Stationery Office (1929). 

t Jhid., p. 39. 

J Grammatically mor^trous but i^rvieeable. . , t 
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Availability and accessibility are two potentials which are not absolute but purely 
relative to the similar potentials of the diluent, and therefore if they could be measured on 
some absolute scale a variation in, say, the availability of the component might be found 
to be due either to a change in its own state, or to a change in the state of the diluent. 
But as the experiments do not allow us to discriminate, the simpler course has been taken 
of stating the facts wholly in terms of the component as though the variations were 
absolute and not merely relative. 

A convenient diluent for experimental purposes is the medicinal “ paraf36n ’’ 
of the pharmacopoeia which is here called “ Oil B.P/’ It is prepared from a 
mineral oil by prolonged percolation through highly adsorptive material. 
It has no temperature coefi&cient of friction over the range explored, 8° to 
106° 0. It appears to be composed of saturated cyclic compounds and has 
the great advantage of combining a low vapour pressure with fluidity over the 
whole range. 

Besides oil B.P. a wax denoted by KO.P. was used as diluent. It also has 
no temperature coefficient of friction, and appears to be a mixture of saturated 
hydrocarbons melting between 54:° and 57° 0. 

The respective coefficients of friction are, for the mild steel used : — 

pt'B.p. ~ 0*228 IJ^N.o.p. ~ 0*276. 

The components used were palmitic acid |Xac. == 0, melting point 62° C., 
hexa-decyl alcohol pai. = 0*114, melting point 50° 0., and the wax N.O.P. 

The interest of the experiments lies in the comparison of two entirely distinct 
adsorption equilibria. The first is the equilibrium when the oil in mass, the 
plate and the slider were at the same temperature before the pool of oil was 
placed on the plate. It gives the adsorption for a particular temperature 
when the adsorbing surfaces are clean. The friction-temperature curve will for 
short be called the X curve and be shown as an interrupted line. 

The second is the equilibrium when the system has been warmed or cooled 
to the particular temperature whilst the oil is in contact with the adsorbing 
surfaces. The curve is called the 0 curve and is drawn as a continuous line. 
Obviously the 0 curve always starts from that point on the X curve at which 
the oil has been applied to the surfaces. 

A point on the X curve gives the value reached when lubricant and adsorb- 
ing surfaces have been brought to that temperature separately and maintained 
at that temperature long enough to be in equilibrium with it. 

A point on the 0 curve on the contrary gives a value reached when the 
adsorbing surfaces have been continuously in contact with the oil and in 
equilibrium with it through a range of temperature. It is a value determined 
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not merely by tbe availability of tbe substances for adsorption but also by 
tbeir accessibility, that is by their capacity for displacing molecules aheady in 
possession of the surface. 

The X curve is a curve of availabLlity whose shape depends upon the state 
of the oil in mass, the 0 curve is in the main a curve of accessibility. 

The X curve was reversible in each of the three examples studied, that is 
to say the friction at any temperature was the same whether the mixture in 
bulk had been warmed up, or cooled down to that temperature. Curve 0 was 
reversible only when no polar molecules were present. 

Both curves are remarkable for two things, the variations of friction lie 
within a narrow range of temperature and are limited to the friction of the pure 
diluent on the one hand and of the puife component on the other.* In discussing 
the former care has been taken not to hide ignorance by the use of the word 
colloidal. 

Example 1 . — No Polar Molecules. Dilumt, Oil B.P. Component, Wax N.O.P. 

The wax was dissolved with vigorous stirring in the oil at a little above the 
melting point of the former. The mixture was then allowed to cool and kept 
for 24 hours. To the naked eye it seemed homogeneous. Three mixtures 
were studied containing respectively 2*4, 0-61, and 0*16 per cent, of wax. 

(i) Wax 2 • 4 p&r cenJt. (Fig. 1.) 

Ourm X . — ^Since the curves for oil B.P. and wax X.O.P. are horizontal lines 
at ^ = 0*228 and [l = 0-275 respectively, the figure shows that curve X leaves 
the former at about 22^^ and joins the latter at about 45° 0- Therefore below 
22° the wax in solution is not available for adsorption whilst above 45° the 
oil B.P. is not available. 

Between these limits and as temperature rises the state of the mixture must 
change in a way which increases the availability of the wax so that more and 
more molectiles find their way into the primary layers. The form of the curve, 
indeed, suggests that availability is limited to some particular species of 
molecules of the wax and that the concentration of this particidar species 
increases with rise of temperature. 

The change with temperature of the relative number of molecules of pil 
B.P. and of wax in the primary layer might be due in part to a change in the 
selective adsorption of the steel surface. This is unlikely because it seems 

* The limitation holds only for steady states, see Appendix, p. 281. 
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incompatible with, the fact that an adsorption individual prepared from a 
complex oil by adsorption at a particular temperature or by extraction with 
acetone has no temperature coefficient of friction over the full range. A single 
chemical individual also has no temperature coefficient. 

The changes in state of the oil were completely reversible, that is to say, the 
position of a point in the curve was the same when the oil was warmed from 



Eig. 1. — In this and in the succeeding figures, the X curve is an interrupted line ; the O 
curves are in continuous line with the initial temperature given in numerals. 


room temperature as it was when the oil was cooled from 100® C. In this 
special sense then curve X was reversible. 

Guwe 0 must always start from some point on curve X, and its form, as fig. 1 
shows, depends upon this initial temperature which, as curve X shows, fixes the 
initial composition of the primary layers. The form of curve 0 therefore 
depends upon the capacity of molecules of wax to displace molecules of diluent. 

It may be assumed that this capacity increases as availability increases, but 
if this were all curve 0 would coincide with curve X. Since it does not so 
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coincide its form must depend upon the variation with temperature both of 
availability and accessibility. 

The fundamental assumption enables us to give a numerical value to the 
availability of the component which may be defined as the fraction of unit 
area of a primary layer seized by the component when it competes with the 
diluent for position on a clean solid surface. The X curve then shows that 
availability is zero at 22° 0. and has imit value at 45°. At intermediate 
temperatures the value is given by the ratio — [Xb.p. [^n.o.p. 

Turning to fig. 1 it will be seen that when the initial temperature is at or 
below 22° and the primary layers are composed wholly of molecules of oil B.P. 
the molecules of wax are unable to get access below 48° 0. in spite of the fact 
that availability is unity at 45°. 

When the initial temperature is about 30° or higher the 0 curve coincides 
with the X curve, accessibility is therefore complete and the curve follows the 
change in availability. 

Between these two limits there are a set of curves which have remarkable 
features. Each sweeps up to a saturation level at which the composition of 
the primary layer becomes independent of a further rise of temperature and the 
critical temperature at which this condition is reached is sensibly 46° when 
availability, has unit value. 

It will be noticed that the curves sweep up more steeply and the saturation 
level rises rapidly as the initial temperature rises. From this we must conclude 
that the presence of molecules of wax in the primary layer when it is first 
formed increases the chance of access of further molecules of wax. It is as 
though each molecule of wax weakened the hold of the molecules of B.P. oil 
in its neighbourhood. 

From the fundamental assumption the fraction of unit area of a primary 
layer occupied by wax molecules can be calculated. The values are given in 
columns 3 and 5 of Table I. 

The 0 curves are completely reversible and the equilibrium therefore must 
be kinetic — ^that is to say it is the result of continuous evaporation from and 
condensation on to the primary layer from the overlying oil. The reversibility 
has certain striking features, which can be indicated briefly by considering the 
curves at the linodts of the series. To save space a particular curve is indicated 
by a subscript which gives the initial temperature — that is the point on curve 
X at which curve 0 starts. 

Curve 0i8« to 22»- — The curve has the same form when plotted by an ascend- 
ing series of temperatures as it has if the series is 18° 100° and then by 
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Table I. 

Curve X. 

No availability. Availability unity. 

Belov 23“ ft = -228. 46“ n = •275. 

Curve 0. 


Initial 

1 

Accessibility 



Temperature 

Rsat. “ 

— /XB.p. 

temperature. 

begins. i 

! 

A^X.O.P. /iB.P. 

saturation level. 

f^N.O.P. 

— MB.P. 

]8° 1 
22° / 

48° fx 

1 = 0*228 

0*00 

55° 

to 60° /x=: 0*238 

1 » 

•21 

23° 

23° 

0*229 

1 f 

47° 

0*238 

J 





V 0*02 4 





24° 

24° 

0*229 

J 1 

45° 

0*243 

0 

•32 

26° 

26° 

0*230 

0*04 

45° 

0*264 

0 

•77 

CO 

o 

28° 

0*233 

0*10 

45° 

0*274 

O' 

•98 

30° 

30° 

0*236 

0*15 

46° 

0*274 

1 









•0 

1? 

36° 

0*247 

0*19 

46° 

i 

0*276 

J 



descending steps to 18°. Its form is fixed by the starting-point only. The 
kinetic character of the equilibrium is seen when a big jump in temperature 
is made, there is then a latent period of about 20 minutes during which the 
friction rises or falls, as the case may be, to the steady value. 



Fig. 2. 


Curve Ojo..— So long as the series starts at 30° the points lie on the same curve 
independent of the order in which they are taken, but if the lower limit of the 
curve is passed the system takes on an entirely new character ; fig. 2 will 
make this clear. Two curves are drawn in continuous line, the curve Ojjo 
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for ascending temperatures and the curve Ojgo. To avoid confusing the figure 
all the points observed are not noted — ^they may be taken to be those shown 
in fig. 1. 

A mixture containing 2-4 per cent, wax was applied to the clean steel faces 
at 30° and the friction measured at temperatures up to 100° and down to 18° 
and the points, as will be seen, lie on the curve. At 18°, however, all the 
wax molecules have left the primary layers and the system now is the same as 
though the initial temperature was 18°, for on warming again the points lie 
wholly on that curve. 

The initial temperature obviously commits the system to a path of change from 
which it seems able to escape only by overstepping the lower limit of the path. 

It seems to be impossible to put the system on any of the paths 022*^ to Ogo* 
save at the lower limit, but the path of OgQ* can be entered at any point simply 
because availability and accessibility are both at limiting values. For this 
reason the 0 curve was found to be the same for initial temperatures 30°, 35° 
and 70°. 

One important conclusion remains to be noted : it is that at any temperature 
above that at which the availability of the component begins (22° C.) an 
indefinite number of equilibrium values of friction are possible for any one 
temperature, each depending only on the previous history of the system. 

The form of the curves invites many questions which cannot be answered 
without more knowledge. Why has the initial state such a preponderating 
influence ? If, as one is almost driven to admit, the molecules of wax initially 
in the adsorbed layer are centres of increased accessibility, why does the process 
of replacement not go on as it were autocatalytically until the limit is reached 
when the primary layer is wholly composed of wax ? Saturation levels are 
relatively easily understood when the component is composed of polar mole- 
cules and the 0 curves are completely irreversible, but how a path of change 
fixed only by an initial state can coexist with complete reversibility is difficult 
to explain. On the simplest possible view a saturation level would be due 
to condensation of all the wax into the adsorption layer, but that layer 
must then be more than mono-molecular, since a rough calculation, in which 
the smear of lubricant was taken at its thinnest, shows that such a layer 
could contain no more than 4 per cent, of the wax. An arithmetical 
explanation of all the facts could no doubt be framed in terms of the ratio 
between wax dissolved and adsorbed but that would miss the real interest, 
at any rate to biologists, which is the organisation of the whole of the oil 
(compare pp. 269, 279 and 281). 
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(ii) Wax 0*51 per cent (Fig. 3.) 

Curve X is less steep and tlie saturation level much lower, availability rising 
only to about 0*7. The temperature limits are, however, the same, namely, 
23° to 45° C. The 0 curves show the same general features as with 2*4 per 
cent, wax, but the levels are lower. 



20 JO JO SO 

lempzroXuro. (t) 

Fig. 3. — 0-51 per cent. wax. The X curve for 2*4 per cent, wax is shown for reference. 

Availability is maximal at 45° C. but, owing to the small quantity of wax, 
the concentration of the “ active ” molecular species is not high enough to 
displace completely oil B.P. from the primary layer. 

(iii) Wax 0-16 f&r cent (Fig. 4.) 

The saturation levels are still lower, that of the X curve having fallen to 
(X = 0*242 when the availability is only 0-3. The temperature limits have 
changed, the curves being moved up the scale. 
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Fig. 4. — 0-16 per cent. wax. The beginnings of the X curves for 2*4 per cent, and 0*51 


per cent, are shown for reference. 


Comparing the three concentrations we get : — 


X Curve. 


Wax. 

Temperature 

limits. 

Accessibility 

complete. 

Friction 

range. 

per cent. 

0 

o 


2*4 

23-45 

30 

0*228-0*275 

0*51 

23-45 

40 

0*228-0*260 

0*16 

40-55 

45 

0*228-0*242 


The shifting of the curves to the right by a fall in total percentage of the wax 
raises new difficulties. Since solubility increases with rise of temperature 
the maximal dispersion of the wax would not be moved up the temperature 
scale by decreasing the total percentage, therefore a rise of temperature must 
do something more than merely break down complexes of molecules. 

The effective concentration of wax depends to only a small extent upon the 
total concentration. This at any rate is the conclusion to be drawn from a 
detailed study of curve Oig"* 

The percentage of wax was varied between the limits 0*13 and 3*06. The 
form of the curve was the same for all the mixtures and the curves practically 
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coincided from about 0*5 per cent, upwards. Below 0*5 per cent, tbe satura- 
tion level falls and the temperature at which the primary layer is saturated with 
wax falls as the total concentration falls, but the change is slight. The tempera- 
ture at which accessibility begins is sensibly independent of concentration. 


Table II. — ^Initial Temperature 18° 0. 



Enough points to fix the temperatures exactly were not measured. 

The temperature of access and indeed the whole group of curves are related 
closely to the melting point of the wax. The curve was plotted for two 
waxes and two normal paraffins and fig. 5 shows the close relation in each case 
between availability, accessibility, and the melting point.* 



0 £0 -fa 60 eo m 

7 zmpzroJiu.r<L 

Fia. 6. 


* When the report (“ Lubrication Research, Technical Paper No. 1 ”) already referred 
to wasTvritten the only curve known to us was curve and the relation to the melting 
point led to the inference that it was a simple curve of availability. Curve X and the 
other curves show that the inference was wrong. 
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The broad conclusion is that the limits within which the composition of the 
adsorbed layer becomes a rapidly var 3 dng function of temperature are fixed 
mainly by the appearance in the mixture of highly dispersed molecules of 
the component, but this is not the only way in which temperature intervenes. 
The active ” species begins effectively to compete with the diluent at 22^ C. 


Example 2. — Gomponevat, higUy-polar, namely, Palmitic Acid. Diluent, non- 
polar Oil B.P. Melting point 63°. p.ac. = 0, p.B.p. = 0-228. (Fig. 6.) 

At first sight nothing could be more different than the behaviour of this 
system. The curves in example 1 sweep upwards, in 2 downwards, the former 
are wholly reversible, the latter are wholly irreversible and yet there are 
fundamental similarities. In both it is obvious that the limit within which 
the curve can move is fixed by the friction of the two constituents. In both 
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there are saturation levels, but the most remarkable and unexpected feature 
of this polar system is the fact that it is not possible, at any rate within the 
limits of concentration tried, to do what can be so easily done with the non- 
polar system, namely, to reach the limit at which the friction is that of the pure 
component. This is exactly what would not be expected from a priori con- 
siderations because it is the characteristic habit of polar molecules to seize 
the whole of the adsorbed layer. 
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The nuxbuies were made as before by dissolving the acid in the oil at a little 
above the melting point of the former. The apparently homogeneous solu- 
tions were then kept at room temperature for 24 hours. From 0*97 per cent, 
upwards some crystals of acid separated out at 18°. 

The possible limits for the curves are jab.p. — 0*228 and jXac. = 0, but the 
latter, as fig. 6 shows, is never reached. 

Curve X , — Availability begins at about 9° and is greatest at about 60° or 
rather less, the observations not being close enough to fix the point exactly. 
The form of the curve is the same for mixtures containing from 0*33 to 2*33 
per cent, of acid. It is therefore not sensibly affected by the composition of the 
mixture. The melting point of palmitic acid is 62°, at which point oil and acid 
seem to be ndscible in all proportions, availability is, however, greatest below 
this point. The curve shows that whilst availability can be zero at = 
0*228, it cannot be pushed to unity at pi = 0. Instead a saturation limit is 
reached at pi = 0*097, which is independent not only of a rise of temperature 
but also of the percentage of acid in the mixture. This curious limitation was 
not imposed by the particular diluent for it appeared when the wax N.O.P. 
was so used. The values were 


Diluent. 

Per cent. acid. 

Saturation level. 

B.P. oil 

0-97 to 6*08 

= 0'097 

WaxN.O.P. 

0*33 to 

= 0-090 


2-2 

= 0-089 


Curve X is completely reversible in the special sense mentioned on p. 263. 
It is so important to realise what this special sense is that it will be well to put 
it into quite other words. In curve X the steel face as an adsorbing surface 
is used to measure the state of the mixture in bulk and the variations of state 
with temperature were found to be reversible. 

Curve 0.— It was unfortunately difficult to hold temperatures below room 
temperature with the apparatus, for this reason the effect of varying the 
initial temperature was not determined. The effect of varying the concen- 
tration of the wax was, however, followed somewhat closely for the curve Oig** 

Mixtures containing the following percentages by weight of acid were used : 

0*014, 0*33, 0*97, 1*5, 2*41 and 6*08. In order to make the figure legible 
the readings for 1*5 per cent, and 2*41 per cent, are omitted. The general 
form of the curve is the same for mixtures containing from 0*014 to 6*08 per 
cent, acid and the curves coincide from 0*97 to 6*08 per cent. 
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Accessibility is slightly less than availability thxoughout. The saturation 
level varies widely with changes in the composition of the mixtures up to 
0*97 per cent, and then becomes independent of composition. Between the 
limits 0*0 and 0-97 per cent, there is an infinite number of curves, the satura- 
tion level falling and the saturation temperature rising with increase in the 
percentage of wax. The curves were completely irreversible, that is to say, 
once the saturation level was reached, the curve for falling temperature was a 
horizontal line. 

When we recollect that mixtures containing less than 0-97 per cent, seemed 
homogeheous to the naked eye throughout the range of temperature, it seems to 
follow that availability is limited to a particular species of molecule, the 
concentration of which increases as the temperature rises. The most obvious 
suggestion again is that this molecular species is the completely dispersed 
unassociated molecule and that the concentration of the available or active ” 
species increases with rise of temperature. 

A saturation level stopping short of complete replacement is indeed an 
anomaly when strongly polar molecules are concerned. For example, the 
isotherm of a mixture of caprylic acid dissolved in undecane is given in fig. 7 



Fig. 7. — Showing the.efiect of the relative concentration of acid and paraffin upon friction. 


and it shows that the non-polar molecules do not obtain access to the dissolved 
layer until the percentage of acid has fallen to less than about 0-7 per cent. 
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For concentrations Hglier than this the friction is the same as that of the 
pure acid. The same kind of curve is given by mixtures of paraffins and 
alcohols. In fig. 8 the isotherms for solutions of palmitic acid in oil B.P. are 
reproduced from Technical Paper No. 1 of the Lubrication Committee^ 
and it is remarkable that each has the general form of an adsorption curve, 
but with the unusual feature that the saturation limit for the acid never 
reaches 100 per cent, and is a function of temperature. 

A 



Fig. 8. — From “ Lubrication Research, Technical Paper No. 1,” by courtesy of the Con- 
troller, H.M. Stationery Office. 

The hypothesis that availability is determined by the degree of dispersion 
of the acid opens up an interesting possibility. Availability reaches its limit 
somewhat short of the melting point of palmitic acid when dispersion is likely 
to be maximaL The limit is, however, not unity, that is to say, the acid fails 
completely to displace the diluent in the primary layer. It looks as though 
the highly-polar molecules acted in the opposite way to the non-polar molecules 
of wax by increasing the hold on the steel face of the molecules of diluent in 
their neighbourhood. This is intelligible if each polar molecule acts as a dipole 
which induces polarity in its neighbours. It will be remembered that Suther- 
land based his electrical theory of cohesion in liquids on such induced polarity. 

Availability may, however, be fixed by secondary adsorption. It is obvious 
from mere inspection that solutions of polar molecules in oil B.P. when in 
contact with the steel are very different from the mixture in bulk. The oil 
ceases to be uniform, it readily breaks up into greasy-looking patches. When 
the component is an alcohol there is the same gross interference with the state 
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of the mixture. No such gross disorganisation of the oil, however, was noticed 
in the absence of polar molecules. 

Example 3. — [Xai. = 0*114. Component polar ^ namely Cetyl Alcohol. Melting 
point 50° C. Diluent, Oil B.P. |xb.p. = 0*228. (Fig. 9.) 

Two mixtures only were used containing respectively 0*39 and 2*20 per 
cent, of the alcohol. The limit of the temperature range explored was 18° 



j’lG. 9.— The numerals indicate initial temperature. The O curves from 31® upwards 
coincide with each other and with the X curve. To avoid confusion, the individual 
measurements are not marked. 


to 100°. The 2*20 per cent, mixture was rather jeUy-like at room temperature 
(18° to 20°) and on standing showed some tendency to deposit crystals and 
become more fluid. 

When put on the plate at any temperature below about 60° a visible thick 
film formed which dulled the highly polished surface of the steel. On this 
film droplets of liquid floated. The film was there above 60 , as the |u:esence 
of droplets showed, but it was transparent. 

When a thin layer of solid lubricant, which is also a single chemical individual. 


VOL. cxxxvm.— A. 


u 
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is deposited on tke plate from solution in a volatile solvent it is necessary to 
break away the upper crystalline crust by moving the spherical slider about 
slowly in order to get the steady normal* readings of the primary film.f The 
way in which the slider had to be moved about to get steady readings gave 
the impression that the film mentioned above had sufiSicient thickness and 
tenacity to hinder it from penetrating to the primary layer. 

Since the friction of the pure component was below that of the diluent the 
curves sweep downwards. AH the curves were irreversible. 

X Curve . — ^This curve was plotted between the limits 18°-100° for both 
mixtures. Availability reached unity with the 2*2 per cent, mixture, but 
failed to do so with the 0-39 per cent, mixture, the saturation level being 
at ^ = 0-126. 

0 Curve. 0-39 per cent. Mixture . — ^Within narrow limits the saturation 
level depends upon the initial temperature and therefore upon the initial pro- 
portion of alcohol in the primary layer. Accessibility is maximal at about 
30^, the curves Ogo- and Oio' coinciding with the X curve. 

2*2 per ceni,. Mixture . — ^The curve is singular in that it lies throughout 

at a saturation level. Accessibility is independent of temperature and the 
increase in availability to unity at about 30® is without effect. 

These curves again raise the old difficulty. If the spherical slider really 
reduces the lubricant to two mono-molecular layers they must have contained 
about 6 per cent, of diluent at 18® when the total percentage of alcohol was 
2*2. But since the 0 curve is horizontal the rise of availability in the oil in 
bulk to unity at 30° did not dislodge the diluent, possibly because continuous 
contact with the steel face so changed the whole pool of oil as to prevent 
availability reaching unity. 

Lowering the total percentage of alcohol to 0*39 shifts the curves to the 
right, but if the maximum of availability were due only to a Tna.TnTmim degree 
of dispersion one would expect it to be reached with the lowered concentration 
of alcohol either at the same or even at a lower temperature ; therefore a rise 
in temperature must act in some other way. It is, of course, possible that the 
slider fails to penetrate the tenacious film sufficiently to reach a mono-molecular 
layer, and the difference between the curves for the 0-39 and the 2-2 per cent, 
mixtures may be due to the fact that they refer to surfaces at different levels. 

* “ Normal ” because they are independent of further movement of the slider, and 
because they fall on the curve connecting molecular weight and friction. 

t Hardy and Doubleday, ' Proc. Roy. Soc.,’ A, vol. 100, p. 659 (1922) ; Hardy and 
Bircumshaw, loc. city p. 20. 
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Example 4. — Components, Palmitic Adi and Wax N.O.P., Diluent, Oil B.P, 
{Fig. 10.) 

Systems Tvith two active components do not really come witliin tlie limits 
set to this enquiry, but one such is worth mentioning because it confirms the 
distinction between availability and accessibility. Wax N.O.P. was added 
1)0 a mixture of oil B.P. and palmitic acid containing 0*34 per cent, of the 
latter. The only effect was to lower the friction on the X curve, leaving both 
the saturation temperature (40^^) and saturation level of the 0 curve 
= 0-118) unchanged, fig. 10. The availability of the acid at the initial 
temperature (18° to 20°) was therefore increased until when 9 per cent, wax 
was present it was maximal, i.e., it had the saturation value. 



Temperature X 
%Compo$ition 

e.P.Pargmn Psbmtk Add Wax. f 
— — O-.- — « SB'4S "• C’52 

O - - 9S 67 0-33 

— 0 9S0P 0-34 057 

e 95-97 0-34 1’59 

S 006 0-34 $-60 

Pig. 10, — Prom “ Lubrication Research, Technical Paper No. 1,’’ by courtesy of the Con- 
troller, H.M. Stationery Of&ce. 

Wax itself, however, did not enter the adsorbed layers at all and the curves 
were completely irreversible. 

Palmitic acid is soluble in paraffin wax and the presence of the latter increases 
the solubility of the acid in B.P. oil. There can therefore be little doubt that 
it increased the availability of the acid by increasing the grade of dispersion 
,at the lower temperatures but without altering the saturation level. 
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From these examples of simple adsorption we may conclude : — 

(1) That only in a highly dispersed state can a component compete with the 
diluent for a place in the primary layers, and the limits within which adsorption 
varies rapidly with temperature are fixed mainly by the appearance in the 
oil of a particular molecular species of the component, possibly a simple chemical 
molecule, and by the rise in concentration of this species until it obtains complete 
possession of the primary layer or is maximal for the total concentration of 
component* 

(2) But temperature must intervene in another, as yet unloiown, way. 

(3) The simple two-dimensional hypothesis which considers only a mono- 
molecular adsorbed layer in equilibrium with liquid in mass is not enough, the 
coDception must be three-dimensional and take account of the obvious gross 
re-organisation of the whole pool of oil which contact with the steel face brings 
about. This re-organisation must be due to polarisation which spreads from 
molecule to molecule along the normal from the steel face, it is the kind of 
polarisation which one of us has called diachysis.’'* It may also be necessary 
to adnodt a polarisation which spreads from molecule to molecule tan- 
gentially. 

(4) The first assumption (p. 259) may be too narrow. Even a spherical 
slider may sometimes fail to penetrate to monomolecular layers. 

Greasy Patches . — ^When either of the mixtures which contained polar mole- 
cules was spread on the plate patches of higher viscosity formed. The higher 
the temperature and the greater the percentage of the polar component the 
sooner did the patches appear. Their formation was hastened by moving the 
slider about — ^that is to say by stirring the mixture on the plate. 

With hexa-decyl alcohol the patches tended to take the form of lenses on a 
continuous film which below about 60° was thick enough and opaque enough 
to dull the burnished surface of the steel. Above 60° the film was not visible, 
but it was there as the presence of the patches proved. 

The phenomenon is without doubt related to the instability of a layer of 
immiscible liquid spread upon water. 

When the slider was moved through a grease patch it left a track or groove 
owing presumably to the high viscosity. 

No non-polar mixture has been found to form grease patches. 

Latent Period . — The duration of the latent period, that is the time taken by 
the oil to get into equilibrium with the steel was shortened by moving the 
* Hardy, ‘ Phil. Trans.’ A, vol. 230, p. 30 (1032). 
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slider about. The time was undoubtedly related to the gross changes in the 
oil which developed the patches. It is important to note that mechanical 
agitation shortened the latent period of non-polar mixtures in just the same 
way therefore, though there was no formation of obvious grease patches there 
undoubtedly was a re-organisation of oil in the pool. 

The latent period of non-polar mixtures was quite as long as that of polar 
mixtures and in this connection it is to be remembered that while neither 
wax N.O.P. nor oil B.P. alone had any latent period the polar bodies, palmitic 
acid and hexa-decyl alcohol taken alone have each a latent period of orientation 
of 60 and 40 minutes respectively. 

The latent period, the grease patches and the rise in viscosity taken together 
do, in our opinion, prove that contact with the adsorbing surface produced 
molecxllar structure throughout the whole pool of oil. It is for this reason 
that the hypothesis of a monomolecular adsorbed layer in equilibrium with 
oil in mass is too narrow, secondary adsorption must be reckoned with. 

On the 0 curves the latent period of the non-polar mixture for rising 
temperature was one of rising friction and the opposite for falling temperature ; 
it lasted about 20 minutes. 

With the two polar systems the latent period for rising temperature was 
always one of falling friction and lasted 20 to 50 minutes depending upon 
concentration and temperature. But for falling temperature there was no 
latent period because there was no change in the composition of the primary 
layer. It will be remembered that once a saturation limit was reached the 
friction became constant over the whole range of temperature. 

Movement of the slider was strikingly different with polar and non-polar 
mixtures. With non-polar mixtures it was jerky, the joint was brittle the 
slider breaking away suddenly and chattering forward. The property called 

oiliness ” was absent at any rate for mild steel. Movement with the polar 
mixtures was a smooth glide. 

Owing to the brittle nature of the joint it was difficult to get readings with 
the non-polar mixtures. They were very sensitive to vibrations. 

Part II.— The FtrNDAMBNTAn Assumption. 

The effect of applying a lubricant to a solid face is to reduce the friction of 
the latter. This is readily perceived when two solid faces are coated separately 
with solid lubricant and then brought together. This external friction 
has the same value as the internal friction of a liquid joint when the same 
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lubricant is used at a temperature at whicb it is solid and at a temperature at 
wMcb it is liquid. 

The equation quoted on p. 260 shows that the observed value of static 
friction, that is of the greatest tangential reaction to traction, of which the 
surface of slip is capable, depends upon the nature of the solids. Adhesion, 
that is the greatest normal reaction to a surface of break to tension, also depends 
upon the nature of the solids and it can be proved that the solids do not con- 
tribute directly but by polarising the molecules of lubricant.* 

Similar proof for the tangential reaction is not forthcoming but it can safely 
be assumed that what is true of the normal is true also for the tangential re- 
action. It is assumed therefore that the tangential reaction is the sum of 
reactions between individual molecules of lubricant acting across the surface 
of slip. 

This assumption offers the simplest explanation of the following facts. 

When the lubricating fflm is deposited from vapour the tangential reaction 
is a linear function of the density of the vapour until the latter is saturated 
when the value is the lowest possible.f This seems to prove that the adsorbed 
film in equilibrium with saturated vapour is a close packed structure. 

A single chemical substance has no temperature coefidcient of friction, the 
close packed structiire of the primary layer being independent of temperature. 

No adsorption individual has been met which has a temperature coefiSlcient 
of friction. 

The form of the X curve which lies between limits defined by the friction 
given by the pure constituents of the mixture, shows a gradual replacement of 
one kind of molectile by another in the adsorbed layers as temperature changes. 

It follows that throughout a plateau in a curve the primary layer must have 
the same composition, whilst ascending or descending parts of a curve show that 
its composition is changing. 


Summary, 

(1) The variation of static friction with temperature, of three solutions in 
medicinal paraffin was measured, the solutes being a wax, palmitic acid and 
hexa-decyl alcohol. 

(2) Variation was limited to a curiously narrow range of temperature outside 
of which friction was invariant. The limits of variation were the friction of 
the pure solvent, called in the text the diluent,” and that of the pure solute, 

* ** Lubrication Besearch,” loc, cit., p. 29. 
t Hardy and Doubleday, loc. cit, p. 556. 
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friction therefore could be used roughly to measure tne proportion of solvent 
and solute molecules in the adsorbed layer. 

(3) For a given temperature the friction and therefore the composition of 
the adsorbed layers are determined by previous history and the composition 
of the solution. 

(4) Two changes govern all the phenomena — change in state of the bulk 
solution which fixes the availability of the solute for adsorption and a change 
in the capacity of the solute for replacing adsorbed solvent, which is the 
accessibility of the solute. 

Appendix. 

Note on the Latent Period of Lubrication. 

The latent period during which the lubricant is coming into equilibrium 
with the attraction fields of the solid is important in practical boundary lubri- 
cation, indeed there are some indications that the greater part of the wear 
of bearings occurs in it. 

The phenomena of the latent period are of the simplest when the lubricant is 
a single pure long chain compound. Variations of friction which precede the 
steady state may be due either to variations in the thickness of the layer of 
lubricant or to orientation of its molecules. The former can be eliminated by 
using a spherical slider which cuts through at once to its final level. When this 
is done the duration of the latent period is, in minutes : — 

Normal paraffins 0 

Normal alcohols 

Oarbinols 

Normal acids „ 60 

and friction always falls as orientation completes the adsorbed layer. . 

Adhesion moves in the opposite way to friction, it increases as the steady 
state is reached. 

The only ring compounds examined, however, namely, phenanthrene and 
naphthalene gave a latent period of about 40 minutes with falling adhesion. 
This is at one with a curiously opposed behaviour as between ring and chain 
compounds noted in an earlier paper on feiction.* 

These simple relations recall, and are akin to the simple behaviour of chemical 
individuals on a surface of water, glass or metal. All surface relations become 
excessively complicated, however, when a mixture is used unless it happens to 
be an adsorption individual. The spreading of a complex oil on water is an 
* ‘ Phil. Mag.,’ 6, vol. 40, p. 201 (1920). 


^about 40 
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example. There is aot only the lag due to the slowness of tangential diffusion 
as was first pointed out by, WiUard Gibbs but there is also the slow exchange by 
evaporation and condensation between the first formed adsorption layers and 
the body of the mixture. 

The mixtures dealt with in the foregoing paper are simple but the phenomena 
of the latent period are characteristically complex. There is a latent period 
of orientation for both non-polar as well as polar mixtures. 

When the oil is first put on the plate the friction is abnormally high being 
outside the limits always observed in the steady state. The friction therefore 
falls at first and the rate of fall is increased by moving the slider about. The 
effect of such mechanical disturbance has been shown by X-ray analysis to 
hasten the orientation of long chain molecules in layers with the chain more or 
less at right angles to the solid surface.* During the latent period the 
readings are not only high but irregular and the slider breaks away much more 
jerkily than it does in the steady state. The following figures are quoted merely 
by way of illustration. 


Temperature 24®. Steel on steel, slider spherical. Lubricant 2-3 per cent, 
paraffin wax N.O.P. dissolved in oil B.P. 


Time. 

Interval. 


h. m. 

4 36 

0 

•' 


4 47 

11 

0-305 


6 60 

24 

0-291 


5 9 

33 

0-239 

>• Latent period 

6 19 

43 

0-260 

5 30 

54 

0-247 

1 

5 41 

65 

0-26lJ 

1 

5 49 

73 

0-2261 

1 

5 58 

82 

0-229 


6 3 

87 

0-229 

*0-228 

6 9 

94 

0-230 


6 14 

99 

0-228 



Temperature of chamber raised to 50° by 6 hours 25 minutes. 


Time. 


h. m. 

7 1 

0-244 


7 12 

(0-239) 


7 24 

0-244 

U-244 

7 30 

0-243 i 

7 42 

0-244 J 



* Bragg, ‘ Proc. R. Inst..’ vol, 24, p. 481 (1925). 
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The low reading in brackets was due to accidental vibration. The limits 
within which the curve for steady states varies are (vLb.p, == 0-228 and 
[Jf'N.o.p. = 0*275, therefore the first two readings in the latent period, which 
occupied about 70 minutes were above them, and such abnormal readings 
were commonly obtained. 


On Plasticity and Creep in Solids. 

By Harold Jeffreys, F.E.S., Header in Geophysics, Cambridge. 

(Received June 21, 1932.) 

1. When a distortional stress is applied to a solid it produces an instantaneous 
deformation, which would then remain constant so long as the stress was 
kept constant if the solid was perfectly elastic. All solids, however, show 
imperfection of elasticity under sufficiently large stresses, and many do so 
even when the stress is small. Such imperfection takes the form of a con- 
tinuous increase of the deformation after the stress has been applied. In 
some cases the deformation appears to increase indefinitely with the time so 
long as the same stress is kept on ; and in these cases a permanent deformation 
remains after the stress is removed. In other cases it tends to a finite limits 
which is not surpassed unless the stress is further increased ; and in many of 
these, when the stress is removed, the body first returns towards its original 
state by an amount equal to the original elastic distortion, but then proceeds 
to creep slowly in the same direction imtil the whole, or nearly the whole, of 
the deformation has been recovered. The former type of behaviour, involving 
permanent deformation, may be called plasticity, the latter elastic afterworking 
or creep. The distinction is important, but in some accounts of experimental 
work it does not appear that the stress wavS maintained long enough to ascertain 
whether the deformation was tending towards a definite limit, or that the 
body was sufficiently studied after removal of the stress to find out whether 
the original state was ultimately recovered ; and in consequence phenomena 
have in some cases been attributed to plasticity that are really due to creep. 

The present paper gives first a new derivation of the equations of plastic 
flow and discusses its relation to some earlier work ; second, a theory of creep 
and a discussion of its relation to experimental evidence ; and third, some 
geophysical applications of the results. 
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2. The type of plasticity known as elasticoviscosity was expressed in formal 
equations by J. G. Butcher,* who, however, attributes the underlying ideas 
to Maxwell. According to this theory the solid consists of two kinds of groups 
of molecules, one of which is regarded as perfectly elastic, while the other is 
capable of exerting only a symmetrical pressure or tension. The former type, 
if the body as a whole is kept under a constant deformation, break down at a 
definite rate per unit time and are converted into the other type, so that the 
total shearing stress, measured as an average over all the groups, diminishes 
spontaneously. On this hypothesis Butcher obtained equations of motion 
which reduce in extreme cases to those of perfect elasticity and pure viscosity, 
and these were used by Six G. H. Darwin in part of his theory of tidal evolution. 

These equations may be obtained alternatively as follows. We assume that 
the rate of increase of strain in an element consists of two parts, one linearly 
related to the rate of increase of stress, as in an elastic solid, and the other to 
the stress itself, as in a viscous fluid. If a stress is applied to such a substance, 
the first part gives instantly an elastic strain, but on account of the second 
part the strain will increase continually so long as the stress is maintained, 
and an indefinitely great deformation will ultimately be developed. The 
phenomenon of plasticity is therefore represented. If is a velocity com- 
ponent, the tensor expressing the rate of increase of strain, and ’t^e 
stress tensor,t write 

( 1 ) 

to indicate the difference between the elastic and plastic parts of the strains. 
Now since in an element is a symmetrical tensor linearly related to 

the rate of increase of elastic strain, we have 

Sfs + 2[i' (2) 

wliere X' and ^ are scalar properties of the material, supposed isotropic. We 
also introduce the rate of divergence A' given by e'^. Then 

^ = (3x' + 2p') A' == (3) 

Similarly for the rate of plastic strain 

Pik = ^"mm ^ik + 

Pu = (3X" + 2[X'') A". 

* ‘ Proo. Lond. Math. Soe.,’ vol. 8, pp. 103-135 (1876). 
t Jeftreys, “ Cartesian Tensors,” (1931). 


{i 

(5) 
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Now as an experimental fact a finite constant symmetrical stress, or hydro- 
static pressure, does not produce a change of volume that increases without 
limit. Hence A" = 0 and is infinite. If also was infinite (4) 

would evidently make all the components zero and we should have no 
plasticity. Hence is finite. But before using these relations we may use 
(6) to eliminate A" horn (4), giving 

~ ^Pmm "h e (7) 

Also 

A = A' + A" = A' (8) 

= SA'A, (9) 

4 = i 4 + 2(i' (10) 

and adding (2) and (10) we have for a given element 

{jt ^ ^ 

Now let A = d^jdt, so that 6 represents the volume e 25 )ansion of the element ; 
then (9) is eqixivalent to 

(12) 

SO that A' is the bulk modulus as usually understood, and the accent naay be 
suppressed. From (11) we now derive 

Then (12) is an equation giving the mean stress, while (13) measures the 
departure of the stress from symmetry. The mean stress has the same form 
as in an elastic solid. The departure from perfect elasticity appears in (13) 
only through the term in [l'Iil”. These equations are equivalent to those 
found by Butcher. We can now replace p.' by p and call it the rigidity, while 
pf'Jli', which has the dimensions of a time, is denoted by t. If t is large 
every term in (13) is a derivative with regard to the time, and the equation 
has the same form as for a perfectly elastic solid. If t is small in comparison 
with the time scale of the motion, (13) takes the form appropriate to a fluid of 
viscosity p" or pv. 
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If the time that elapses is short enough for the total plastic deformation to 
be small, we can express the deformation in the usual way as 



where is the actual displacement, no longer the velocity ; and — dE^^dL 
Then (13) is equivalent to 

(1 + Q/t) (y,, - *6 = 2ti (E..;, - |0 Si,), (15) 

where Q is the operator expressing definite integration with regard to the 
time, following the path of the element. 

2.1, It is easily seen that these results can be made to include the theory of 
plastic flow given by Mises* and Reuss.f It is not necessary to the foregoing 
argument that (x, or t, should be constant ; it is enough that it should be a 
scalar. Now such a scalar might be a constant ; on the other hand, it may be a 
function of the state of stress. One scalar derived from the stress tensor 
is its contracted form ? another is derived from the departure from 
symmetry, namely, 

(Pik hPmm ^ik) (Ptk hPmm ^ik) 

= i ((P22 ” P3$f + (PSS ““ Pll)^ + (Pii — P22)^} + 2 (J?23^ + PbI^ + Pl2^)> 

(16) 

and if we transform the axes to the directions of principal stress this evidently 
becomes where 

^ = (Pi- Pzf + (Pi - P 2 Y + {P2 - Pzf- (W 

Thus V may be a function of F and So long as the stress does not 

depart too much from symmetry most real solids behave as if perfectly elastic, 
and T is i nfi n i t e. When, however, the shearing stresses become great enough, 
permanent deformation begins, and t is finite. Mises suggests that this occurs 
when F exceeds a certain critical value 8K This has considerable experimental 
support for metals, especially in view of the recent work of Taylor and Quinney.J 
When F is greater than S, only a slight excess being possible in practical cases, 
Mises separates the rate of strain into two parts, as has been done here, and 
supposes that the part expressing permanent deformation follows the viscous 
law. The resulting stress equations are equivalent to (12) and (13). Hence if 

* ‘ Z. angew. Math. Mech.,’ vol. 8, pp. 161-185 (1928). 
t Md,, vol 12, pp. 15-24 (1932). 
t ‘ Phil. Trans.,’ A, vol. 230, pp. 323-362 (1931). 
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we allow for the possibility that t may vary with F we can extend the elastico- 
viscous equations to cover the behaviour of materials with a finite strength. 
If T is constant and not infinite, on the other hand, plastic flow begins with any 
asymmetrical stress, however small, and the equations can represent only the 
behaviour of materials with zero strength, such as pitch and plastic sulphur. 

It appears from (16) that if we know the solution of any problem in elasticity, 
we can derive the solution of the corresponding elasticoviscous problem by 
replacing pi by [jl/(1 + Q/'^)? leaving h unaltered. 

3. The form (15) shows that if x is finite and the stress is kept constant, an 
indefinitely great deformation may ultimately be produced. But in solids 
showing elastic afterworking or creep the strain in this case tends to a finite 
limit. If the stress is then removed, there is a partial recovery at once by the 
amount of the original elastic strain ; but then the body gradually changes its 
shape and finally returns to its original form. This property seems to be 
absent from single crystals, which behave as perfectly elastic until plastic 
yield is produced by a sufficient stress ; but it is general in crystal aggregates 
and glasses. It is generally attributed to molecules near the interfaces between 
crystals ; effectively each interface consists of a layer of molecules in equili- 
brium, each with several possible stable positions, and under non-hydrostatic 
stress some of these are liable to be pushed over into new positions of equilibrium 
that are stable in presence of the stress. Thus there is a progressive deforma- 
tion, until all the molecules that can take up new positions of equilibrium 
under the stress have done so. This marks the limit of the deformation. If 
the stress is removed the old positions are again the more stable, and the thermal 
agitations make the molecules swing back, until finally the whole of the strain 
has disappeared. In a glass the phenomena are essentially similar except that 
the mobile molecules are irregularly distributed and not confined to definite 
surfaces. 

3,1. Now for purposes of illustration we may compare this picture with that 
of a perfectly elastic solid containing limited regions of plastic material. 
Consider first a long circular cylinder of radius b and rigidity {x, with a core of 
radius a and rigidity pi'. This is twisted by a given couple applied to the ends. 
Inertia is neglected. We assume the displacements to be 

u =: — yz<f>, V = xz<l>^ = 0, (1) 

where ^ is a function of y = {x^ -f- We find that A = 0, and ^ satisfies 

^ + ( 2 ) 

dr^ r dr 
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Then in either medium 

cf, = A + Br-^ ( 3 ) 

where A and B are constants. The condition that r — b is a free surface 
gives 

^==0, (4) 

dr 

therefore B = 0 ia the outer medium. Also \^^ldr is continuous at 
r = ; hence B is also zero in the inner medium, and ^ is a constant. Thus 
any transverse section of the cylinder rotates like a rigid body. The condition 
for contmuily of displacement at r = a is already satisfied. 

Then ^ represents the twist per unit length. The couple applied at the ends 
is easily found to be 

N = M[fJL{6^-a^)+(iV]. (6) 

This solution implies zero stress across the interface between the materials, 
and suggests that the inner and outer cylinders twist independently. But 
actually the solution could be correct at the ends of the cylinder only for a 
special distribution of stress over the ends. For any other distribution there 
is interaction between the cylinders near the ends, for a distance comparable 
with 6, by Saint-Venant’s principle. 

hTow let the inner material be elasticoviscous. N is taken constant, while 
p.' is replaced by (x7(l + Q/f) ; or replacing Q by in Heaviside’s way* 


1 + Q/t p + 1/^ 

( 6 ) 

1 2N 'p Xjx 

7t (6* — a‘) (2? + 1/t) + 

( 7 ) 

— A £ + 1/'^ 

% + 1/t’ 

where 

( 8 ) 

1 _ (ji(6«-o*) 1 

t' (6* — oF) + [i'a* T 

( 9 ) 

.f 1 

“ TT fjt (6* — a*) + fi'd* ■ 

(10) 

The interpretation of (8) is 



(11) 


^ Jeffreys, Operational Methods in Mathematical Physics,” chap. 1. 
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When the couple IST is applied, the cylinder is at first twisted by <I)q per unit 
length ; and <f>Q is simply the elastic twist when the core is taken as perfectly 
elastic with rigidity \if. But the twist then proceeds to increase with the time, 
and ultimately settles down to a steady value which is the twist when 

the central rigidity is taken as zero. 

If the couple is removed at time the subsequent twist is obtained by 
adding that due to a couple — N applied at time tQ. The result is 

^ e-"-'"'/"' (1 - (12) 


When the couple is removed there is an immediate reduction of strain equal 
to the original elastic one *, and the remaining strain proceeds to diminish 
asymptotically to zero. The results, therefore, are in complete qualitative 
agreement with the observed phenomena of creep. Evidently if a problem has 
been solved for the case of perfect elasticity, we can allow for elastic after- 
working by replacing p. by 




P + I/t 


(13) 


Then when a stress is applied the immediate distortion is 1/p. times the stress ; 
but the distortion increases to x'/yiT times the stress. Then p, is to be inter- 
preted as the rigidity found from the initial displacement, and p^t/t', which is 
smaller, as the rigidity found in a statical test. Two distinct parameters are 
involved in the law ; t' giving the time-scale of the creep, and the ratio t'/v 
its amount. 

3.2. We may notice that the results are greatly affected by the distribution 

of the elasticoviscous material. Suppose that instead of a cylinder with a 

central core, we consider a series of cylinders of radius 6, fastened together 
end to end, but some of them with rigidity p. and the others with rigidity 
p.'. Then the twist in the former is 2N/7T:p.6^, and in the latter 2Kr/7Tp.'6^. 
The ends, therefore, turn through an angle 

e=?|(isi + isr), (1) 

wliere I and V are the lengths of typical cylinders of the two materials. If we 
write 

SI' = TO (Si + SO (2) 

the mean twist is 

, 6 __ 2N /I — TO I TO 

^“Si + Si' “ tcSH [1 ■*‘(1' 
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Now let the rigidity be adapted as before to represent elasticoviscosity. 
Then 


2N '1 — m 


w(y + 1 /t) 

p'p 


2N / I - OT 
Tzh^ \ [x 

2N /I — m 
Tcb^ \ tx 





Thus ^ starts at the value corresponding to elastic yield, but then proceeds 
to increase at a constant rate. The behaviour of the composite body in this 
case exactly resembles that of an elasticoviscous one, with t replaced by 

(6) 

\ m [Ji / 

Thus the rate of yield, measured by the time needed to double the initial 
displacement, is less than for a cylinder made entirely of the elasticoviscous 
material ; but its behaviour is still represented by the elasticoviscous law, 
only with different constants. 

The distinction between elasticoviscosity and elastic afterworking may 
therefore be purely a matter of the distribution of the regions capable of under- 
going molecular rearrangement under stress. If the distribution is such that 
indefinite yield in them would also imply indefinitely large strains in the 
permanently stable regions, then the yield is resisted by the elasticity of the 
latter, and provided the strength is not exceeded the composite body will 
show only creep, which will ultimately disappear after the stress is removed. 
But if the distribution is such that the weak regions can be greatly deformed 
without comparable deformations arising in the strong ones, a deforming 
stress will lead to permanent deformation following the elasticoviscous 
law. We may say that when the weak regions are enclosed as pockets within 
the strong ones, the body will show elastic afterworking ; when they extend 
right across the body, it will show elasticoviscosity. 

4. Comparison of the law with laboratory experiment shows a qualitative 
agreement, but there are difficulties in quantitative comparison, because 
experiments show that the relation is not exactly linear ; a linear law can 
apparently hold only at small strains. Thus Boltzmann* found a creep in 
glass threads, which were held twisted through 360° for intervals up to 2 
minutes. When they were released they did not immediately spring back to 

* ‘ Pogg. Ann,,’ Erg.-Bd., vol. 7, pp. 624-654 (1876). 
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the initial state ; there was a residual displacement, which gradually diminished 
with time, and practically disappeared in about an hour. The residual dis- 
placement was nearly proportional to the time of the original twist, but the 
recovery did not follow the exponential law. The displacement originally 
given was in all cases the same, so that there is no means of testing the linearity 
of the law of creep. 

L. N. G. Filon and H. T. Jessop,* working on celluloid, found that the strain 
under constant stress fitted the formula 

S = So + 

agreeing with earlier results of Andrade for metals. This evidently represents 
a form of plasticity. The results fitted no exponential law. In glass the 
optical double refraction showed no creep or residual effect, though a residual 
elastic effect had previously been noticed by Jessop alone.f The initial strain 
is, in all cases, proportional to the stress. The preliminary theoretical dis- 
cussion given by Mlon and Jessop (especially equation (15) on p. 97) leads to 
the fixmo-viscous law for distortion and not to elasticoviscosity or creep as 
here understood. 

In two recent papers on the elasticity of rooks,J D. W. Phillips has found 
that the immediate displacement is accurately proportional to the stress ; 
but a continued stress produces creep, which is almost completely recovered 
in time after the stress is removed. The rate of creep is not strictly proportional 
to the stress ; it increases more rapidly than the stress, reaches a maximum, 
and at still higher stresses diminishes again. The last peculiarity seems to 
express the condition where the load does not produce immediate fracture, 
but does lead to fracture if it is left on long enough. It might be said that 
yield in the plastic regions throws additional stress on to the strong ones until 
their strength is exceeded. The maadmum creep obtainable was about 0*6 
of the initial displacement. 

Kelvm§ foimd that the damping of vibrations in metallic wires was greater 
the greater the amplitude, and also greater the more vibration the wire has 
undergone previously. He also found that the rate of damping increased 
with the speed of the vibration, though the effect was much less (Kelvin's 
italics) than would be expected for friction proportional to the velocity. The 

‘ Phil. Trans., A, vol. 223, pp. 89-125 (1922). 

t ‘ Phil. Mag.,’ vol. 42, pp. 551-568 (1921). 

J * Trans. Inst. Mining Engineers,’ vol. 80, pp. 212-242 (1931) ; vol. 82, pp. 432-450 
(1932). 

§ ‘ Proc. Roy. Soc.,’ A, vol. 14, pp. 289-297 (1865). 
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vibrations were torsional, and their speed was adjusted by varying the moment 
of inertia of a hanging body. In these circumstances the equation of motion 
takes the form 

A6 + {jl6 — 0, (1) 

where A is proportional to the moment of inertia. Then if the time factor is 
we have 

t2={x/A. (2) 

Now adapt (2) to allow for creep, by our rule that [x is to be replaced by 

t±lE=^h±lK. ( 3 ) 

^ + 1/t 

Then _ _ 

for quick vibrations ; and the damping factor is exp I”- since to 

a first approximation Ay^ = jx is the same for all vibrations. Thus the damping 
factor should be independent of the speed of the vibration provided this is 
fast. 

But for resistance proportional to the velocity we should take 

A0 + 2M + |X0 = 0, (6) 


where k and [x are independent of the speed of the vibration. Thus the damp- 
ing factor is exp (— ^ktJA) or exp (— 2kftl[i). The damping is therefore 
much more severe for the quicker vibrations, Kelvin’s observation, so far as 
it goes, therefore supports the present theory as a first approximation. Un- 
fortunately he does not publish the actual observations for this part of the work, 
and a closer check is therefore impossible. It appeared that the time needed 
to halve the amplitude was of the order of some minutes. 

The qualitative agreement we have found between theory and observation 
is enough to indicate that the theory is probably right for sufficiently small 
strains, but we need an explanation of its inaccuracy for large ones. Now the 
theory of 3.1 supposed that the elasticoviscous core has a constant radius and 
a constant value of t. In an actual solid we should expect that the presence 
of a distorting stress would increase the tendency of molecules near the flaws 
to abandon the neighbourhood of their original positions of stability ; hence 
a would be increased and t reduced. It appears from 3.1 (9) that on both 
grounds t' would be reduced. The effect on a is probably of less importance 
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than that on t, on account of the smallness of a in comparison with b. The 
occurrence of a to the fourth power in the equation is a peculiarity of the 
model actually considered, and when the flaws are generally distributed through 
the body a lower power of their size may be expected to enter ; thus 3.1 (9) 
probably underestimates the importance of variation in a, though it will 
probably remain true that it is less important than the associated variation in 
T. We should, in any case, expect that the ratio of the rate of creep to the 
stress will increase with the stress, which is what is required to bring the theory 
into agreement with experiment. 

This can be made somewhat more definite by referring again to Boltzmann’s 
results on the recovery of glass fibres after torsion. The residual displacement, 
at times more than 2 minutes after the release, was nearly proportional to 
1/t, the time being measured from the moment of release. This empirical 
result obviously breaks down for small values of the time, and it remains 
possible that in the first two minutes the exponential law was followed. But 
let us denote the torsion by 6 ; then when there is no applied couple 


dt 


6 


- 0 , 


and if 0 GC l/t, t' = t Thus t' may actually vary as the reciprocal of the 
strain, and the rate of creep for a given stress will contain the strain as a 
factor. 

5. In previous publications I have used an equation of imperfect elasticity 
suggested to me originally by Sir Joseph Larmor, namely, 

( 1 ) 


where E is a component of the deformation and P the corresponding com- 
ponent of distortional stress. This type of behaviour has been called firmo- 
viscosity . If the body is originally unstressed and the stress P is kept constant 
a fter time 0, we have 


E = — = - (1 — 

(1 1 + TaP 


( 2 ) 


This makes the strain tend to a finite limit when t is large, but the immediate 
strain is zero ; E vanishes at t = 0. Thus the initial elastic strain is zero. 
But if we add a constant term P/^i we have again the form 3,1 (11). 

With this modification, which removes the outstanding defect of the firmo- 
viscous equation, the law becomes equivalent to 3.1 (8). But the p. in the 



294 


H. Jefeeys. 

firmoviscous law is not the rigidity as determined by the stress needed to 
produce a given strain either immediately or ultimately ; it would be deter- 
mined by the stress needed to produce a given amount of creep. 

6, This result makes it desirable to revise the theory of the transmission of 
distortional waves that has already been constructed on the basis of the jBrmo- 
viscous law.* Fox perfect elasticity the equation of transmission of plane 


distortional waves is 

(X 0®!; 

~ p ac®’ 

(1) 

and if we adapt this to cover elastic affcerworking we must writ6 it as 



txp-f l/T'a2o_ . 
p p + 111: dx^ ^ ‘ 

(2) 

Thus for transmission of 

a pulse we can write 


where 


(3) 



(4) 


P being the ordinary velocity of the waves. Also t <t'. 
To interpret, we expand in descending powers of p. 



for ir/p. 

iB ligoioudy no motion tiU time s/p. Tten the pulse enters with a 
diminished ampKtude eapressed by the first factor. The second factor pro- 
ceeds to increase steadily with the time, but evidently is not doubled till a 

farther tone of order In this respect it resembles the effect of elastico- 

viscosity rather than firmoviscosity. 

^ The effect after a long time may be estimated by using the complex integral 
interpretation 

« = — f 

2jn Ji, X ’ 

* Jeffreys, ‘Mon. Not. E. .Astr. Soc., Geophys. Suppl.,’ vol. 2, pp. 312-323 (1931). 
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■where g' is 'to he foond by replacing p in (4) by 

by 

f a; / X + Ih 'f 1 1 1 

plx + l/W \ 2 (tX + 1) 


X. The saddle points axe given 


When rationalized tins gives a qnarfcic equation for X with, a real root between 
— 1 /t' and 0, which is the saddle point. The path of steepest descent bends 
towards the asymptotic values 


X== 


^ i 


tx 


— a;/p) \T 



(8) 


and the pole at X = 0 is to the right of the path and makes unit contribution 
to the integral. When ^t/x is large, the saddle-point approaches — l/v' 
and U ■— gx approaches — oo . Hence the contribution from the line of 
steepest descent becomes exponentially small for t large, and in the limit 




(9) 


Elastic afterworking, therefore, cannot convert a sudden impulse into a train 
of waves. Eurther, the observed damping, if it was to be attributed to this 
cause, suggests that 


r T 400 secs. ^ 


( 10 ) 


so that the variation of displacement after the arrival of the pulse is very slow 
and is not available as an esplanation of the blunting of the pulses as they 
travel. 

On the other hand, it has been seen that the effect of scattering, due to minor 
irregularities of structure, would resemble that of firmoviscosity. We may, 
therefore, reasonably infer that most of the apparent damping of seismic waves 
at great distances, and the blunting of the beginnings of the phases, are due to 
scattering and not to any form of imperfection of elasticity. If elastic after 
working is present, (10) gives an upper limit to its amount. 

7. Consider next the effect on a periodic disturbance, whether free or forced, 
controlled mainly by rigidity. If the time factor is taken as we must 

replace u by u This is unity for very quick vibrations, which are 

therefore unaffected. For very slow vibrations it is again real, thou^ less 
than iL ; hence these also show no effect of damping, but the effective rigidity 
for them is reduced. For intermediate speeds it is complex ; then forced 
vibrations will show a phase shift, and free ones will show damping. Thus 
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we liave fotind a type of imperfection of elasticity that will be in evidence for 
vibrations of intermediate speeds, but not for very slow or very quick ones. 
This is what I was seeking unsuccessfully some time ago in trying to reconcile 
the theory of bodily tidal friction (in the semidiurnal tide) with the observed 
good transmission of seismic waves and the persistence of the 14-monthty 
variation of latitude. The success in the meantime of the theory of tidal 
friction in shallow seas has removed much of the geophysical interest of the 
problem ; but hardly all, since there axe bodies such as the moon and Mercury 
that appear to have been formerly subject to tidal friction and have probably 
never borne water at the surface. The intrinsic difiBiculty of handling elastic 
afterworking quantitatively is the presence of two different parameters. But 
we have direct evidence that the central core is truly liquid ; and the theory 
of the bodily tide and the 14-monthly variation of latitude, based on the deter- 
minations of the rigidity from seismic data and allowing for the fluidity of the 
core, gives results for these phenomena that are in good agreement with 
observation.* From this we may infer that either t' is long compared with 
both 12 hours and 14 months, or that t'/t is near imity, at most about 1*1. 
In the former case the assumption of perfect elasticity will be valid for tidal 
phenomena ; the same would hold if t'/'t was exactly 1. But if we assume that 
creep is im,portant in the theory of the bodily tide we must suppose t' very 
short in comparison with 14 months and probably under 12 hours, 

Now the phase lag will be a, given by 

2a = tan”^ Yt' — tan'^^ yT. 

The lag in the bodily tide is under 1°, from the condition that it can account 
for only part of the secular acceleration of the moon. Hence, either 


or 


T — v) < jjV, 


JL_ 

YT 



1 


when 27t/Y == 12 hours. If we take the former alternative and put t' =1*1t 
we get t' < 40 minutes- This is consistent with 4 (10) and leaves open the 
possibility that appreciable fractions of the observed damping of seismic 
waves and of the lunar secular acceleration are due to elastic afterworking ; 
though we maybe sure that it is not the whole explanation of either phenomenon. 

The second alternative makes 1 /t — 1 /t^ so small that no appreciable 
part of the damping of seismic waves can be due to elastic afterworking. On 

* Rosenhead, " Mon. Not. R. Ast. Soc., Geophys., SuppJ.,’ vol. 2, pp. 171-196 (1929). 
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the other hand, if we take the extreme case and make the inequality an equality, 
the phase lag in the l-i-monthly variation of latitude becomes great and we 
have an inconsistency. On this hypothesis we cannot, therefore, attribute any 
important damping effect to elastic afterworldng. 

These geophysical applications have a general interest, because they concern 
behaviour under very small strains. In an earthquake wave, as usually 
observed, the displacement is under 0*01 cm. on a wave-length of order 40 km., 
corresponding to a strain of order 10” In the bodily tide the displacement is 
of order 20 cm. in the earth’s radius, again corresponding to a strain of order 
3 X 10”®. These strains are smaller than are observable in most laboratory 
tests, and for such small values we must suppose that imperfection of elasticity, 
if it exists at all, follows a linear law. 


The Explosive Oxidation of Carbon Monoxide at Lower Pressures. 

By G. Hadman, H. W. Thompson, and C, K HnsrsHELWOon, F.R.S. 

(Received July 7, 1932.) 

The oxidation of carbon monoxide may occur either directly or by an indirect 
reaction with steam. Under appropriate conditions the oxidation takes place 
at a measurable rate, and there are also two distinct types of explosive reaction. 

The indirect oxidation in presence of steam takes place with measurable 
speed in the range 550"’-600'' C., and appears to involve reaction chains 
analogous to those occurring in the combination of hydrogen and oxygen.t 
The direct oxidation requires a considerably higher temperature : in a silica 
vessel, for example, there is a slow surface reaction at about 700° 0. This has 
been shown to be independent of residual traces of moisture, the kinetics 
being fundamentally different from those of the indirect oxidation. The direct 
oxidation can also be brought about by sparking dry mixtures of carbon 
monoxide and oxygen at high pressures. Bone and WestonJ have shown that 
the spectrum emitted by the exploding gases is quite diBEerent &om that given 
by the flame of moist carbon monoxide ; thus the mechanism of the dry ” 
reaction is really an independent one. Moreover, (Jarner § has shown that 
there is an abrupt change in the nature of the radiation emitted by a carbon 

t ‘ Rroc. Roy. Soc.,’ A, vol. 137, p. 87 (1932), where other references are given. 

f See Bone and Townend, “ Flame and Combustion in Cases,” chap. 26 (1927). 

§ Gamer and Roffey, * J. Chem. Soe.," p. 1123 (1929) ; Gamer and Hall, p. 2037 
(1930); Gamer, Hall and Harvey, ibid., p. 641 (1931), 
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monoxide flame when a small amount of hydrogen is added, this, again, 
confirms the existence of two separate mechanisms of oxidation. 

This paper deals with a third type of direct oxidation occurring in a 
region of comparatively low pressure, the extent Qf which is indicated in fig. 1, 
where mixtures of carbon monoxide and oxygen combine explosively. The 



Fig. 1. Modes of oxidation of Carbon Monoxide at various Temperatures and 

Pressures, 

limits of this region appear to be nearly the same whether the gases have been 
carefully dried or whether they contain measurable amounts of water vapour. 
This fact suggests that the mechanism of the e:^losion depends on the direct 
interaction of carbon monoside and osygen. 

With the dry gases the reaction outside the unstable region is very slow 
indeed, though, if pressure and temperature were raised sufficiently, a region of 
rapid reaction would presumably be reached eventually, since the velocity 
increases with both. This region would in turn be bounded by one of thermal 
esplosion. The rapid non-explosive reaction of the dried gases is not easy to 
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measure, since the limit of the low-pressure explosion region is displaced in the 
direction of higher pressure as the temperature is raised ; thus, experiments in 
which attempts are made to overcome the slowness of the reaction by using 
higher temperatures require high pressures, where, for practical reasons, rate 
measurements are difiScult. The high pressure thermal explosion, however, 
appears in the experiments in which Weston passed powerful sparks through 
the dry gases and found that they would ignite at a pressure of several atmo- 
spheres but not at the ordinary pressure. 

The low-pressure ’’ explosion has many of the characteristics of a reaction 
depending on the so-called branching chains, but the phenomena are complex 
and their interpretation difficult. The object of the experiments described 
in this paper was to study the explosion in more detail and, if possible, draw 
further conclusions about its mechanism. 

Method of Experiment 

Oxygen and carbon monoxide were prepared as described in a previous 
paper.f , In the first instance they were dried for 5 weeks over pure phosphorus 
pentoxide, but in later experiments a much shorter period of drjdng appeared 
to be equally effective. All the gases used were contained in spherical globes 
connected to the reaction vessel by capillary tubing- The taps were lubricated 
with ‘‘ Apiezon ” grease which has an absolutely negligible vapour pressure. 
The reaction vessel itself was of silica, and was fixed horizontally in an electric 
furnace, provided at one end with a quartz window through which any 
luminescence^ of the reacting gases could be observed. The vessel was sub- 
mitted to prolonged evacuation at bright red heat before use. Pressures were 
measured by a capillary mercury manometer. 

Several methods of observation were adopted, namely : — (1) measurement 
of the rate of the slow reaction by following change of pressure with time ; 
(2) mixing the gases in a pipette from which they could be displaced by clean 
dry mercury and gradually compressed in the reaction vessel : this will be 
referred to as the compression method ” ; (3) allowing one of the gases to 
stream into a known excess of the other already in the reaction vessel and 
observing whether or not a flash occurs— mixture method ; (4) preparing 
in the reaction vessel a mixture at a relatively high pressure and then gradually 
exhausting, noting the pressure at which ignition may occur — withdrawal 
method ’’ ; (6) preparing a mixture in the reaction vessel at a low temperature 

t * Proc. Eoy. Soc.,’ A, vol. 137, p. 87 (1932). 

X cf, Topley, * Nature,* vol. 125, p. 560 (1930). 
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and then gradually raising the temperature, observing the change of pressure 
and the appearance of any luminescence in the gas (heating method). Observa- 
tions of the pressure changes and of the flame were supplemented when 
necessary by analysis of gas samples. It may be said that the interpretation 
of the results obtained by any one of these methods would have proved difficult 
without taking into account the information derived from all together. 

The Lower lAmiL 

If the gases are compressed slowly at 650*^ C. a blue glow is observed to fill 
the vessel when a certain pressure is reached. The value of this pressure 

lower limit ”) varies with the condition of the vessel wall, but with a constant 
techni<iue of working can remain constant through a series of experiments. 
For example, at 650° in the smallest of the silica bulbs, successive values for an 
equimolecular mixture were 26, 27 and 27 mm., while after some time further 
successive values were 32, 32 and 31 mm. Still more drastic variations may 
occur if the vessel suffers the prolonged action of the gases, so that it is 
evident that the surface plays an important part infixing the position of the 
limit. It should be expressly stated here that there was no systematic 
dependence upon the time for which the gases had been dried, whether this 
was 6 weeks or a few days only. 

Lower limits of this kind usually depend very mxich upon the diameter of 
the reaction vessel, but in the present instance the variations observed with a 
given vessel were great enough to mask any systematic dependence on the 
dimensions of different vessels. 

The effect of temperature is very small ; thus in the larger bulb at 650° 
values were 13, 13, 12 mm. ; at 700°, 15, 14, 13, 13 mm. ; then at 650° again, 
13, 13 mm. 

The influence of variation in the carbon monoxide/oxygen ratio is shown in 
Table L 

Table I. 
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From this it appears that increase in the amount of oxygen diminishes the 
amoimt of carbon monoxide needed to give explosion. This is the opposite 
of what is found in the thermal explosion of the moist gases, where an increase 
in the amount of oxygen (leading to smaller reaction velocity) needs to be 
compensated by an increase in the amount of carbon monoxide if explosion 
is still to take place.f The contrast conj&rms the belief that the mechanism 
of the low pressure explosion is quite different, and may, indeed, be entirely 
independent of the presence of water. 

The most significant fact about the limit is its dependence on the presence 
of inert gases. Argon and nitrogen lower the partial pressure of the reacting 
gases required to produce explosion, as shown by fig. 2 and Table II. 


Table II. 

Larger silica bulb, 650® C. CO : O 2 = 1 : 1. 


Nitrogen : Carbon monoxide. 

Pressures at limit (mm.). 




0 

19 

0 

19 

2 

33 

16-5 

16-5 

4 

39 

26 

13 

8 

53 

43 

10 


Pressures at limit (mm.). 

Argon : Carbon monoxide. 





iHotal. 

i?A* 

pCO + Or 

0 

i 19 

0 

[ 

19 

2 

1 26 

13 

13 

4 

30 

20 

i 

8 

37 

30 

7.4 

1 


Control experiments showed that the state of the surface did not change 
seriously during the course of the whole series of exq>eriments. 

Other facts must be considered before any attempt is made to discuss the 
theory of the phenomenon. But it is probably not going beyond legitimate 
inference from experiment to conclude here that, since the explosion is facili- 
tated by the presence of the inert gas, it depends upon the presence in the gas 
phase of certain atoms or molecules, which the inert gas hinders from escaping 
by diffusion. 

t ‘ Froc. Boy. Soc.,’ A, voL 137, p. 37 (1332). 
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The TJ'pjper lAmiL 

If carbon naonoxide is added to oxygen, at a pressure greater than about 
260 mm. at 650® 0. no flash is observed and the gases react with extreme slow- 
ness. Under the conditions of our experiments in the smallest silica bulb 
300 mm. carbon monoxide and an equal amount of oxygen reacted steadily to 
the extent of 60 per cent, in 22 hours. When the pressure of oxygen is less 
than 250 mm. a flash occurs on introduction of the carbon monoxide. Similarly 
there is a limiting pressure of carbon monoxide above which no flash occurs on 
the addition of oxygen. 

The pressure of oxygen required is rather greater than that of carbon mon- 
oxide. An inert gas may to some extent replace either of the reacting gases, 
i.e., its presence lowers the limit. 


+ 

o 

o 


0 10 20 30 40 

P Inert gas, mm mercury 

Fig. 2. — ^Lofluenoe of Inert Gases on the Lower Limit. 



The limit is independent of the diameter of the vessel, and does not drift in 
the same way as the lower limit. 

Table III. 

Temperature 660° C. Addition of carbon monoxide to oxygen. 


Diameter of bulb 
(cm.). 

Inert gas present. 

Limiting pressure of 
j oxygen for flash (mm,). 

1*8 

Hone 

240-^260 

3*2 

9» 

i 266 

4*7 

J» 

240, 260 

4*9 

93 

265 

4*9 

100 mm. Ng 

206 

4*9 

100 mm. argon 

200 
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Whexi oxygen was added to carbon monoxide tbe flasbes were fainter and 
the limit more difiS-cnlt to determine. In the largest bulb at 650° it was about 
170 mm. 

The pressure required to prevent the flash from occurring increases rather 
rapidly with the temperature. If, therefore, a mixture is prepared at a low 
temperature in the reaction vessel and then heated, i.e., made to pass along 
the line AB in fig. 1 , a flash will occur when the curve representing the boundary 
of the unstable region is crossed. Since the velocity of change outside the 
explosion region is very small this “heating method” should give fairly 
accurate values for the pressure limit. Fig. 1 shows the displacement with 
temperature of the upper limit so determined with a mixture of composition 
1 00 : 2 Og. 


Total pressTire (mm.) 

(measured at the temperature I 

of the flash). I 

Temperature. 

528 j 

730 

422 

692 

333 

674 

174 

646 


The explosion limits of moist mixtures have been measured in Semenovas 
laboratory. The Russian investigators find an upper limit at 650° of 260 mm. 
for a mixture containing 90 per cent, oxygen, and 190 mm. for one containing 
33 per cent. We find 240 mm. for one containing 67 per cent, oxygen. Thus 
the agreement seems to be rather close. Moreover, Semenov finds the limit 
displaced from 190 mm. at 650° to about 400 mm. at 680° for the 33 per cent, 
mixture, while we find for the 67 per cent, mixture a displacement from 240 mm. 
at 660° to about 360 mm. at 680°. He also finds that increase in the proportion 
of carbon monoxide lowers the upper limit ; this agrees with our observations 
made by the “ mixture method.” 

The upper limit as indicated by the appearance or non-appearance of the 
glow seems therefore to be well defined, reproducible, not seriously affected 
by the degree of dryness of the gases, and independent of the diameter of the 
vessel. Moreover, it is lowered by the presence of inert gases. It is probably 
determined, therefore, by an action occurring principally in the gas phase. 

Although the limit itself is definite, the degree of completeness of the com- 
bustion which accompanies the flash is much more variable and uncertain. 
When carbon monoxide is added to oxygen at 650° at a pressure of 230 mm. 
(about 20 mm. inside the limit) a well-defined flash traverses the vessel, but 
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analysis shows that only a small percentage of the gases has actually been 
consumed. If the pressure of oxygen is below 200, however, the flash is usually 
much brighter and endures longer, and analysis shows that most of the gas has 
been burnt. When oxygen is admitted to an atmosphere of carbon monoxide 
the combustion accompanying the flash at 660° is nearly always rather small. 
In general it may be said that the completeness of combustion increases with 
passage farther within the limit, and is determined by factors which seem to 
vary with the state of the surface of the vessel. There seem to be two sets of 
factors at work. One set determines the limits between which a flame can be 
produced in the gas ; this flame is an attenuated one and only consumes a 
considerable proportion of the gas if it can persist. A second set of factors 
determines the persistence, which must be affected inter alia by the power of 
the vessel walls to reflect reaction chains. The products of reaction probably 
play an important part in controlling the persistence, and indeed Cosslet and 
Garnerf have found that the presence of carbon dioxide profoundly modifies 
the percentage combustion of carbon monoxide-oxygen mixtures. 

The whole of this question comes into prominence in experiments made to 
find the limit by the “ heating method.” When the mixed gases are heated 
the pressure increases steadily in accordance with Charles’ law until the line 
AB cuts the limit (fig. 1). At this point the normal pressure increase begins 
to be disturbed by the contraction due to reaction, and, simultaneously, a blue 
glow appears. As the temperature increases further the pressure diminishes 
rapidly, the dull flame grows in intensity and finally bursts into a very bright 
flash ; at this moment the manometer registers a sharp kick. With a rate of 
heating of about 10° a minute the whole phenomenon starts and finishes within 
a range of about 10°. 

At first we interpreted the effect as the setting in of a homogeneous reaction 
increasing rapidly in rate with temperature and culminating in the ordinary 
kind of thermal explosion. With no evidence other than that derived from a 
simple heating experiment it would have been natural to conclude that there 
was no real crossing of a limit but a continuous transition from slow reaction, 
through rapid, though still measurable reaction, to explosion. This con- 
clusion, nevertheless, would be misleading, because it would suggest that the 
non-explosive reaction should be observable over a considerable range of 
pressure, whereas, in fact, it is only observable in a narrow zone of pressure always 
immediately adjoining the upper limit. If the gases are heated to the tempera- 
ture where the glow begins and the manometer shows the setting in of oxidation, 
t ‘ Trans. Faraday Soc.,’ voL 27, p, 176 (1931). 
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and if at this point either a little more oxygen or a little more carbon monoxide 
be added the glow is quenched and the reaction rate falls to a neghgible value. 
In our first experiments with the dried gases many fruitless attempts were 
made to measure what we supposed to be a homogeneous reaction occurring 
shghtly below the explosion temperature ; eventually it was realised that the 
rapid change is inseparably connected with the explosion limit. It is, in fact, 
a feeble flame, lacking in self-propagating power rather than an isothermal 
reaction. The explanation of its failure to grow in intensity and consume the 
gas completely until the temperature is raised some degrees above the point of 
initiation is evidently the same as that of the incompleteness of the combustion 
in the mixing ” experiments when the pressure of the gas in the vessel is 
only just below the limit. The following experiments lend support to this 
view of the matter. If a mixture of 100 mm. carbon monoxide and 200 mm. 
oxygen together with 20 mm. carbon dioxide, or 20 mm. nitrogen, is heated, 
the glow begins at the temperature indicated by the curve in fig. 1, i.e., the small 
amount of foreign gas has no serious influence on the position of the limit. 
But on increasing the temperature further the flame does not develop properly 
and is often quenched again entirely by the carbon dioxide which it itself 
produces. 

It seems to us that in considering the explosion limits the conditions for the 
first appearance of the flame are the important ones ; this is confirmed by the 
fact that the upper hmit so determined is constant and reproducible. The 
condition that the flame should consume a large proportion of the gas is more 
difficult to define, and must depend upon factors such as the diffusion to the 
walls of the vessel of the products which the first chains leave in their wake, 
and upon the ease of reflection of the chains from the walls. 

Metastahility Phenomena. 

Thus far the picture presented is one of two explosion limits with very slow 
reaction outside them, but this is not a complete picture. 

One of the easiest ways of determining the upper limit with a system such as 
the hydrogen-oxygen system is to mix the gases in the reaction vessel at a high 
pressure and then slowly to withdraw them, when e 3 q)losion is observed to occur 
with great regularity as the limit is passed. 

With mixtures of carbon monoxide and oxygen this experiment gives a 
negative result, whether the withdrawal is rapid or extremely slow. This was 
shown by repeated trials, the gases sometimes being left for many minutes in 
the unstable region. 
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The explanation appeared in the course of a long series of experiments 
made to determine the influence on the lower limit of varying the proportions 
of the two gases. Whenever mixtures containing more carbon monoxide than 
oxygen were used the limit drifted, the explosions became fainter and finally 
ceased to occur at all. Whenever this happened the status quo could be 
restored by leaving oxygen in the heated vessel for some time. 

Thus it appears that exposure of the surface to any considerable partial 
pressure of carbon monoxide is liable to put it more or less permanently into a 
state such that no explosion can occur even though conditions of temperature 
and pressure are favourable. This may be called the metastable state of the 
system, without prejudging any theoretical issues. Since, in the “ with- 
drawal ” experiments, carbon monoxide at a relatively high partial pressure 
has been introduced, the failure to explode is, . obviously, connected with 
this metastability. It is surprising that the metastability does not affect 
the “heating” experiments seriously, though it can be understood that a 
“ poisoning ” film of adsorbed gas is less likely to survive the disturbing action 
of increased temperature than that of reduced pressure. There are, indeed, 
signs that metastability is not entirely absent even here, for, if attempts are 
made to carry out heating experiments in which the limit is crossed below about 
640®, the pale glow may fail to appear at the right temperature, and the 
limit is overstepped by a variable amount till finally the gas explodes with 
a very brilliant flash. 

Two practical points emerge from these results. If it is desired to map 
out the explosion area with a miaimum of difiiculty, the experiments should 
be carried out at temperatures not much below 650®. Furthermore, to obtain 
reproducible results in any experiments it is advisable to use mixtures 
containing excess oxygen, or to heat the vessel with oxygen after each 
experiment. 

Under one special set of circumstances it is possible to obtain the explosion 
on withdrawal. If oxygen at a pressure just less than the critical value is let 
into the reaction vessel and carbon monoxide added rapidly, a dull glow begins 
at once but dies out in a few seconds provided that enough carbon monoxide 
is added to exceed the limit for the mixture. If, when the glow has become 
almost imperceptible or, indeed, just imperceptible, the gases are withdrawn, 
a brilliant flash occurs accompanied by almost complete combustion. The 
original duU glow leaves behind in the gas phase active products which decay 
completely if the pressure is kept high, but give rise to explosion if the pressure 
is rapidly reduced to a value within the limits of the explosion area. 
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Discussion, 

Tte facts requiring explanation are, first, tlie existence of a region of explosive 
combination between two limiting pressures, outside wMcb the rate of reaction 
is very small, and secondly, tbe metastable state produced by carbon monoxide 
on tbe wall of the vessel. 

For brevity it will be convenient here to refer to a discussion given elsewheref 
of the various ways in which explosion limits can be explained. The simplest 
of the theories is that of branching reaction chains. Below the lower limit 
these are prevented from multiplying effectively because the chain carriers 
diffuse too rapidly to the wall of the vessel, and are there destroyed. This 
explains the dependence of the limit on the state of the wall and also the fact 
that inert gases facilitate explosion, their action being to hinder the diffusion 
of the chain carriers. The upper limit is governed by some process of re- 
combination of atoms or deactivation of molecules, occurring in the gas phase 
with greater readiness the higher the pressure* This explains why the upper 
limit is so much more reproducible, and why it is independent of the vessel 
and lowered by the presence of foreign gases. 

The occurrence of metastability can be interpreted as the occasional cona- 
plete poisoning of parts of the vessel wall which ordinarily yield by a hetero- 
geneous chemical reaction certain atoms or molecules necessary for the starting 
of the chains. 

Metastability effects are thus connected with the actual initiation of the chain, 
while the limit phenomena depend on the conditions for the branching of the 
chains assuming that the mechanism for their starting has operated. There 
is a rough analogy with the phenomena of change of state, where the presence 
of nuclei and the appropriate conditions for their growth are both necessary. 

As a formal physical theory the branching chain theory seems to account for 
the known facts, but it may be well to consider briefly some alternatives. In 
the first place it can be objected that to talk about chains at all is simply a 
neologistic manner of describing happenings which could just as well be- 
described in purely thermal terms. The lower limit might be regarded as the 
point at which the local surface oxidation became rapid enough to ignite the 
gas mixture, and the upper limit as that at which the conduction of heat from 
the surface through the gas phase became great enough to prevent the ignition. 
This method of regarding the matter seems to us to be definitely less convenient 
for two reasons. In the first place, the action of inert gases in facilitating the 

t ‘ Trans. Faraday Soc.,’ vol. 28, p. 184 (1982). 
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ignition in the neighbourhood of the lower limit is difficult to explain by any 
hypothesis except one depending on the idea that the inert gas prevents 
diffusion of certain atoms or molecules ; any such hypothesis involves what is 
essentially a chain mechanism. In the second place, the rate of reaction out- 
side the limits is so very slow that centres on the surface of a very remarkable 
kind would have to be postulated, capable of giving rise to intense local action 
without consuming appreciable amounts of the reacting gases. This difficulty 
could be overcome by the assumption that the centres are only transitorily 
active while the gases are being mixed and before the true adsorption equili- 
brium is reached, but even then the influence of inert gases on the lower 
limit presents a problem, and the fact that the lower limit is independent of 
temperature would be difficult to explain. 

The situation may perhaps be summarised by saying that with the aid of 
rather special assumptions about catalytically active centres on the surface it 
is possible to construct a purely thermal theory which leaves only a few of the 
facts difficult to understand ; while the chain theory gives a simple interpreta- 
tion of all the facts, which is not only formally correct but, on the whole, more 
convenient and more suggestive of further experiment. We, therefore, propose 
to apply it to the oxidation of dry carbon monoxide until the discovery of 
facts which are inconsistent with it. 

It is interesting to note the connection between the metastability phenomena 
and the theory of Alyea,t according to which upper limits are determined by 
the discontinuous stripping off of an adsorbed film of gas when the pressure 
fafls below a certain value. In this theory the absence of reaction above the 
limit is attributed to the complete failure of any chains to start, i.e., to the 
factor which we have supposed to account for metastability in poisoned ’’ 
systems. It seems to us impossible that the upper Umit can be explained in 
this way. In the first place, the stripping off of an adsorbed film, as all experi- 
ence with surface reactions shows, would be a very erratic affair, while the upper 
limit is not only reproducible but occurs at the same pressure in a silica vessel 
partly devitrified by long heating to 950* as in one which has suffered no such 
treatment. Secondly, excess of oxygen or carbon monoxide or of an inert gas 
will control ignition in the neighbourhood of the upper limit, although it is 
clearly carbon monoxide alone which can exert '‘poisoning” influences. 
Thirdly, the existence of a lower limit is not provided for by the theory. 

But the stress Alyea lays on the starting, of the chains is important and it 
seems to us that if the two sets of factors governing the starting of the chains 
t ‘ tT, Amer. Chem. Soc.,’ vol, 53, p. 1324 (1931). 
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on the one hand, and their propagation on the other hand are recognised to be 
independent, most of the facts about this and other reactions can be brought 
into harmony. The relative importance of the two sets of factors will vary 
from reaction to reaction. 

Passing from the formal physical theory to the detailed consideration of the 
actual chemical reactions occurring in the chain an element of guesswork 
inevitably enters. Several different mechanisms have been proposed for the 
combustion of dry carbon monoxide. A possible cycle of changes will be 
suggested below, which, although not identical with any so far given by other 
investigators, incorporates the principal elements of each of them. 

Evidence about the active species concerned in flame reactions can be derived 
from an analysis of the spectrum. It is not always legitimate to transfer data 
so obtained to the interpretation of the mechanism of slow reactions, since the 
latter may not involve the same stages as the flame reactions. In the present 
example, however, the reaction with which we are concerned is in general an 
explosive one. 

The infra-red radiation from carbon monoxide flames has recently been 
studied by Garner {loc. cit.) and the visible and ultra-violet spectrum by 
Kondrateev.f The conclusion drawn from both series of investigations is 
that the radiation is emitted by excited molecules of carbon dioxide. The 
visible spectrum consists of bands, superposed on a continuum, no explanation 
of the latter having yet been given. Such continua are common in flame 
spectra, and while their origin is not definitely known, it has been attributed 
to processes of recombination between free atoms or radicles. The spectro- 
scopic evidence, therefore, indicates the presence in the flame of excited carbon 
dioxide molecules and possibly of free atoms or radicles which fairly rapidly 
reunite. Garner has suggested that the processes occurring in the flame involve 
both ‘‘ material ” chains and ‘‘ energy ” chains. 

The experiments described in previous sections indicate that the dry oxidation 
of carbon monoxide is a surface reaction which readily passes into explosion. 
If the theory of branching chains is accepted, we must provide a mechanism 
for the branching. The following cycle of changes seems possible : — 

(1) CO + 02 = 002 + 0 

(2) 0 + C0 + 02 = C0a + 20 

(3) 0 + 00 + 00 = 002 + 00 

(4) 0 + 0 + inert gas = Og 

f * Z. Physik,’ voL 63, p. 322 (1930). 
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(5) 0 + CO + inert gas = OO 2 

(6) 0 + 00 = 002. 

(1) is tlie primary surface process, (2) provides for the branched chains, (S), 
(4) and (6) interrupt the chains in the gas, and (6) breaks them at the wall. 

(6) determines the lower limit. It may also prevent any oxygen atoms leaving 
the wall at all and so determine the metastable condition of the system. The 
upper limit is determined by the removal of oxygen atoms in the gas by 
recombination or otherwise. 

The activated carbon dioxide molecules which emit the glow may be formed 
in processes (3) and (6) and also by an alternative to (2), namely, 

0 + CO + O 2 = CO 2 * + O 2 . 

Besides the above atomic chain, an energy chain ” such as the following is 
possible : — 

(7) C02* + 02 = 02* + C02 

(8) 02* + 00 = C02 + 0 

which Garner has suggested (his primary process being the activation of an 
oxygen molecule). 

The existence of oxygen atoms, or some active species which can decay by 
re-combination, is indicated by the experiment of letting carbon monoxide 
stream into oxygen so that at the beginning the mixture is just below the 
upper limit. The pale glow first seen decays in the course of a few seconds. 
If the mixture is withdrawn quickly, however, a bright flash occurs. Thus it 
appears that active centres remain and may bring about ignition which would 
not take place if they were allowed to decay. 

On the other hand, the addition of minute traces of iodine was found to 
inhibit the esplosion entirely, and since other experiments give us reason to 
suppose that the iodine molecule has an exceptional ability to promote transfers 
of energy, this may indicate the occurrence in the chain of links involving 
excited molecules also. 

We desire to record our indebtedness to the Eoyal Society, and to Imperial 
Chemical Industries Ltd., for grants which have made these investigations 
possible. 

Sumrmry. 

In the neighbourhood of 700° C. dry carbon monoxide and oxygen combine 
explosively in silica vessels between certain limits of pressure. Outside these 
limits the rate of reaction is extremely small. The limits are independent of 
the degree of dryness of the gases. 
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The lower limit is affected by tbe presence of inert gases in sncb a way as to 
show that it is governed by the diffusion of active centres of some kind to the 
vessel wall. The upper limit is independent of the vessel, and affected by 
foreign gases in such a way as to show that it is governed by gas phase 
deactivation. 

The lower limit is independent of temperature ; the upper limit moves 
rapidly towards higher pressures as the temperature rises. 

The action of carbon monoxide on the wall of the reaction vessel may put 
the system into a state where no explosions are possible ; this may be called 
the metastable state. 

The experimental results are interpretable in terms of the theory of reaction 
chains, which is adopted as the most convenient after a consideration of other 
possibilities. The explosion limits are determined by the conditions for the 
propagation of the chains, wiile metastability depends upon failure of any 
chains to start. It is pointed out that, just as in the phenomena of change of 
state, the conditions for the initial production of active centres, and those for 
their survival and multiplication are independent. The existence of two sets 
of factors accounts for the complexity of the experimental facts. 

The mechanism of the chemical changes involved in the chains is discussed. 


The Lower Pressure Limit in the Chain Reaction between Hydrogen 

and Oxygen. 

C. N. Hinshblwood, F.R.S., and E. A, MoELWYisr-HuGHES. D.Phil. 

(Received July 19, 1932.) 

Previous investigations* have shown that above 460° C. there are two pres- 
sure limits between which the combination of hydrogen and oxygen takes place 
explosively and outside which it may abruptly become extremely slow. 
Practically difficulties have hitherto hindered a detailed study of the conditions 
governing the position of the lower limit. A modification of the earlier 
experimental arrangement has allowed these difficulties to be overcome, and 
the influence on the limit of hydrogen-oxygen ratio, vessel diameter, tempera- 
ture and presence of inert gases has been investigated. The influence of these 

* ‘ Proo. Roy. Soc.,’ A, vol. 122, p. 610 (1929) ; vol. 130, p. 640 (1931) ; vol. 134, p. 1 
(1931). 
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various factors corresponds in general to that found in other reactions which 
exhibit limit phenomena. The results are consistent with the hypothesis, 
already put forward and discussed, that the lower limit is that pressure where 
reaction chains cease to be broken at the walls of the vessel as rapidly as they 
are started by the branching ’’ of existing chains. 

The method of experiment was simply to prepare in A (fig. 1) a mixture of 
appropriate composition, measure off a small proportion of it in the capillary 
pipette B, and then to allow the contents of B to stream into the evacuated 
silica reaction vessel C. The coejficient of sharing between B and C was 
determined by a special calibration. C was heated in a horizontal electric 



furnace provided with a quartz window. If the calculated final pressure in C 
was below the limiting value nothing was seen when a pipetteful of mixture 
was added, while if it was above the limit a flash was observed. The tempera- 
ture of C was measured with a thermocouple. 

The position of the limit could be determined fairly sharply, as the following 
example shows ; — ^Pressure in pipette 95, 100, 105 mm. — ^no flash ; 109, 115 mm. 
and higher — ^flash ; limit 107 mm., corresponding to a pressure in the reaction 
vessel of 3*38 mm. 

The flashes were feeble and had to be observed with a dark-adapted eye. 
The position of the limit tended to shift with continued use of the reaction 
vessel, as might be expected from the fact that the whole phenomenon depends 
upon surface deactivation. It was found, however, that reasonably constant 
and concordant results could be obtained from day to day if the reaction vessel 
was washed out with oxygen for a few minutes before each experiment. In 
one of the bulbs the following limits were found at intervals during about 
3 weeks: 4-20, 4*25, 3*33, 3*52, 4-01, 4*50, 3*20, 3*00, 3*30, 4*20, 3*34, 
3*31. 
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Influence of Temperature. 

From 550° to 650° the influence of temperature is negligible. At higher 
temperatures the furnace is too bright for the luminescence accompanying 
the explosion to be observed properly. 

Thompson and Hinshelwood*^ found in studying the upper limit that no 
explosions occurred at all below about 450°. They assumed this to be the 
temperature at which the upper and lower limits coincide, and inferred that the 
lower limit was at about 8 mm. This value is considerably higher than the 
values found for the lower limit between 550° and 650° in the present series of 
experiments ; thus it appears that below 500° the lower limit ceases to be 
independent of temperature. This conclusion has been confirmed by direct 
measurement. Fig. 2 shows that the curves giving the variation of the two 



Fig. 2. — ^Influence of temperature on the lower limit. The dotted line represents the 
temperature at which the upper and lower limits were previously found to coincide. 

limits with temperature do not out sharply as Hinshelwood and Thompson’s 
approximate calculation virtually assumed, but that the curve for the lower 
limit bends round at the lower temperatures quite markedly. 


Silica Bulb, 1*8 cm. diameter. 


Temperature 

650° 

604° 

650° 

500° 

480° 

Lower Hmit (mm.) 

2*99 

2*74 

2*75 

3*62 

6*20 



* ‘ Proc. Boy, Soc.,’ A, vol. 122, p. 615 (1929). 
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Influence of the Relative Proportions of Hydrogen and Oxygen. 

The results in Table I were obtained in the bulb of 1*8 cm. diameter at 
560 ^ 


Table I. 



Critical pressure 
(total). 

(mm,). 

Po,- 

(mm,). 

4:1 

3-9 

3-12 

0-78 

2;1 

3-45 

2-30 

M5 

1:1 

3*3 

1-66 

1-65 

1:2 

3*2 

1-07 

2-14 

1:4 

4*3 

0*86 

3-44 


If is plotted against the curve obtained is not quite a rectangular hyper- 
bola, but approximates roughly to one. 

A repetition of the experiments in a larger vessel where the pressures were 
smaller gave less reproducible results, and the curve of p^^ against showed a 
more marked departure from symmetry, in the sense that the product jPn* • 
increased considerably as pH# decreased. 


Influence of Inert Oases. 

Inert gases hinder the diffusion of the chain carrying species to the wall and 
thus facilitate explosion. Accordingly the partial pressures of the reacting 
gases at the limit are diminished by the presence of the inert gases. In 
accordance with the difference in the diffusion coef&cients argon exerts a much 
greater influence than helium. All the results recorded in Table II refer to 
the bulb of 1 *8 cm. diameter and to a temperature of 550^. The ratio H 2 : O 2 
was 2:1. 


Table II. 


Nitrogen. 

Carbon dioxide. 



POOi^ 

\ 

2>(K,+o,). 

0 

3*20 

0 

4-50 

2-12 

2-12 

6-24 

3*12 

3-10 

1-56 

11-4 

2-79 

4-94 

1-65 



5-25 

1-05 



6-15 

1 

0-88 
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Helium. | 

Argon. 



PA- 

i»(H8 + Oa)- 

0 

3-83 

0 

4*25 

5*45 

2-73 

2-90 

2*90 

8-70 

2*18 

4-41 

2*21 

(0 

3*62) 

6'72 

1*68 



6-61 

1*09 



(0 

4*20) 


From series to series the control experiments without inert gas vary some- 
what. In a given series the variation is not serious, as may be seen from the 
initial and final experiments of the series with argon and with helium. 


Infiuenoe of Vessel Size. 

The limit at 650° for a mixture of composition 2 H 2 : 0^ in a number of 
silica bulbs is recorded in the following table. As was to be expected, vessels 
of the same dimensions differ from one another owing to qualitative differences 
in their surfaces. Nevertheless the greater ease of explosion in the larger 
vessels is quite evident. 

Table III. 


Diameter of bulb 
(om.). 

Pressure at lower limit 
(mm.). 

[ 

Observations. 

5*4 

0*76 Mean 1*06 

Length 9 cm. 

6*4 1 

1*36 

Apparently identical with first. 

4*9 

0*91 

Length 9 cm. 

3*2 

2*85 

9t 

1*8 

3*64 

99 


The values in Table III are the mean of several determinations made after 
the surface of the vessels had been conditioned by a little use. 


Discussion of Results. 

If the chain mechanism involves hydrogen and oxygen in a symmetrica 
way, and if the chains are broken at the wall of the vessel, then it can 
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be shown* that for a given vessel and with a given inert gas the 
expression 

should be constant. The theory is based upon a number of simplifications^, 
however, and can only be expected to hold approximately. 

As shown above, in the absence of inert gas there is a roughly hyperbolic 
relationship between and fOt as there should be. For the influence of 

inert gases we should find that plotted against 1 

gives a straight line, assuming that the inert gas only acts by hindering 
diffusion to the walls. As Melville and Ludlamf point out, the slope 
of the line will be proportional to the diffusion coefficient of the active 
chain carriers through the inert gas. Fig. 3 shows the results for helium,. 


. gas 

Vs. + Vo, 



Fig. 3. — ^Influence of inert gases on the lower limit. 


argon and nitrogen. The relative slopes for argon and helium are about 
what would be expected. Carbon dioxide exerts considerably less efEect 
than it should, presumably because of a specific deactivating influence 

* Compare the derivation given for the analogous example of phosphine and oxygen, 
‘ Proo. Roy. Soo.,’ A, vol. 126, p. 294 (1929). 
t ‘ Proo. Roy. Soo.,’ A, vol. 132, p. 108 (1931). • 
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which it exerts on the chain carriers, or of an influence on the nature of 
the surface** 

In the ideally simple chain reaction with wall deactivation the product 
pH, • Po, would vary inversely as the square of the diameter of the vessel, 
assuming the latter to be an infinitely long cylinder. The table in the previous 
section shows irregular variations, due to the fact that the wall does not remove 
the chain carriers with perfect efi&ciency, and that the actual efficiency varies 
with the exact condition of the surface. It is evident that p^^ + po^ varies 
roughly in an inverse linear ratio with the diameter for vessels of the same 
length; thus the product *3^0, will vary as something of the order of 
the square of the diameter, but a more detailed analysis is obviously useless. 

It may be said that the results generally are consistent with the theory of a 
lower limit governed by the diffusion of active centres to the wall, but that 
various specific actions make the agreement with the quantitative theory only 
approximate. 

We wish to express our indebtedness to Imperial Chemical Industries, Ltd., 
and to the Eoyal Society for grants with which apparatus for these experiment, 
was obtained. 

Summary. 

The influence of temperature, hydrogen-oxygen ratio, presence of inert 
gases and vessel diameter on the lower limit of the low pressure explosion 
region in the combination of hydrogen and oxygen has been investigated in 
more detail than was possible in earlier work. The results are consistent with 
the hypothesis, previously advanced and discussed that the lower limit is 
determined by a balance between the branching of reaction chains and the 
removal of chain carriers by diffusion to the wall of the vessel. 


^ Carbon dioxide exerts some deactivating influence in the gas as shown by its influence 
on the upper limit ; but the effect is only of the same order as that of other gases. The 
following experiments to tost this may be recorded here ; — 


540® upper limit (mm.). 

jPtotal. 

3J(«a+0,). 

iJoo,. 

Hj : Oj = 2 : 1 

73 

73 

0 


62 

47 

16 


66 

40 

25 


69 

30 

29 
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The y-Rays of Thorium B and of the Thorium 0 Bodies, 

By C. D. EiiLis, F.R,S. 

(Received August 6, 1932.) 

[Plate 12J 
§ 1. Introduction, 

A word of explanation is necessary in presenting this paper. It is unfinished, 
but designedly unfinished. When p~ray spectra were first discovered, the 
papers describing the experiments made no claim to give complete lists of the 
lines, publication was justified by the discovery of even a few strong lines. 
Then came the period when the technique had reached a sufiicient stage of 
development to detect with fair certainty all except the faintest lines, and 
further, and this is the important point, the attainable accuracy was more 
than sufficient for all theoretical purposes, since in reality but little theory 
existed. From this stage we are just emerging. Recent experiments have 
proved beyond doubt that the y-rays are associated with transitions between 
a-particle stationary states in the nucleus, and it is clear that the (J-ray spectra 
will play the same r61e in giving information about these states as have the 
optical X-ray spectra for the electronic states. Yet this information will not 
be obtained in its final form by one experiment. Far more we have to expect 
a gradual accumulation of knowledge in which step by step the exact energies 
of the lines, their allocation to the correct body, and their intensities are 
obtained to a sufficient accuracy. 

The present paper is a contribution to our knowledge of the thorium 
(B + C + C' + C") spectra,* and for the reasons which have been mentioned 
the treatment is neither exhaustive, nor are the results equally detailed for all 
parts of the spectrum. It is hoped, however, that the results are presented 
in a form which will prove accessible, and for this reason only slight reference 
is made to experimental technique. A detailed study, which proved very 
laborious, has been made of the intensities of the groups. Beyond mere visual 
estimation, no attack had previously been made on this problem, which I 
suggest is of equal importance to that of finding the energies of the groups. 
In the course of this work many new lines were detected, and some discrepancies 

* For previous work see “ Radiations from Radioactive Substances,” Rutherford, 
Chadwick and Ellis, p, 368 (Camb. Univ. Press). 
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with previous workers noted. Careful measurements were therefore made of 
the energies of all the lines. The final results constitute an entirely 
independent investigation of the energies and intensities of the groups in 
these spectra. 

The arrangement of the paper is as follows. The next section contains 
Table 11, which is a list of the energies and intensities of all the p-ray lines 
found from a source of thorium (B + C + C' + 0") in transient equilibrium, 
and various points of importance in connection with the deduction of these 
final figures are there discussed. The succeeding sections deal in turn with 
the division of these lines among the various bodies, and the deduction of the 
Y-rays from the p-ray spectra. The assignment of lines to ThBC is based on 
Black’s* work, that of the lines to the other disintegrations follows in the main 
the evidence obtainable from the a-particle groups. The details will be found 



Pro. 1. — Strong lines of Th (B + 0 + C' + C") p-ray spectrum. 

in the sections devoted to the different disintegrations. It must be emphasised 
that this allocation of the lines is m some cases doubtful, but it is convenient 
to come to a provisional decision provided always that the results are so 
presented as to make it easy to alter this when better data are obtained. An 
important step in this direction is to name the lines by letters so that their 
identity may persist even if their origin or the value of their energies are 
altered. The system of nomenclature adopted here was explained in a letter 
to ‘ Natuxe.’f To facilitate identification a map of the stronger lines is shown 
in fig. 1. The height of the lines in the diagram shows very approximately 
the relative photographic intensity of the different groups. A scale of log Hp 
is used since this puts the lines in the same relative positions as they appear 

• ‘ Proo. Roy. Soc.,’ A. vol. 109, p. 166 (1925). 
t Ellis, ‘ Nature,’ vol. 129, p. 276 (1932). 
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on tlie photograpMc plate. For suppose the limiting radii of curvature that 
can he used in the apparatus are and pj, then in a magnetic field H a section 
of the spectrum Hp^ to Hp^ falls on the photograpHc plate which is, of course, 
of the same length in all experiments. But equally in the diagram a region 
(Hp)i to i (Hp)i, where ib is a constant, will occupy the same length log h 
whatever the value of Hpi. With limiting radii of 6-3 and 9-3 cm. it will bo 
found that the portion of the spectrum which could be photographed in any 
one spectrum corresponds to a length in fig. 1 a little greater than F to J. 
Portions of these spectra have also been investigated recently by Sze-Shih- 
Tuan.* His results appear to be in general agreement with the present measure- 
ments, but a detailed comparison is difficult at present, since he uses a different 
absolute scale of energies and it is not clear what value of e/»»o is employed. 
He further does not measure the intensities. 

Some reproductions of the photographs obtained are shown in Plate 12. 
The photograph, fig. 5, Plate 12, shows the complexity of the b'nAs in, the region 
Bd-E ;t most of these lines are due to X-rays generated in the radioactive 
atom by conversion of the y-rays. The photographs figs. 6, 7, 8 and 9 taken 
with a finer source, an activated platinum wire 0>06 mm. diameter. In 
fig. 6 the exceptionally strong line F will be noted ; its breadth is due to over- 
exposure. There are satellities to both the lines E, figs. 6 and 6, and I, fig. 7, 
which owing to the fineness of the lines are clearly separated. Fig, 8, Plate 12, 

IS mteresting since it shows the p-ray line X due to the powerful high-frequency 
Y-ray of 2J million volts from thorium C" . Pb. 

The actual shape of the lines was found by measuring the density with a 
recording photometer, and owing to the fineness of the lines it was possible to 
deduce that the distance between the foot and the peak did not differ from that 
to be expected from a strictly homogeneous group by more than that corre- 
sponding to a change of one part in about three thousand of the total energy 
On general grounds one would expect the electronic groups to be homogeneous’ 
to something of the order of one part in one hundred thousand, but these 
measurements suffice to ‘show that there is no gross inhomogeneity. In one 
particular case, however, this information is of real importance. There are 
two Y-rays emitted by thorium C" . Pb which will be caUed yL and yM, since 
by conversion in the K level they give the lines named L and M. These y-rays 
have been identified by the excited spectrum method, that is by the 


* ‘ C.R. Acad. Soi. Paris,’ vol. 194, p. 874 (1932). 
t To avoid confusion only a few lines are lettered, the lines C and D 
ones of the two doublets on the left of the photograph. 


are the right hand 
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photo-electric groups they eject from heavy metals, both by Thibaud* and by 
the writer in the present series of experiments, so that there is no doubt that both 
exist in emission. The curious feature, however, is that the q^uantum energies 
of these y-rays differ by exactly the same amount as the K and Li absorption 
energies of the electronic system, so that the §-ray line due to the conversion 
of yL coincides apparently exactly with the K conversion of yM. The p-ray 
line M is therefore double and this view is supported by the intensities. It is 
both probable on theoretical grounds and supported by experiment that a 
j3-ray line due to K conversion is about seven times as strong as the corre- 
sponding line due to Lx conversion. Now the p-ray line L has an intensity 
1*7 in arbitrary units, so that we should expect the Lx conversion to be about 
0*26. Exactly at the place where this line should be there is the strong line 
M of intensity l-T, which we therefore suppose to be made up of 0-26 by the 
Lj of yL, and 1 *45 by the K of yM. The line of the yM should then also 
be about 0*2. There is a p-ray line named N which has just the right energy 
for this purpose and its intensity was measured as 0-3, which, considering 
the difficidty of the intensity measurements, is sufidoient agreement. It is 
interesting to note that both these y-rays appear to behave normally as regards 
the intensity of conversion, as we have in fact assumed, since the p-ray lines 
due to conversion in the M electronic levels [viz. the lines Ma and Na (see Table 
II)] both have intensities about 1/24 of the K conversion which is the usual 
figure found. 

Since it is then clear that the p-ray line M is double it is a matter of some 
interest to see whether it is slightly wider than L. These two lines are shown 
in fig. 9, Plate 12, it is at once obvious that they look similar and actually the 
photometer records suggest that they do not differ in shape by an amount 
corresponding to a change of 1 part in 6000 in the energy. Even taking into 
account that the two superimposed lines differ greatly in intensity I find it 
difficult to believe that they differ in energy by as much as 1 part in 2000, and 
actually the superposition looks to be exact. While there is no other case so 
well authenticated as this, there are indications that there are other y-rays 
showing this curious relation that theic energies differ by an amount exactly 
equal to energy differences of the electronic structure. It may be only a 
coincidence and certainly further investigation is needed before this observa- 
tion would justify an attempt at a theoretical interpretation. 

The radioactive source used in these experiments was thorium B in transient 
equilibrium with its products. The scheme of transformation is shown in 

* ‘ Thesis,’ Paris (1925). 
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fig. -2 from ■which it appears that "we are concerned ■with five difierent types of 
disintegration, vk., thorium B . C, thorium C . C", thorium C . C', thorium 
C" . Pb and thorium 0' . Pb. It has been possible to identify ^-ray groups 
associated with y-rays from thorium B . C, thorium 0 . 0" and thorium 0" . Pb. 
Particular interest attaches to the case of thorium C . C", since this is the dis- 
integration for which a series of a-ray groups have been detected by Rosenblum* 
and which pro^vides one of the best ezamples of the association of y-x&ja with 
the nuclear a-particle levels. The measurements of the present paper, and 
the latest results of Eosenblum and Valadresf are carefully compared from 
this point of view. The detailed discussion ■will be foimd in section i and the 
conclusion is reached that the new measurements provide convincing e^vidence 
in favour of the connection between y-rays and a-particle levels. Little need 



Eto. 2. 

be said about the y-rays of thorium B . G and thorium C" . Pb. Both are 
P-ray disintegrations and their y-ray emission has been studied by many 
investigators. The .ca|^ of thorium 0 . C' and thorium C' . Pb are more 
interesting, liorium C' . tib is an a-ray disintegration, and following Gamow’s 
theory of the y-rays from the a-ray disiategration of thorium C . C", we should 
only expect y-x&jB in detectable amounts if the a-particles were emitted in a 
series of groups whose intensities did not differ by a factor of more than one 
or two hundred, and further the highest energy group would be expected to be 
one of the strongest. Nothing like this is observed, so presumably there are 
no y-rays. It is well kno^wn, however, that thorium C' . Pb eniits groups of 
long range a-particles analogous to the radium C . C' disintegration and this 
would lead us to expect y-rays from thorium C . O' corresponding to the energy 
differences of the a-particle groups. There is some slight evidence in the 
p-ray spectrum for some of these y-rays (Section 6), but I have not obtsmed 
satisfactory e^vidence of what would be expected to be the most prominent 

* ‘ J. Phys. Rad..’ vol. 1, p. 458 (1930). 

t ‘ O.R. Acad. Soi. Paris,’ vol. 194, p. 967 (1932). 
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transition. Skobeltzyn,* however, investigating the hy the Compton 

effect, appears to have detected this y-ray, and it would therefore seem that 
there is here a case of very slight internal conversion. There is a considerable 
amount of information in these (3-ray spectra about internal conversion and it 
is proposed to consider it separately in another paper. The result that the Li 
conversion line is about one-seventh the intensity of the K conversion is 
supported by these measurements. We have already Used this in discussing the 
superposition of two p-ray lines, and it proves generally to be of great help in 
disentangling the spectra. 

There is Cne region Bd-Df2 in which there is a series of close lines. A repro- 
duction of a photograph of these lines is shown in fig. 6, Plate 12. It seems 
certain that most of these lines arise entirely from the electronic structure after 
the ionisation of the K shell by the conversion of the y-rays and they can be 
considered as due to the conversion of the K X-rays in the various electronic 
shells. They will not be further considered in the present paper sinoe the best 
method of analysing this region will be to compare it with the corresponding 
region in the radium (B -f- C) spectrum. 

§ 2. Bxpermevdal Remits. 

The usual type of semicircular focussing apparatus was used, the radii of 
curvature of the extreme rays being between 6’S and 9*8 cm. In the latter 
part of the work a large permanent magnetf was used which proved to be 
exceptionally convenient and contributed greatly to the accuracy of the work. 

The work was originally started with a view to finding the intensities of the 
groups in these spectra, since the energies had already been studied by several 
workers. It soon appeared, however, that the values of the energies obtained 
from my plates did not agree sufidoiently well with those already published, 
and it was therefore necessary to make a study also of the energies of the groups. 
In the greater number of the experiments measurements were made 03 ily of 
the rdative velocity of the groups, that is, of the relative values of Hp. Pro- 
vided the magnetic field is uniform, the relative values of Hp of two groups 
can be obtained simply from the relative values of the radii of curvature when 
they are photographed in the same magnetic field, and thus by a stepwise 
method of comparison it is possible to comp^ in turn all the groups. By a 
proper attention to technique it was found possible to obtain values fdr this 
ratio which in the case of the stronger lines were repeatable to 1 part in 3000. 
These values were obtained with two diSerent sets of apparatus Tim'ng two 
* * C.B. Acad. Sci. FadS>’ vcl. 194, p. 1488 (193S2). 

t Cockcroft, Ellis and EAndiaw, ‘ Froc. Boy* Soo.,* A, vsL 138, p, 628 ^932). 
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difEerent magnets. Taking into account various other sources of error, it 
still seems probable that the ratio of the Hp’s of neighbouring lines is correct 
to 1 part in 1000. An important feature in this part of the measurement was 
to be sure that the magnetic field was homogeneous over the part used. The 
polepieces were 28 cm. by 17-5 cm. and only the central part of the field was 
traversed by the p-particles. The usual method of checking the uniformity 
of the field, which is to see whether the same ratio is obtained for two lines 
when they are moved to different parts of the plate, was not considered to be 
sufficient, and the following procedure was adopted. In the first place the 
theoretical lack of homogeneity was calculated on the assumption that the 
polepieces were infinitely permeable, that is to say, that the magnetic field was 
similar to an electrostatic field. The applicability of this calculation was then 
tested by the following experiment. The apparatus was placed in position 
and a photograph taken of certain strong lines. Then, without moving either 
the source or the photographic plate, the whole apparatus was raised a small 
distance of 1 to 3 cm. the magnetic field remaining constant throughout. 
Another photograph was then taken of the same lines with the box in this 
raised position. The ^-particles will now go through the more outlying parts 
of the magnetic field where the field is weaker and they will therefore traverse 
slightly longer paths. By using a very fine source, it was possible to observe 
the lines of the second exposure separated from those of the first exposure. 
This separation can be measured and compared with that to be anticipated 
from the calculated inhomogeneity. In fig. 10, Plate 12, will be seen three 
photographs showing the results obtained when the box was raised respectively 
1*6, 2*5 and 3*5 cm. In the first the two lines cannot be seen separated, 
whereas in the two latter the lines are clearly separated. The results for this 
and other lines are shown in Table I, from which it will be seen that the measured 
separation agrees excellently with the calculated separation. 


Table I, 


Distance the box was 
raised from standard 
position in cm. 

p of line 
investigated 
in cm. 

8p/p measured. 

8p/p calculated. 

1-5 i 

7-18 

ca. 0*0005 

0-0009 


8*27 

0-0030 

0-0026 


8*78 

0-0046 

0-0046 


9-09 

0-0065 

0-0067 

2-5 

7-18 

0-0030 

0-0034 

3-5 

7*18 

0*0103 

0-0105 
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These measurements were carried out with p-particles of an average Hp 
of about 1600, corresponding to 1*7 X 10^ volts. While the homogeneity will 
be different owing to the changing permeability of the material of the pole- 
pieces, the lack of homogeneity over the region used is so small that the 
correction obtained from this calculation may safely be applied to all photo- 
graphs. Even when the extreme radius of curvature is used, the correction 
is only about 1 part in 1000. 

The direct experimental results representing the relative Hp’s of the lines 
are shown in column III of Table II and are given as the logarithm of the Hp. 


Table II. — j3-ray Groups from a source of Th B in Transient Equilibrium with 

its Products. 


I. 

n.t 

1114 

IV. ' 

V. 

vi-S 

VILII 

Name.* 

Origin. 

log Hp. 

Hp. 

Energy. 

Photographic 

intensity. 

True 

intensity. 

A 

0.0^' 

73320 

641-0 

0-2614 

1 



A1 


73384 

641 ‘8 

0-2621 




Aa 

0.0" 

73910 

548-4 

0-2681 




Ab 

B 

0.0" 

0 . 0" 

76610 

82007 

670-3 

660-8 

0-2787 

0-3708 

1 

iNot measured. 

Ba 

0 . 0" 

82217 

664-0 

0-3743 




Bb 

0 . 0" 

83721 

687-4 

0-4001 




Bo 

0.0" 

84136 

694-0 

0-4076 




Bd 


91721 

826-4 

0-6693 

0-60 

0-60 

0 


92006 

831-9 

0-6766 

1-06 

1-00 

01 


92161 

834-9 

0-6804 

0-20 

0-20 

02 


92606 

841-6 

0-6892 

0-30 

0*30 

Oa 


92903 

849-2 

0-6994 

0-80 

0-70 

I) 


93166 

864-2 

0-6061 

1-46 

1-30 

Ba 


94004 

871-0 

0-6289 

0-80 

0-70 

Bb 


96290 

918-1 

0-6946 

0-46 

0*35 

Bo 


96547 

923-6 

0-7023 

0*46 

0-36 

Bd 


96803 

929*0 

0-7101 

0-35 

0-30 

Be 


97392 

941*7 

0-7286 

0-60 

0-45 

B£ 


97684 

945-9 

0-7346 

0-45 

0*36 

Bfl 


98328 

1 962-2 

1 0-7687 

0-10 

0-08 

Bf2 


98600 

968-3 

0-7674 

0-10 

0-08 

l>g 

B.O 

01160 

1027-1 

0-8666 

0-60 

0*40 

E 

B.O 

04398 

1106-6 

0-9830 

3-00 

2-30 

Ea 

B.O 

04649 

1110-4 

0*9892 

0-30 

0-20 

Eb 

B.O 

07207 

1180-6 

1-1066 

0-80 

0*75 

Ebl 

B.O 

07884 

1199-1 

1-1386 

0-25 

0*20 

Eb2 


08867 

1226-2 

1-1866 

0-05 

0-40 

Eo 


09729 

1261-1 

1-2296 

0-40 

0-30 

Eel 


10610 

1273-8 

1-2699 

— . 

— 

Ed 


13699 

1370-8 

1-4485 

0*25 

0-20 

E 

B.O 

14170 

1386-8 

1-4766 

200 

166 

El 


16492 

1428-6 

1-6684 

0-05 

0*04 

Ea 

B.O 

16034 

1446-6 

1-6932 

0-40 

0*35 

Eb 


16710 

1469-3 

1-6373 

0*70 

0-60 

Ebl 


16997 

1479-0 

1-6563 

0-07 

0-06 

a 

C".Eb 

20243 

1693-8 

1-8868 

3-60 

3-20 


z 2 
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Table II — (continued). 


I. 

I^ame.* 

lit 

Origin. 

Hit 

log Hp. 

Y. ' 

i 

Hp. , 

Energy. 

VI.§ 

Photographic 

intensity. 

VIIll 

True 

intensity. 

G1 


20732 

1611-8 

1-9241 

_ 

_ 

Ga 

C.C" 

21928 

* 1656-8 

2-0173 

0-70 

0-65 

H 

B.O 

22816 

1691-0 

2-0892 

6-60 

6-00 

HI 

O.C" 

23324 

1710-9 

2-1313 

— 

— 

I 

B.C 

24329 

1761-0 

2-2170 

26-0 

23-3 

la 

B.C 

24402 

1764-0 

2-2236 

1-6 

1*6 

lal 

B.C 

24696 

1761-8 

2*2403 

0-08 

0-08 

Ia2 

B.O 

26627 

1804-1 

2-3319 

— 

— 

J 

B.C 

26713 

1807-7 

2-3398 

6-20 

6*90 

Ja 

B.C 

26038 

1821-3 

2-3694 

1-76 

1-66 

Jal 

C.C" 

26631 

1842-1 

2*4151 

0-16 

0-14 

Ja2 


27995 

1905-2 

2 •5560 

— 



Ja3 


28220 

1916*2 

2-6774 

, i 


Jb 

C".Pb 

28636 

1929-1 

2-6086 

0-66 

0-65 

Jbl 

C".Pb 

28812 

1941-4 

2-6364 

0-16 

0-16 

Jb2 


29168 

1967-4 

2-6726 

0-16 

0-15 

Jb3 

C.C" 

29670 

1980-2 

2-7241 

0-16 

0-15 

Jc 

B.C 

30667 

2026-7 

2-8280 

0-76 

0-76' 

Jol 

B.C 

31836 

2081-4 

2-9666 

0-16 

0-15 

Jo2 

0 . 0" 

36109 

2296-6 

3-4663 

0-06 

0-05 

Jc3 

O.C" 

37599 

2376-8 

3-6599 

0-06 

0-06 

Jo4 

C.O" 

39047 

2467-4 

3-8673 

— 


L 

‘C".Pb 

41649 

2603-1 

4-2198 

1-40 

1-70 

M 

0".Pb 

46039 

2886-6 

4-9417 

1-40 

1-70 

Ma 

C".Pb 

46766 

2934-6 

6*0661 

0-04 

0-05 

Mai 

C.C" 

48192 

3033-3 

6-3229 



N 

C".Pb 

60019 

3163-7 

6-6668 

0-26 

0-30 

Na 

0".Pb 

60666 

3210-4 

6-7891 

0-06 

0-07 

0 


63341 

3416-2 

6-3362 

0-20 

0-30 

01 


64788 

3530-8 

6-6461 

0-02 

0-03 

02 


55220 

3666-1 

6-7416 

0-02 

0-03 

03 


65669 

3694-1 

6-8176 

0-01 

0-01 

Oa 


66978 

3629-0 

6-9123 

0-07 

0-10 

Oal 


66821 

3700-1 

7-1062 

0-026 

0-04 

Oa2 


57300 

3741-1 

7-2168 

0-012 

0-02 

Oa3 


68837 

3876-9 

7-6867 



P 


69377 

3924*4 

7-7163 

0-20 

0-30 

Pa j 

! 

60322 

4010-7 

7-9573 

0-016 

0-02 

Pal 


62264 

4194-1 

8-4640 

0-008 

0-01 

Pa2 


62681 

4224-8 

8-5497 

0-008 

0-01 

Pa3 


63067 

4272-4 

8-6820 



X 

C".Pb 

00000 

10000 

26-31 

0-11 

0*36 

Xa 

C".Pb 

01115 

10260 

26-08 



Xal 

C",Pb 

01284 

10300 

26-19 

— 

— 


* system of nomendature in column I is that suggested in ‘ Nature,’ toI. 129, p. 27ft 


*(■ Entries are made in this column only where the origin seems fairly certain (see paraietraphs 
3 et seq,), xr o sr 

• * values in columns III, IV, and V are given to more figures than is justified 

in order to facihi-ate checking the calculations. 

§ The absence of a figure for the intensity indicates that the line was too weak to be measured 
by the photometer. 

II The acc^acy of the figures for the intensities must be gauged from the description given of 
j measurement. Below Hp 1500 there is considerable uncertainty in the deduction 

of the true intensities from the photographic intensities. 
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This lias some advantages, since tlie estimated accuracy to 1 part in 1000 repre- 
sents an amount plus or minus of 0 • 00043 on each of eachi of these figures. When, 
from time to time, improvements in the absolute scale of these relative Hp’s 
become necessary, it will be necessary only to add or substract something from 
these logarithms. In this column, as in the others of Table II, more figures 
are given in each entry than are justified by the accuracy of the measurements. 
This is done, in view of the considerable amount of computation involved in 
handling these results, to avoid purely numerical errors arising from rounded 
figures and to permit cross-checking of the entries. 

At first these relative values were translated into absolute values by taking 
the strong line F as standard with the value Hp 1398, but this began to lead to 
difficulties. It was found that the difference of energy between two lines which 
were known to be due to the same Y-t&j, one arising from conversion in the 
K level and one from conversion in the Lj level, did not agree in giving the same 
value of hv of the y-tdij when the respective absorption energies obtained from 
X-ray data were added to the energies of the p-ray lines. This point was most 
carefully checked, and many possible errors were looked into, but fimally the 
conclusion was reached that either there was here a real effect or alternatively 
the whole scale of the absolute energies was too high.* This value for the 
standard line F of Hp 1398 was based on a direct compaiison with the radium B 
values which I had determined about eight years ago.f The accuracy of these 
was estimated then to be 1 part in 600, whereas to avoid this discrepancy in 
the energies it would be necessary to lowet the absolute values by nearly 1 
per cent. It was therefore decided to repeat this measurement of the absolute 
values. Identically the same apparatus was used as had been used eight years 
ago, and lower values were at once obtained. It was very difficult to find 
any explanation of this, unless in the previous experiments there had been 
some magnetic disturbance from neighbouring workers which had not been 
properly taken into account. It was then clear that a completely new deter- 
mination would have to be carried out. The magnetic field was measured by 
balancing the throw due to rotating a search coil through 180° against the 
throw of a Duddell induotometer. This latter instrument consists essentially 
of two fixed parallel coils through which a current can be sent and-between 
which is mounted a third coil capable of rotation through 180°. The search 
coil and this DuddeE rotating coE were coupled directly by a long brass rod so 
that they turned together. These two coils were then coimected in series with 

* Ellis,' Nature,’ vol. 129, p. 691 (1932). 

t Ellis and Skinner, ‘ Proc. Roy. Soc.,’ A, vol. 106, p. 165 (1924). 
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a flimneter, and tlie measuxement consisted in adjusting the cuirent in the 
primary of the Duddell until there was no throw on the fluxmeter when the 
coils turned over. The great advantage of this method is that the current in 
the Duddell remains steady and is easily measured accurately. It is not 
repeatedly made and broken as in the usual method of using a mutual inductance 
to balance against the search coil. The flux change from the DuddeU is equal 
to the current flowing multiplied by the sum of its mutual inductance in its 
two positions. These were measured in each esqperiment by direct comparison 
with a mutual inductance. Both this mutual inductance and the Duddell 
were calibrated by the National Physical Laboratory. The chief source of 
error lies in the determination of the area turns of the search coil, and to 
minimise this three separate coils were used in these experiments, although for 
each the same marble core was used. 

The line I (Hp 1761, energy 2*217 X lO^ volts) was taken as the main refer- 
ence line. Using the first search coil I obtained Hp values 1749 and 1762, 
and using the second 1761, giving a mean of 1761. Now using this value for 
I a comparison by ratios in two stages led to Hp values for the strong lines 
L and M of 2603 and 2887. A direct measurement using a third search coil 
gave 2608 and 2892, values differing only by 1 in 500. 

The large permanent magnet used in these experiments greatly facilitated 
these measurements. The field could be measured at leisure both before and 
after the exposure, and there was no question of it changing during the photo- 
graph. It is greatly to be hoped that some other independent determination 
will be made soon of these absolute Hp values. It should be mentioned that 
these values agree well with an independent and early measurement of Meitner,* 
and in addition lead to energies which agree well with the X-ray data. There 
is some slight evidence that the values are stiU on the high side and may have 
to be lowered later by one or two parts in a thousand. 

One absolute measurement was made for the very fast group X, and led to 
a value also rather more than J per cent, below that previously accepted. The 
group of lines A-Bc have not yet been investigated, except as regards relative 
Hp’s. The Hp values are not on the same scale as the rest of rhe table and 
will possibly have to be lowered by a J per cent. 

Using this value for I, all the relative values of Hp have been transferred 
into absolute values as shown in column IV of Table II. From these the 
energies (column V) have been calculated. These have all been recalculated 


2. Physik,’ vol. 11, p. 35 (1922). 
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for the present purpose, using a value for ejm^ = 1-760 X 10’^. Many new 
faint lines have been found in this work, but some faint lines reported by Black 
(?oc. oit) were not found. 

It has already been mentioned that the main idea of this work was to measure 
the intensities of the groups ; and this actually turned out to be far the most 
laborious part of the investigation. The majority of the lines only stand up 
but little from the continuous backgroimd formed by the disintegration elec- 
trons, and even careful photometering gives results which show considei^able 
variations. The procedure was to take a series of photographs with the same 
radioactive source, to develop these together under carefully standardised 
conditions, and then to obtain the relative intensities of the photographic 
impressions of the lines in this group of plates. Bor convenience the main 
group of lines around I was usually taken as reference, and in each experiment 
one photograph of these lines was taken for comparison. To these experimental 
results two corrections have to be applied, first for what is termed the character- 
istic curve of the plate, which means the dependence of the blackening of the 
plate on the number of [3-particles striking it. This was determined by means 
of a separate apparatus in which a plate could be exposed for various times to 
a constant source of p-particles. A calibration plate from this apparatus was 
included in each development batch. The validity of the reciprocity law has 
been well established for p-particles, and this calibration, using a constant 
source but different exposures, may therefore be used for comparing different 
numbers of electrons acting for the same time. Further, the intensities so 
corrected for the characteristic curve of the plate have then to be corrected 
for the different positions of the lines on the plate. Other things being equal, 
the greater the radius of curvature, the weaker is the effect of a given group. 
To a first approximation the intensity falls off inversely as p but a more accurate 
calculation has been made by Wooster*** and his results were used for correcting 
the present measurements. His calculation was checked by photographing 
one group on the same plate but in different magnetic fields and noting the 
density of the impressions and the time of exposures. 

It is difiGLcult to give any definite figure for the accuracy of these results. 
Photometric work is extremely difficult on faint lines and in view of the number 
of lines which there were to photometer, it was impossible to take a sufficient 
number of measurements on each line to obtain the error experimentally. 
The values so obtained are shown in column VI of Table I under the heading 


* ‘ Proc. Roy. Soo.,’ A, vol. 114, p. 729 (1927). 
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“ PhotograpMc intensity,” but this does not represent the relative number of 
electrons in the groups. To obtain these, it is necessary to know how the 
photographic effect of a given number of |5-particles depends on their speed. 
This was investigated by Ellis and Aston* for ^-particles of speeds 2000 Hp 
and upwards, covering only a small portion of the region studied in the present 
work. 

An attempt to continue the photographic activity curve to lower values of 
Hpjhas been made in the following way. The curve so far as it is known from 
direct experiment is shown in full line in fig. 3. Now it is well known that the 
two lines F and I are due respectively to the conversion of a y-ray in the K 



and Lj; levels and there is some theoretical and experimental evidence that 
the relative intensities of the lines should be about 7 to 1, But the ratio of 
the photographic intensities, column VI, Table II, has been found to be 8 to 1, 
from which it wotdd appear that, for the plates used, the photographic activity 
of electrons of Hp 1751 (line I) is about seven-eighths of those of Hp 1386 
(line F). By extrapolation it is seen that the figure for Hp 1761 is 1 • 07, leading 
to a value of about 1‘2 for Hp 1386. It is clear that the curve must pass 
through a maximum and tend towards zero at low speeds ; a further point in 
this latter region can be obtained for some measurements of 6umey.| He 
measured the number of electrons in the strong lines by means of a Faraday 

* ‘ Proc. Eoy. Soc.,’ A, vol. 119, p. 645 (1928). 

t ‘ Proc. Eoy. Soo.,’ A, vol. 112, p. 380 (1926). 
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cylinder, and liis results show that the relative intensity of F/A is about four 
or five to one. I have not yet made accurate measurements, but I estimate 
from some preliminary experiments that the photographic intensity of F 
relative to A is 20, from which it follows that the photographic activity of 
Hp 643 is about 0-26 to 0*2. 

These points suggest the continuation of the cmrve shown in dotted line in 
fig. 3. It is, of course, obvious that no great reliance can be placed on this 
curve, but it seems worth while putting it forward until such time as this region 
is studied experimentally. 

The thickness of the sensitive layer of the photographic plates was about 
0*0046 gm./cm.*. Electrons of 750 Hp could just penetrate this layer, but 
we would expect the photographic activity to increase for faster electrons 
since there will be a considerable reflection of electrons at the glass surface, 
and if these have enough energy they can again pass through the film. It is 
not therefore unreasonable to find the maximtun for electrons of about 1000- 
1100 Hp whose ranges according to Schonland* are respectively 0*0096 and 
0*012 gm./om.®, that is, rather more than twice the thickness of the film. 

This curve has been used to obtain the true intensities of the groups given in 
column VII of Table II, these figures show the relative numbers of electrons 
in the groups obtained from a source of thorium (B -f* C -f- C' + C") in transient 
equilibritim. 

§ 3. The y-rays of ThB .C. 

There are three y-ia,ys for which sufficient p-ray lines due to conversion in 
different levels are found to render their existence reasonably certain. The 
Y-rays are named after the most proroinent line and the agreement of the 
energies and other relevant data is shown in Table III. 

It wiU be noticed that in the case of yH the K line is about eight times as 
strong as the Lj which is again about five times as strong as the Mi line. This 
is in fair agreement with theory which predicts ratios of about 7 and 3*3 
respectively. It must be remembered that we cannot adduce the evidence 
from the strongest y-ray yF in support of this since the curve showing the 
dependence of photographic action on the speed of the p-particle was adjusted 
to give this result. It is interesting to note, however, that in this case the 
ratio of the Li/Mi intensities is about 4. 

We shall have occasion to make frequent use of these results, as for usample 
in considering the y-ray yE. It might be thought that the main 3-ray Ime E 

* ‘ Proc. Roy. Soo.,’ A, vol. 104, p. 235 (1923) ; vol. 108, p. 187 (1925). 
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Table III. 


j8-ray line. 

Intensity. 

Level 

of 

conversion. 

Energy 
volts X 10"“®. 

Absorption 
energy 
volts X 10^®. 

hv of y-ray 
volts X 10“®. 

yE 

E 

2-30 

Li 

0'9830 

0*1635 

1*1466 

Ea 

0*20 

Lii 

0*9892 

0*1570 

1*1462 


Eb 

0*75 

Ml 

1*1066 

0*0401 

1*1467 


Ebl 

0^20 

Ni 

1*1386 

0*0096 
Mean 1*147 

1*1482 

X 10® volts 

yF 

F 

166 

K 

1*4766 

0*9000 ' 

2*3766 

I 

23*3 

Li 

2*2170 

0*1635 

2*3806 


la 

1*5 

Ln 

2*2235 

0*1570 

2*3805 


lal 

0-08 

Liii 

2*2403 

0*1340 

2*3743 


J 

6-90 

Hi 

2*3398 

0*0401 

2*3799 


Ja 

1-65 

Ni I 

2*3694 

0*0096 
Mean 2*379 : 

2*3790 

K 10® volts. 

yH 

H 

6-00 

K 

2*0892 

0*9000 

2*9892 

Je 

0*75 

Li 

2*8280 

0*1635 

2*9915 


Jcl 

015 

Mi 

2*9566 

0*0401 
Mean 2*990 

2*9967 

X 10® volts. 


was due to conversion in the K level, but if this were so we should expect an 
Li line of energy 1-720 X 10® volts and intensity 0-3. No such line has as 
yet been detected and I therefore prefer the allocation given in the table, 
which not only gives excellent agreement with the energies, but also shows 
the Mi line one-third the intensity of the Li line. The p-tay line due to K 
conversion of this y-ray should have an intensity of 16, and ought therefore 
to be easily detectable. It would, however, either coincide with or have 
slightly less energy than line A, and would be difficult to detect. The question 
whether it would coincide exactly or not caimot be answered at present as the 
lines A-Bc have not yet been compared with the main region. 

There are several curious cases of exact superposition of lines, notably one 
in the thorium 0" . Pb spectrum which has already been referred to. In the 
Th B . C spectrum there may be another case involving the P-ray lines Dg, 
Fa and Ia2. For example : — 

Lg •+• Kabs = 1-767 Intensity 0 - 40 
Fa + Liabs == 1-757 Intensity 0-35. 

While the energies are in excellent agreement Fa ought only to be of intensity 
about 0 - 06. But Fa may also be the K line to the extent of an intensity of 0 • 30 
of another y-ray and the corresponding Li line does in point of fact exist, i.e., 

Fa -)- Kabs — 2*493. 

Ia2 -j- Liaba = 2*495. 
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Its intensity would be only 0-04 which is in good agreement with it being so 
much weaker than lal (intensity 0-08) that its intensity could not be measured. 
Against this view is that Black Qoc. oit.) was of the opinion that Ia2 came from 
thorium C. Further investigation is necessary on this point, but provisionally 
the two y-rays fOg and y^a will be assumed to come from thorium B . 0. 

There only remains one thorium B line, Ja3, to account for. This line is 
given by Black, but I was unable to convince myself that it really existed. 
It is, however, included in Table II in the relative position found by Black. 
These conclusions are collected in Table IV. 

Table IV. — Thorium B . C y-rays. 


Name. 

Energy in volts x 

Intensity of K line. 

yDg 

1*757 

0*40 

yE 

1*147 

16 

yE 

2*379 

165 

yEa 

2*494 

0*3 

yH 

i 2*990 

1 6*0 


It will be noticed that 

yDg — Y® = yH — Y^ = 0 'dll X 10® volts 

or alternatively 

yH -j- y® = yDg + yF == 4 • 136 X 10® volts. 

There are two level systems which are suggested by this relation, which are 
shown in fig. 4. 

Volts xlO'* 

1 \ 444 



Fig. 4. — ^Possible levels of Tb BC. 

There is no definite evidence at present to decide which, if either, of these 
level systems is correct, but I think (6) is the more probable, since it fits in 
with the intensities quite plausibly. 
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§ 4. The y-rays of Thorium G . 0". 

Tte independent experimental evidence* for the association of y-rays with 
this disintegration refers only to two y-rays, yA which accounts for the (3-ray 
lines A, Aa, Ab, B, Ba, Bb, Be and yGa, giving the lines Ga and Jb3. Neither 
of these two y-rays are suitable for an accurate test whether the energy differ- 
ences of the P-ray lines agree with the X-ray data, since in the case of yA the 
absolute energy has not been determined, and is probably too high as given, 
and the j3-ray lines due to yGa are rather too faint for accurate measurement. 
However, in this last case we find 

Intensities ^ + ^ = 2-0173 + 0-8516 = 2-869 X 10« 

10-16 Jb3 + Li = 2-7241 + 0-1532 = 2-877 x 10 ®. 

With, such a faint Li line the absence of a better agreement either in the 
energies or in the ratio of the intensities, which should be about 7 to 1, can 
scarcely be considered significant. 

The following provisional allocation of lines to thorium C . 0" is based on 
the assumption of the correctness of Gamow’sf hypothesis connecting the fi ne 
structure of the a-ray groups with the y-x&y&, and is carried out by searching 
for y-rays which fit in with the a-partiole measurements. Rosenblum 
Valadres (Zoc. at.) latest values for the energies of disintegration corresponding 
to the different a-partiole groups are shown in Table V. 


Table V.— Energies of Disintegration of Thorium 0 . 0". 


Name of a-particle group. 

Energy volts X lO""®. 


6-189 

ao 

6-148 

aa 

5-857 


5-712 

O-i 

5-691 

“5 

5-663 


The possible transitions that might be expected from this system are given 
in Table VI. ^ 

deduced from the a-ray measurements depend on the 
erence of two values, and if either were in error by 1 part m 1000 the resulting 
r-ray would be in error by 0-06 X 10® volts. It will be noticed that an error 

* Ellis, ‘ Eroc. Roy. Soo.,’ A, vol. 136, p. 396 (1932). 
t ‘Nature,’ vol. 126, p. 396 (1930). 
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of this size is sufficient to account for the divergencies shown in the table* 
An error of only this amount implies an error in the actual measurement of the 
a-particle velocities not greater than 1 in 2000, and it is doubtful whether this 
accuracy has yet been obtained. We can only conclude that, while direct 
proof of the association of y-rays with the a-particle energies is as yet unfeasible, 
by these means, the experimental results are entirely compatible with this 
view. A closer inspection of the last table lends weight to this conclusion. 
The level ag is associated with the weakest a-particle group, and it is scarcely 
surprising that only slender evidence is found for the corresponding y-rays. 
The p-ray lines HI and Mai were measured by Black but I did not find con- 


Table VI. 


Transition. 

Energy calculated volts X 10“®. 

y-rays found volts x 10”®. 

Uj — ag 





1-49 



— “fi 

2-94 

yHl 

2-98 


5-86 


♦ 

a5-— 

6-26 

yMal 

6-17 

ag— a4 

0-21 



ttg — ag 

1-66 



ttg— tto 1 

4-57 1 

yJo3 

4-51 

ag — ax 

4-98 1 


t 


1-45 



^4 — 

4-36 

yJo2 

4-32 

«4"-^x 

4-77 

yJo4 

4-7,1 

Ug — da 

2*91 

yGa 

2-87 

ag— a^ 

3-32 

yJal 

3*27 

ao— ai 

0-41 

yA 

0-40 


* Even if present would be hidden by stronger Th 0" . Pb jS-ray Ma. 
t Ditto, in this case by Th C" . Pb jS-ray L. 


elusive evidence for them on my plates and as yet have not made a further 
search for them. The remaining transitions which were not found may be 
either accounted for as indicated in notes for ag-a^ and ag-a^, or like ag-a^ 
ag-a 4 , and they fall in the X-ray region which has not yet been dis- 
entangled. 

Considered as a whole, the agreement is very satisfactory and lends strong 
support to Gamow’s hypothesis about the association of y-rays and a-particle 
groups. I think the following are the most reasonable values that can be 
given at present for the energies of the excited states in excess of that of the 
ground state 0*41, 3-28, 4-73, 4*93, 6-26, in units of 10® volts. 
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§ 6. The j-rays of Th 0" . Pb. 

There are only four y-rays which, can with certainty* be associated with 
Th C" . Pb. They are shown in Table VII. 


Table VII. 


p-T&j line. 

Intensity. 

Level 

of 

conversion. 

! 

Energy 
volts X 10”*. 

Absorption 
energy 
volts Xl0“*. 

hv of y-ray 
volts X 10*“®, 

ya 

a 

a -20 

K 

1*8868 

0*8750 

2-7618 

Jb 

0-65 

Li 

2*6086 i 

0*1582 

2-7668 


Jbl 

0*16 

Liii 

2*6364 

0*1301 

2*7666 



Mean 2 • 766 

X 10® volts. 

yL 

L 

1-70 

K 

4*2198 

0*8750 

6*0948 

M 

1*70 

Li 

4*9417 

0-1682 

6*0999 


Ma 

0*05 

1 

Mi 

6*0661 

0*0380 

6*1041 



Mean 6 • 100 

X 10® volts. 

yM 

M 

1*70 

K 

4*9417 

0*8760 

6*8167 

N 

0-30 i 

Li 

6*6668 

0*1682 

6*8240 


Na 

0-07 

Mi 

6*7891 

0*0386 

6*8276 





Mean 6*823 

X 10® volts. 

yX 

X 

0-36 

K 

25*31 

0*8760 

26*19 

Xa 

— 

Li 

26*08 

0*1582 

26*24 


Xal 



Mi 

26*19 

0*0386 

26*23 





Mean 26*20 

X 10® volts. 


Doubtless some of the remaining faint lines, of which there are a considerable 
number, are due to y-rays emitted from Th C" . Pb, but there is at present no 
evidence to justify any attempt to sort these out. 


The y-rays of ThO".Pb. 


Name. 

Energy in volts X 10~®. 

Intensity of K line. 

yG 

2*766 

3*2 

yL 

6*100 

1*7 

yM 

6*823 

1*6 

yX 

26*20 

0*36 


§ 6. The y-rays of Thorium 0 . O'. 

Thorium C' emits several groups of long-range a-particles, indicating several 
different states of excitation of this nucleus previous to disintegration. We 
should therefore expect y-rays to be emitted as an alternative process to the 


* EUis, loc. cit. 
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emission of long-range a-particles, and the Iim of these y-rays should be equal to 
the difference in energy of the long-range and normal a-particles. Such y-rays 
would, in the terminology adopted here, be due to thorium C • C'. Rosenblum 
and Valadres Qoc. dt) values for the energies of the a-particle groups are shown 
in Table VIII and also the corresponding energy of disintegration taking into 
account the recoil. The normal disintegration gives the group ao, and the 
long-range groups in order of intensity are a^, The transition that 

one nodght expect from these excited states are also shown. 


Table VIII. — a-ray Groups of Thorium O'. 


Name. 

Energy of group 
volts X 10"^. 

Energy of disintegration 
volts X 10“*. 

«x 

10-52 

10-72 


9-60 

9-78 

OlX 

9-45 

9-63 

1 

8-77 i 

8-94 


Table IX. — ^Possible Transitions. 


Transition. 


Energy volts X 


ctj. — a© 

— «o 

0^X1 — ^0 
aj— 

«xii — o^ii 
ax~aixx 


17*8 

8-4 

6*9 

10-9 

1-5 

9'4 


In agreement with Black I could find no strong p-ray lines above an energy 
of 8-7 X 10^ volts except those due to the thorium C" . Pb y-ray at 26 X 10® 
volts. In some photographs I obtained indications of faint lines but I would 
like to investigate the matter further before making any definite statement. 
It seems quite likely, however, that y-rays corresponding to these transmissions 
are actually emitted, and in fact Skobeltzyn (loo. dl.) by his method of detection 
using the Compton effect has noticed a relatively powerful emission in the 
region around 17 x 10® volts. A possible conclusion is that we have here 
abnormally low internal conversion. 

There are a great many p-ray lines between 6*3 X 10® and 8*7 X 10®, 
some of which may possibly be associated with the above states of excitation. 
For example the lines 0 and Oal fit well both in energy and intensity with 
a y-ray of about 7-26 X 10® volts converted in atomic number 84. 
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Table X. 


Name. 

1 Intensity. 

I 

1 

Energy 
volts X 10“®. 

Absorption energy 
volts X 10"*®. 

hv of y-ray 
volts X 10“®. 

0 

0*30 

6-335 

0-926 

7^26 

Oal 

0-04 

7-105 

0-169 

7-27 


If this is to correspond to tbe transition then the a-ray group axi would 

have to have anenergy of 9*4:9 X 10® volts instead of 9*45 X 10® as measured. 
Taking into account the difficulty of the a-particle measurement, an error of this 
amoxmt is perhaps not impossible, but it is clearly out of the question to come 
to any definite decision. In a similar manner the (3-ray lines P and Pal 
suggest a y-ray of energy 8*64 X 10® volts, agreeing not badly with the tran- 
sitions axii-aQ. The difficulty here is that the a-ray group am is so weak that 
it is rather surprising to find the p-xay lines. 

Considered as a whole it seems possible that there is a discrepancy between 
the p-ray lines one would expect and those that are found. As has already 
been said, however, the explanation may lie partly in slight errors in the 
a-particIe measurements and partly that we have in this body abnormally low 
internal conversion. 


§7, They-mysofThC/ .Pb. 

The absence of any fine structure in the main group of a-particles from Th C' 
suggests that the nucleus is not left excited, and that therefore there are no 
y-rays emitted by Th C' . Pb. 

It is a pleasure to thank Lord Rutherford for his continued interest and help 
in these measurements, and also the Government Grant Committee of the 
Royal Society for grants with which radioactive material and the large per- 
manent magnet were purchased. Professor Schlundt of the University of 
Missouri very kindly gave me some radio-thorium which was used in the later 
experiments, and for which I am glad to take this opportunity of thanking 
him. I would also like to acknowledge the assistance I received from Mr. R« 
Cole, 


Summary, 

The p-ray spectrum of thorium (B + Q) has been investigated using the 
semicircular focussing method and photographic registration. New measure- 
ments have been made of the energies of the p-ray groups. These consisted, 
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in tlte first place of a determination of the relative Hp’s of the difEerent groups 
and in the second of a measurement in absolute units of the Hp’s of certain 
selected strong groups. The values obtained are about 0-7 per cent, lower 
than those which has been previously accepted. The intensities of the 
groups have also been measured photometrically. An attempt is made to 
deduce from these results the y-rays associated with the various disintegrating 
bodies. 


The Theory of Wave Resistcmoe. 

By T. H. Havelock, r.E.S. 

(Received August 6, 1932.) 

Introduction. 

1. In the following paper general expressions are obtained or the wave 
resistance of a continuous distribution of sources and sinks over a surface within 
the liquid, and also for a similar distribution of normal doublets. Those 
expressions follow directly from results given previously,* and may be applied 
to give the wave resistance of any solid for which a suitable distribution of 
sources or doublets over its surface can be found. 

The opportunity is taken to give, for comparison, the similar results for a 
distribution of pressure over the surface of the liquid, using the same notation 
and the same general method of calculating the wave resistance. 

The various results are discussed briefly in relation to the ship problem. 
Certain interpolation formulae, of a semi-empirical nature, have been proposed 
recently in attempting to extend the rai^e of existing expressions for the wave 
resistance of a ship ; these are shown to have their interpretation as particular 
oases of source distributions of the nature considered here. 

Source Distriimtion. 

2. We begin with a simple point source of strength m at a depth/ below the 
free surface of the liquid, and suppose the source to be moving horizontally in 
the direction Ox with uniform velocity c. Take the origin 0 in the free surface 
with 0« vertically upwards, the source being at the point (0, 0, —f) referred to 

* ‘ Proc. Boy. Soo.,’ A, vol. 118, p. 24 (1928). 
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moving axes. Let ^ be tbe surface elevation, and assume a frictional force in 
tbe liquid proportional to velocity, the frictional coefficient being ultimately 
made zero. 

The pressure condition at the free surface is 


and this gives 


0 { 


— 5'^ + — constant. 



dz 



(1) 

( 2 ) 


at 2 = 0, with Ko = and (jl = \^'Ig. Assume for the velocity potential 


, _ m r ^0 f” (*+/)+{«« ^ 

^ 27 rJ_, Jo 

+ r de (3) 

J_„ Jo 


where ® = a: cos 0 + jf sin 6, and the real part of the expression is to be 
taVpn , The first term in (3) gives the velocity potential of the given source, 
namely m/ri, in a form valid for z +/> 0. From the surface condition (2) 
we obtain 


m ic -j- sec® 6 + sm 0 
2tc /c — Kq sec® 0 + ® 


(4) 


Hence we may write the solution in the form 


sec®8d0r 

rg J -*■ J 0 K — K, 




where 


to sec® 0 + sec 0 
r^® = CB® + y® + (z +/)® ; r^® = a;® + y® + (z — /)®. 


d/c, 


( 6 ) 


It is to be understood that the limi ting value of (5) is taken for [a ->■ 0. 

We may now generalise by integration. We replace x and yhyx — h and 
y — k respectively, and take a to be the surface density of source at a point 
(h, k, —f) on a surface S within the liquid. Thus the velocity potential is 
given by 



ffdS 



ec® 0d 0 


poo 

Jo K 




• kq sec^ 6 + sec 6 


dKy 


( 6 ) 
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with 

— hf + {y — hf -f {z +ff 
ri^{x^hf + {y-^hf + {z^fY 
CT = (a? — A) cos 6 + (y — h) sin 6. 

It is assumed that the distribution is such that the varioxis integrals are 
convergent. 

3. To calculate the wave resistance E we use the method of the previous 
paper to which reference has already been made. With the inclusion of the 
frictional term in the equations of fluid motion, energy is dissipated at a rate 
equal to 2 [jl' times the total kinetic energy of the liquid and this must be equal 
to the product Ec. As [x' is made to approach zero the quantity so calculated 
approaches a finite limiting value, and its physical interpretation in the limit 
when there is no fluid friction is the rate at which energy is propagated out- 
wards in the wave motion. 

The rate of dissipation of energy is given by 

(7) 


taken over the boundaries of the liquid. As -we require only the liiniting value, 
we have the wave resistance given by 


E = Lim ixp 




( 8 ) 


taken over the free surface = 0. 

Eeferring to (6), and putting the first two terms in the same integral form as 
the third, we obtain, at z = 0, 


^==-'£2 [adS r seo^eder 

7U J Jo /C — /c, 






02 


-fcrdsf de [“ : 

7 t J Jo K — Kg 


0 sec^ 6 + sec 6 

^2 Q — Kf+iKTi 


dKy 


sec^ 6 + i[jL sec 0 


d/c. 


where the real parts are to be taken. 

After some reduction, we may write the real part of (9) in the form 


(9) 

(10) 


prr poo 

^ = j d6 j (El cos [kx cos 6) cos (/ey sin 6) 

+ Eg sin (kx cos 6) cos (#cy sin 6) + Eg cos [kso cos 6) sin (/cy sin 0) 
+ E4 sin {kx cos 0) sin {Ky sin 0)} k d/c, (11) 


2 A 2 
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in wMcli 

Fi = — {{k — Kq sec^ 9) Pg — fiQg sec 6 } D 
Pg = — {(/c — Ko sec^ 6 ) Q, + (JP, sec9} D 
Pg = — {(k — kq sec® 8 ) Qo — {jPg sec 6 } D 
P 4 == — {{k — fcg sec® 9) Pg + (iQg sec 9}p 
D = Kg sec® 9 /to {(k — Kg sec® 9)® + (12) 

and tie quantities P, Q are given in terms of the source distribution by 

= j" cre"®^ cos {kJi cos 9) cos (k^ sin 9) dS 

Pg = I sia (kA cos 9) sin (kJ sin 9) dS 

Q, = I (Te~‘^ sin (kA cos 9) cos (kX; sin 9) dS 

Qo = f ae~*^ cos {kJi cos 9) sin {kJc sin 9) dS. (13) 


Similarly from (10), d<f>/dz is obtained in the same integral form as in (11), 
with quantities G instead of P given by the same expressions as in (12) but 
■with 

D = k/it{(k — Kg sec® 9)® + p,® sec® 9}. 

The expressions for the surface values of <j> and dcft/dz are now in a form to 
wHcb we may apply a theorem derived from the Fourier integral theorem in 
two variables ; namely, we have, with the above notation 

f" r ^ ^ d® dy = 47 r® r d 9 f “ (F^Gi + FgGg+FgGg + F4G4) k dK. (14) 
J-ooJ-oo ^> 2 : J Jo 


Using (8), this reduces readily to 

E = Lim4Kop(ir sec® 9 d9 [” ^ ^ 

M--*o Jo(k — Kg sec® 9)® + p.® sec® 0 

= 16too®p r (P.® + Pg® + Q.® + Qg®) sec® 9 d9, 

Jo 


(16) 


where in (16) the quantities P and Q have the values given by (13) when k haa 
been replaced by Kjsec®6. 
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This result may also be put in the form 

R = Stc/Cq^p f (P2 + Q2) sec® 6 d0, (16) 

J-iir 

\rith 

Q. ^/coz sec« COS COS 6 4- sin 6) sec® 0} d!S. (17) 

sm 

In (17), the co-ordinates (ii, it, — /) have been replaced by current co- 
ordinates (a?, 2 ?) ; since the sources are within the liquid, z is negative over 

the surface S. 



Doublet Distribution. 


4. A surface distribution of normal doublets could be obtained by general- 
ising an expression for any two doublets, but it can be deduced directly from 
(16) and (17). We have simply to regard the surface S in (17) as a double 
sheet with source densities a and —a respectively, and then proceed to the 
limit in the usual manner. The required result is obtained by applying the 
operator 



dy 


d 


to the expressions m (17), (H, m, n) being the direction of the normal to the 
surface. If M is the doublet moment per unit area, the axes being everywhere 
normal to the surface S, we obtain, in this way, the wave resistance 


in which 


R = Stoo^P (P 4 Q2) sec^ 0 d0, 

J-iTT 


(18) 


P = j M ^ {— (I cos 0 4 ^ sin 6) sin {kq vs sec® 0) 

4 ri cos {kq vs sec® 0)} dB 

Q == I M {(? cos 0 4 ^ sin 0) cos {kqTV sec® 0) 

4 n sin {kqVS sec® 0)} dS, (19) 

with ur = a? cos 0 4 y sin 0. 

These expressions may be put into various alternative forms, and, of course, 
may be simplified when the surface distribution is symmetrical with respect 
to the co-ordinate planes. It may be remarked that an expression given 
previously for the wave resistance of any two finite doublets in given positions 
may be deduced as a particular case of these results. 
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Pressure Distribution. 


6. The wave resistance for a travelling distribution of pressure applied to 
the upper surface of the liquid has been worked out by various methods, but 
not by that used in the previous sections. It is convenient, for comparison, 
to have the general case set out in the same way and using the same principle 
for the calculation of the resistance. 

We begin by assuming a possible form for the velocity potential and finding 
the surface pressure to which it corresponds. 

We take 


r feo 

sec 6fl!6 

■TT fJ 0 ^ 


F M e‘ 


,KZ'i"iKVf 


Q sec^ 6 + sec 6 




( 20 ) 


with ^ = 05 cos 6 + 2 / sin 6. 

From the kinematical condition at 2 ; = 0, the surface elevation is given by 

r 

Jo K — K 




sec® 6 dQ 


VQ sec® 6 + i(ji. sec 6 
The pressure at the surface (z = 0) is found from 


:dK, 


(21) 


P 




( 22 ) 


Using (20) and (21), this reduces to 


p = —icp r de r /cF (k) + dx 

J-TT Jo 


roo 


= — 27zpci J kF (k) Jq (/cr) cIk^ 
where ~ ^ yZ Since we may write 


(23) 


we see that 


J oo roo 

Jq (Kr) KdKX (a) Jq (/ca) a ci!a, 
0 Jo 


(24) 


^ = secede f- 
27 rcp Jo ^ ' 




/Co sec^ e + ® 


KdKy 


(26) 


represents the solution for a surface pressure p{r)f symmetrical round the moving 
origin, with 


Jo 


(a) Jo (/ccx) ada. 


(26) 


To generalise this, we first suppose the pressure concentrated round the origin 
and of integrated amount P, so that/(/c) in (26) is replaced by P jin. Then for 
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any continuous distribution of pressure y), we obtain by integration 




pKZ'^-iKVt 


sec^ 6 + i(jL sec 6 


K dK^ (27) 


where now we have == (cc — A) cos 0 + ( 2 ^ — h) sin 0. 

6. We obtain the corresponding wave resistance from the rate of dissipation 
of energy exactly as in the previous sections, and we use the formula (8). 
The surface values of <f> and d^^jdz are put into the form (11) and the calculation 
carried out as in (14). From the similarity of the forms for ^ in the two cases, 
the result may be written down. We obtain 


E = Lim- 4 -r sec=^ 6 d 6 f” f d/c 

At ->o J _,r J 0 (/c — /C 0 sec^ 0 )^ + sec^ 0 

= ^ r (P/ + Po^ + Q/ + Qo^) sees 0 d0, 

TCC^p Jo 


(28) 


where the quantities P and Q are as in (13) with /zero and cr replaced by p. 
We may also write this in the form 

E = (F + Q‘‘)sec5 6d0, (29) 

2TO2pJ_j„ 

with 

q} = y) {'^0 (® cos 0 + jr sin 6) sec® 0} dB, (30) 

tbe latter integrations extending over the given surface distribution of pressure. 

We may obtain an alternative form by integrating with respect to as in (30) ; 
provided the pressure distribution is continuous and is zero at its outer 


bouudaries, 

we then have 


with 

(P‘+Q‘“)secsede, 

27rc^p J_j„ 

(31) 


q} ^ f ^ sin ^'"0 ® 

(32) 


We may compare (31) and (32) with the expressions (16) and (17) for a dis- 
tribution of sources on a surface within the liquid. Suppose we may neglect 
the depth of this latter surface at every point ; then without considering the 
actual surface elevation, which would require a closer examination, we may 
say that the wave resistance for the two cases would be the same with the 
connection between the source density and the pressure distribution given by 
iitgpa = c djpjdx. 
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Moving Solid. 

7. An obvious application of tbese results is to the uniform motion of a sub- 
merged solid when we replace the solid by a distribution of sources or doublets 
over its surface ; for a jSrst approsdmation we may take the distribution to be 
that appropriate to the motion of the solid in an infinite liquid. This will, of 
course, give the same result as if we had used the system of sources and sinks 
which is the image of a uniform stream in the solid, or, in fact, any equivalent 
surface or volume distribution on or within the surface of the solid. Simple 
forms, such as the sphere or ellipsoid, for which the wave resistance has already 
been found, have been calculated from the known image system. Tor instance, 
the sphere was replaced by a doublet at the centre ; it can be verified, after 
some reduction of integrals, that the expressions (16) and (17) with the proper 
value of G over the surface of the sphere, lead to the same result for the wave 
resistance. In general, the expressions (16) and (17) allow the wave resistance 
to be calculated for solids for which an image system is not known, but for 
which the distribution of surface density can be determined by known methods 
of approximation. 

Consider now an open plane distribution of sources and sinks over the 
vertical zx-’plme. In this case the normal fluid velocity at a point on either 
side is 27c<r, where g is the source density at the point- S’or a ship of slender 
form, and small beam, symmetrical about the i^aj-plane, the normal velocity 
is taken to be approximately c dyjdx if the surface of the ship is given by an 
equation y =f{z, x). From (16) and (17), the usual expression for the wave 
resistance follows : 

E, = 2^ p (F + Q2) sec3 6 dQ, (33) 

TTC J - Jtt 

the latter integrations being taken over the vertical longitudinal section. 

For the other extreme case, a ship of flat form and small draught, comparison 
is usually made with a suitable distribution of pressure applied to the surface 
of the water, with the wave resistance given by, say, (31) and (32). 

The similarity between the expressions for the resistance in these two extreme 
forms has been remarked upon by Weinblum,* and more recently by Hogner.f 
In an attempt to cover both cases by a single expression, Hogner has proposed 

* C. Wemblum, ‘ Z. Math. Mech.,’ vol. 10, p. 458 (1930). 
t E. Hogner, ‘ Jahrb. Sohififbauteoh. Ges.’ (1932). 
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a so-called interpolation formula wHch, when put into the notation of the 
present paper, is 

R = (P2-1-Q2)sec®ede, (36) 

27uc2 

= f r ^ gK,«sec»(i cps cos 0 4- y sin 6) sec^ 6} dx dy. (36) 
MJ JJ 9® sm 

In (36) the integrations are taken over the section of the ship by the water 
surface, and the surface of the ship is given by an equation » = F (®, y). It 
may be noted that if dS,, and dS* are the projections of an element of the 
surface upon the 2 ia:-plane and the ajy-plane respectively, we have 

(92/9®)dS* = (9y/9®)dS„. 

In the limit y-^0, (36) becomes equivalent to (34) under the conditions for a 
ship of small beam. On the other hand, in the limit z-*0, (36) reduces to the 
e 3 q»ression (31) for a pressure distribution with the assumption p = gpC 
Without discussing this argument, it may be remarked that (36) is a particular 
case of the expressions in (16) and (17) for a distribution of sources over 
the surface of the ship. In the one extreme case, the narrow ship, we 
take c = (c/27t) dyjdx, the sources forming in the limit a plane distribution. 
For the other extreme, the flat ship, a similar approximation would be 
<7 = (c/ 27 c) dzjdx. But it is only in these cases, when the source distribution 
approximates to a plane, that the normal fliuid velocity can be expressed 
simply in terms of the source density ; these expressions do not hold when 
the distribution is on a curved surface or, in other words, when the finite beam 
of the ship is taken into account. 

It has been remarked that formulee in tise at present are in effect special 
cases of the general esqpressions (16) and (17), with simple approximations to 
the density of the source distribution. If we think of the distribution, appro- 
priate to motion in an infinite liquid, as a suitable first approximation, it might 
be suggested that this should be used over the curved surface of the ship 
instead of the present simple expressions over the vertical longitudinal plane. 
In one sense this would be an improvement, but it is not likely that it would 
give any better agreement with experimental results ; for the more we depart 
feom the simple narrow ship the more necessary it is to take into accoxmt the 
effect of the wave motion upon the distribution of fluid velocity roxmd the 
ship. 

Instead of attempting to assign in advance a distribution of sources or 
doublets over the surface of the ship, it might be left to he determined, from 
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suitable integral equations, so that all the conditions of the problem should be 
satisfied. This, in itself, would not amount to more than a formulation of the 
general problem in different terms and would not advance its practical solution, 
unless possibly such a form of statement should lead to improved methods of 
approximation for the equivalent distribution. 


The Resistivity of Polycrystalline Wires in Relation to Plastic 
Deformation, and the Mechanism of Plastic Flow. 

By E. N. DA C. Andrade, Quain Professor of Physics in the University of 
London, and B. Chaimees, Ph.D. 

(Communicated by L. N. G. Filon, F.E.S. — ^Received February 12, 1932 — 
Revised August 9, 1932.) 

1. Introiualim. 

The subject of metallic conduction of electricity has long been a source of 
difficulties, which are far from having been overcome by the many admirable 
and ingenious theories recently put forward.* The peculiarities of the different 
individual metals, as exemplified, for instance, in the variation of the Wiede- 
mann-Franz ratio from metal to metal seem to fall right outside any scheme 
so far elaborated. At present it is only possible to treat a metal as if it were a 
homogeneous crystal, the insufficiency of which assumption may be the source 
of many of those discrepancies between theory and experiment now attributed 
to fundamental properties of the electron in metal. Any experimental evidence 
concerning variations in electrical conductivity which can be produced in one 
pure metal by mechanical treatment should therefore be of some interest for 
the general problem. In particular the effect of permanent deformation upon 
electrical conductivity in metals is full of obscurity,t and seems to offer a field 
for experiment. 

It was decided to investigate the variations of conductivity with certain 
simple types of deformation which attend the flow of soft metals. The flow of 
polycrystalline wires under constant stress has been investigated by one of us,J 

* See, e.g., Hume-Eotlieiy, “ The MetalHo State,” (1931), p. 291, e< seq. 

t See, e.g., Hmne-Eothery, he. cit, p. 27. 

f Andrade, ‘ Proc. Roy. Soo.,’ A, vol. 84, p. 1 (1910), and A, vol. 90, p. 392 (1914). 
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and the changes of mechanical properties with time examined. The process 
of flow can be analysed into three phases : — ^an initial stretch which occurs 
within a very short time of the application of the stress ; a continuous flow, the 
rate of which decreases with time, called, from the constant used to express it, 
the p-flow ; and a flow at constant rate per unit length which occurs simul- 
taneously with the p-flow and continues until the wire breaks. The formula 
expressing the flow is 

( 1 ) 

where I is the length at time t, and Iq, p and h are constants. Since the formula 
was first put forward* analogous formulae, involving have been found by 
other workers for different substances. Thus Filon and Jessop found for 
celluloidf Z = Zj -f bt, and PeirceJ has expressed the decrease of the 

couple required to maintaiu constant torsion in a cotton fibre by a formula 
<5 = Co -|- ”, so that a term in apparently represents with some generality 

the observed behaviour of solids durmg flow. In former publications the 
general features of the behaviour were expressed in terms of crystal 
structure,§ but at the time no evidence from other sources could be 
adduced to support the hypothesis. The object of the present investiga- 
tion is to measure the specific resistivity of the metal during the plastic 
extension, and to use the data so obtained to elucidate the changes of 
structure which take place in a polycrystalline wire when it is extended. 
One of the chief results has been to show that the p-flow has a real physical 
significance, and is due to the rotation of the axes of the crystallites which 
constitute the polycrystalline wire. Experiments have also been carried 
out on the resistivity of single crystal wires, the results of which will be 
published in the near future. 

To compare the specific resistivity of the wire at any stage of the extension 
with that of the unstretched wire, it was necessary to measure simultaneously 
the length and the resistance of the wire flowing imder large constant stress. 
The metal first investigated was cadmium, in the form of wire, of diameter 
0-046 cm., which was annealed for 6 hours at 100° before use. It was estab- 
hshed by trial that higher temperature or longer time of annealing had no 
further effect on the properties of the wire that were being investigated. 
Exq)eriments were also carried out with wires of copper, aluminium and tin, 

* Andrade, loc. cit (1910). 

t ‘ Phil. Ttans.,’ A, vol. 223, p. 89 (1922). 

} * Shirley Institute Memoirs,’ vol. 2, p. 278 (1923). 

§ Andrade, lac, cit. 
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in all of whicli cases tlie annealing was performed under tte same conditions 
as for cadmium. 

2. Apparatus for the Application of the Stress, 

An apparatus was designed with the following objects : — 

(i) To apply a constant stress to a wire kept at a constant temperature. 

(ii) To measure the length of the wire, and 

(iii) To measure the resistance of the wire. 

One end of the wire, of length 20 cm., was fixed centrally in the bottom of a 
brass tube and a vertical upward pull was applied to the other end of the 
wire, by a method to be described later. The brass tube was fixed vertically 
at its upper end to a horizontal wooden board that carried both the optical 
and mechanical systems. The tube was immersed in a thermostatic bath 
below the board, and was pierced with holes to allow the water of the bath to 
circulate inside it. As the water of the thermostat bath was found to have 
some action on the wire, causing the resistance to rise, even when no extension 
was taking place, a glass tube, filled with oil, was placed inside the brass tube, the 
clamp which held the lower end of the wire passing through a cork in the bottom 
of the glass tube, so that the whole length of the wire was protected by oil 
In order that the stress acting on the wire may remain constant when the 
wire is stretched, the force applied to the wire must diminish so as to be at 
every stage proportional to the cross-section of the wire. Two methods of 
satisfying this condition were tried. The first method was that of the hyper- 
bolic weight,* in which the stress is applied by a weight having the form of a 
hyperboloid of revolution. This sinks into a liquid as the wire extends, with 
consequent automatic reduction of the extending force. The friction at the 
pulleys, which have to be introduced to apply the force to the wire in an 
upward direction, was found to be troublesome, and a second method, in which 
friction was practically eliminated by the use of a knife edge instead of pulleys, 
was therefore devised for applying the stress, as follows. 

An aluminium beam PH, fig. 1, length 40 cm,, is supported by a knife edge 
B, and carries two plates P and 0, one at each end. The plate 0 has a groove 
along its outer edge HK, the profile of HE being an arc of a circle with centre 
B. D is a thin steel wire resting in the groove and fixed to the adjusting screw 
E. The lower end of D is attached to the upper end of the wire to be stretched. 
P is the second plate, in the groove of which lies a thin steel wire supporting 
a weight W. The profile of the bottom of the groove PQR is made such that 

♦ Andrade, ‘ Proc. Roy. Soc,,’ A, vol. 84, p. 1 (1910). 
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the moment of the weight W about the axis through B is inversely proportional 
to the length of the wire undergoing stretch, whici, on the assumption that 



any change in density of the metal which may take place during stretch is 
negligible,* will make the stretching force proportional to the crosssseotion of 
the wire. Let p be the length BL of the perpendicular through B on to the 
vertical LQN' through Q (fig. 2), and let this perpendicular make an angle fl 


L 3 




1 ^ 0 . 2 . 

• See p. 368. 
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with, a line, fixed in the beam, which is horizontal at the beginning of the 
experiment, when the wire is unstretched. Let a be the radius of the circular 
arc HK, centre B. Then if the initial length of the wire is I, its length at the 
moment considered is I + aQ, and the required condition for the moment is 

j) _ I 
d I 0/% 

which is a pedal equation to the required curve. The curve can easily be 
obtained graphically by drawing tangents, since the wire carrying the weight 
W is always vertical and tangential to PQR fig. 1. 

In order to eliminate any other moments about B it was necessary to arrange 
the position of the centre of gravity of the whole arrangement to coincide with 
the knife edge B. This was done by means of two movable weights G, G', 
fig. 1, which were adjusted and fixed in such positions that the time of swing 
about B was as long as possible. 

An advantage of using this method of obtaining a constant stress is that the 
only specified quantity is the length I ; so that wire of any cross-section can 
be used with any stretching force consistent with the mechanical strength of 
the beam. 

To prove the efficiency of the apparatus, and to ascertain how nearly the 
stress remained constant, the following test was made. A constant weight 
was supported by the wire D, fig. 1, and the angles at which the beam was in 
equilibrium when various larger weights were fixed to W were measured. 
From these data the ratio of the force acting on the wire with the beam at any 
angle to the force with the beam horizontal could be calculated. The angle 
of the beam enables the cross-section of the stretched wire to be calculated, 
and it was found that the stress was constant to within 1 per cent, up to an 
extension of 30 per cent, of the original length of the wire. 

In the case of cadmium considerable difficulty was encountered in finding a 
method of fixing the ends of the wire in such a way as to give consistent mechani- 
cal and electrical contact. Soldering, which was the first method adopted, 
appeared to be unsatisfactory, as the resistance changed slowly even when no 
stress was applied. This effect, however, was afterwards found to be attri- 
butable to the water which surrounded the wire in the earlier experiments. 
As already stated, an oil bath was adopted after the preliminary experiments, 
but soldering was still found to be unsatisfactory, as the wire fractured near 
to the point of soldering imder stresses that were too low to give satisfactory 
readings for the extension. It was discovered that a satisfactory method of 
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fixing the ends of the wire was to fuse them into spheres whose radius was 
two or three times that of the wire, and to grip these spheres in small four-jaw 
chucks. The ends were fused by heating in a small gas flame with a small 
quantity of soldering flux. Unless flux was used, the metal would not fuse 
satisfactorily, but retained its cylindrical shape, even when raised to a tempera- 
ture well above its melting point. It was found after most of the readings 
had been taken that wires prepared in this way and subsequently soldered, 
gave quite satisfactory results. 

With both tin and copper, no special precautions were necessary and ordinary 
soldering was employed. 


3. Measurement of Length. 

To obtain simultaneous values of the change in length and resistance of the 
wire a continuous record of the extension was made automatically ; the 
resistance measurements were made at regular intervals which were marked on 
the record by the depression of a key. The recording of the extension was 
eflcected as follows. A light brass frame carrying a transparent scale was 
attached to the upper end of the wire whose extension was to be measured, the 
upward pull being applied by the fine steel wire D, fig. 1. The brass frame 
was constrained to move in a vertical plane by means of guiding grooves ; 
the friction introduced by these was measured and found to be negligible. By 
means of a pointolite lamp P and lenses L^, L 2 , fig. 3, an image of the scale, T, 



limited in breadth by an opaque vertical slit, was thrown on to a sheet of 
sensitive bromide paper wrapped tightly round a clock-work drum R. As the 
drum rotated the images of the scale divisions traced out a series of parallel 
lines, inclined to the horizontal more or less according as the wire was stretching 
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faster or slower. To facilitate the measuxement of the extension an image of 
a fixed scale P was simultaneously recorded on the drum hy means of a mirror 
Ml and a half-silvered mirror Ni, while for the time measurements an image of 
the slit S was similarly thrown on the drum by means of the mirror Mg and the 
half -silvered mirror Ng, This slit was obscured by a shutter which was opened 
once every minute by the agency of a clock actuating a mercury contact. The 
optical paths of the rays forming the images of the two scales and of the slit 
were carefully adjusted to equality. 

Both scales were prepared photographically to show transparent markings 
on a black ground, each division of the fixed scale being approximately 0-26 
mm., while the divisions of the moving scale were such that 24 of them were 
exactly equivalent to 26 of the fixed scale. The superposed images formed on 
the drum showed a magnification of about four times. This combination of 
scales enabled readings to be taken to 1 /26th of a scale division, i.e., to 0 -Ol mm. 
by a coincidence method carried out as follows. 

Part of a record developed on the bromide paper is represented in fig. 4. 
The lines AA', BB', CC', ..., are the timing marks, representing images of the 
vertical slit S opened periodically by means of the clock contact. The hori- 
zontal lines XK', LL', MM', ..., are the images of the divisions of the fixed 
scale F and the oblique lines are due to the moving scale T. The displacement 
of these lines perpendicular to KK' at any given instant is to be measured. 
To read the extension occurring between two timing marks, say, CC' and DD', 
any one of the horizontal lines, say, MM', is chosen as a standard line. The 
extension is measured as a whole number of units of 0-26 mm., represented 
by the number of intervals, counted along MM', between consecutive oblique 
lines, a fractional part which is the extension subsequent to the last inter- 
section and a similar fractional part at the beginning. Lines of coincidence mn 
andjjg are drawn cutting the timing mark DD', at which the extension is to 
be found, in g and h. It follows from the ratio of the scale units that two 
consecutive lines of coincidence, e.g., mn and fg, must cut a timing mark, 
e.g., DD' at a vertical separation of 26 of the divisions between consecutive 
lines MM', NN'. The horizontal distance ad corresponds to an extension of 
0'25 mm., and it is required to find the extension corresponding to ah. 

Now 

abjad = gbJgJi, 

but gh is 26 scale divisions, so that if gb is expressed as a number of scale 
divisions, then 





355 


Resistivity of Polycrystallme Wires. 


The distance ad corresponds to 0'26 mm. and hence gb, measured in terms 
of the unit separation of the horizontal lines, represents the extension in 
hundredths of a millimetre. 



Fig. 4. 


In this way the total extension at any timing mark can be found to within 
0-01 mm. It is also possible to read off the slope of the obliq^ue lines {i.e., 
rate of stretch) directly, as the inclination of the line of coincidence to the 
horizontal is 24 times that of the lines given by the moving scale. 

A correction had to be made for the fact that the spacing of the moving scale 
was not exactly 0 • 25 mm., but was actually 0 • 261 mm. A table was prepared 
to facilitate the reduction of readings. 

4. Resistance MeasuremeTUs. 

The resistance of the wire was measured with a Callendar-Griffiths bridge of 
Tii gb accuracy used by Mr. N. Eumorfopoulos in his standard determinations 

2 B 
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of the boiling point of sulphur, and kindly lent to us by him. The clamps hold- 
ing the "wire were used as leads, and their resistances, together with those of 
the leads to the bridge, were found by taking a reading on the bridge with a 
thick copper wire in the clamp in place of the cadmium or other wire. The 
resistance of the copper wire was only 0*006 of that of the cadmium wire, 
allowance for which being made the true resistance of the cadmium wire was 
at once found. By the use of compensating leads to eliminate the effect of 
temperature change and by lagging the bridge wire with cotton wool, resistances 
could be read consistently to 0*0002 ohms, which corresponds to a length of 
0 • 1 mm. of the bridge wire. 

The method of taking readings was as follows. The wire, previously annealed 
was fixed in place and the optical system adjusted. A weight, say, 50 gm., 
just sufficient to keep the wire taut, was then suspended at W and the clock- 
work drum carrying the sensitive paper was started. The initial length of the 
wire was then measured by a cathetometer to within 0*1 mm., and the resist- 
ance found by setting the bridge slider so that no change of deflection occurred 
on reversing the battery. When these two measurements had been made, a 
key, in parallel with the clock contact, was depressed for 3 seconds, producing 
a thick time line on the record to mark the instant at which the resistance was 
known. 

The final weight (300 to 1000 gm.) was then applied, and the bridge slider 
set to a definite selected value. The battery was repeatedly reversed, with the 
object of eliminating thermo-currents, until no change of deflection occurred 
on reversal, at which instant the time key was depressed. This process was 
repeated at intervals throughout the extension. With the help of these time 
marks, the exact length corresponding to a known resistance could be read off 
from the photographic record, as explained. 

The accuracy of the readings was as follows : — 

(a) The extension was measured to within 0*001 cm. ; the initial length of 
the wire was about 20 cm., and was itself measured within an accuracy 
of 1 in 2000. Thus the stretch, measured as a percentage of the original 
length, could be measured to 1 in 2000, while on a total stretch of, say, 
20 per cent, of the original length, the stretch at any moment could be 
measured to within 1 in 4000 of the total stretch. 

(b) The limit of accuracy in the resistance measurements was about 1 in 
5000, the total resistance being of the order of 0*1 ohm. With the 
rates of stretch obtained a change of resistance of the magnitude of the 
possible error took place in about 2 seconds. The estimated error in 
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recording the time at which the resistance was measured was about 
3 seconds, so that the resistance corresponding to a given length 
registered on the record was probably obtained correctly to 1 in 3000. 

Experimental Results. 

5. Variation of Length with Time under Constant Stress, 

The variation of length with time of annealed cadmium wires under constant 
stress for temperatures ranging from 0° to 100° C., and for stresses varying 
from 180 kilogram wt./cm.^ to 600 kilogram wt,/cm.^ gave curves of the general 
type to be expected on the previous work of Andrade {loc, cit), on other 
metals. A typical example obtained at 66° C. with a load of 500 gm., i.e., a 
stress of 301 kilogram wt./cm.^, is given in the following table, where the 
observed extension is compared with that calculated from the formula 

l = ( 1 ) 


|3 = 0-0288. ^ = 0-001895. = 1-0053. 


t. 

Length 

(experimental). 

Length 

(calculated). 

d 

1 

0 

1-000 

1*000 

0 

1*20 



-0*0027 

2-17 


1*0471 


4-76 


1*0636 

-0-0004 

8-48 

1*0814 

1*0816 

-0*0002 

12-72 

1*0992 

1*0991 

+0*0001 

19*98 

1*1261 

1*1268 

+0*0003 

26*20 

1*1438 

1*1436 

+0*0003 

30*46 

1*1604 

1*1609 

-0*0006 

36*60 

1*1778 

1*1774 

+0*0004 

43*33 

1*2018 

1*2018 

0-0000 

46*70 

1*2092 

1*2092 

0-0000 


The agreement is very good, probably within experimental error, except during 
the first 2 or 3 minutes, where the formula shows an extension a little greater 
than that observed. The discrepancy is not very great, as appears clearly 
from fig. 5, which exhibits the results embodied in the above table, and is 



10 20 i 30 40 mins SO 

Fig. 6. 


2 B 2 





358 


E. N. Da C. Andrade and B. Chialmers. 


given to illustrate the general form of the curve. The continuous line repre- 
sents the formula; the crosses being the observed points. While the extension 
at this early stage may possibly be slightly affected by irregularities in the 
first application of the stress, the weight being lowered into position by hand, 
other results seem to establish the fact that the formula does not represent the 
extension for cadmium quite exactly during the first minute or two. For high 
temperature and large stresses, in particular, while a good fit can be obtained 
it is necessary to take for this a value of Iq which is less than the initial length 
of the wire. In this paper the formula is used to separate out that part of 
the flow which diminishes steadily with time, and there is no doubt that, apart 
from the first minute or two, it does represent the facts exceedingly closely. 
In place of is probably required a function, possibly an exceedingly com- 
plicated one depending on temperature and stress, which is distinctly less than 
^1/3 for very small values of t, but which agrees closely with over a large 
range. 

The total p-stretch in the above case is about 10 per cent, of the original 
length. Occasionally somewhat greater values were obtained. The maximum 
total extension was of the order of 30 per cent, of the original length. 

6. Specific Resistance. 

The specific resistance is, of course, obtained from the measured resistance 
r by dividing by the length I of the specimen, and multiplying by the cross- 
section $. If the density of the metal may bo taken as constant throughout 
the flow, then the product Is is constant, and a quantity proportional to the 
specific resistance is obtained by dividing r by IK It is known that the density 
of a single crystal is not the same as that of the polycrystalline metal, so that 
it is probable that the stretching of an annealed polycrystalline wire has some 
efiect on the density. For the complete change from single crystal to poly- 
crystal the effect is, however, of the order of 1 in 3000 for, e.g., iron, nickel and 
aluminium,* so that it may fairly be estimated that the change in density 
during stretch is negligible compared to experimental error. 

The expression rfP = E may therefore be taken to give the resistivity E, 
and on this basis values of AE/Eq were calculated corresponding to various 
values of I at different constant temperatures, AE being the change, and Eq 
the initial value, of E, For cadmium there was, in all cases, a decrease of 

* Seiji Kaya, ^ Kinzoku no Kenkyu,’ vol. 5, p. 10 (1928), quoted by H. C. H. Carpenter, 
‘ Not. Proc. Eoy. Inst.,’ vol. 26, p. 267 (1930). 
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resistivity, so that AR is negative. Fig. 6 shows *— (AR/Eq) plotted against 

1 for various temperatures and loads, the initial cross-sectional area of the wire 
being 0*166 sq, mm. in all cases. The curves show clearly certain general 
features. During the immediate extension there is no change of resistivity, 
although in the case of the experiment at 0° this immediate extension amounted 
to 8 per cent, of the original length, and in the smallest case shown nearly 

2 per cent. During the intermediate extension the resistivity decreases 
markedly, but during the last phase of the extension, when the flow is tending 
towards the constant rate expressed by k, the resistivity is tending to a constant 
value. It would appear, then, that to the three phases into which the flow 


4^aoogrn. 


\2$’boogm. 


Fig. 6. 

has been analysed correspond three distinct types of behaviour of the resistivity, 
but that, as appears from comparison of fig. 5 with the corresponding curve 
of fig. 6, the immediate extension is greater than is given by the formula, 
that is, by the ^ law. This is in agreement with the argument already 
adduced. In view of the theoretical discussion to be given later, where the 
change of resistivity is connected with the ^-flow, this point is of importance. 
The clear e^erimental evidence for constancy of resistivity when the wire 
has reached the state where it flows linearly with the time shoidd also be 
noted. 

The detailed course of the different curves of fig. 6 is somewhat complicated. 
For instance, the three curves for 66° cross one another. These points are not 
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discussed here since it will be argued later that the significance of the experi- 
mental results is better revealed by a different method of treatment. 

The experiments were also carried out with copper and tin. In the case of 
copper, a load of 400 gm. applied to annealed copper wire, S.W.G. 36 (stress 
1368 Mlogram wt./cm.^ at 100° 0.) gave a stretch curve of the same form as that 
found for cadmium, the final extension being 7 ’6 per cent, of the initial length. 
The value found for the specific resistanpe was constant to within 0 * 1 per cent., 
the variations, of less than this amount, being (juite irregular. Hence if any 
change of specific resistance does occur it is certainly less than one-tenth of 
the smallest change found for cadmium. The conclusion that there is no 
change of specific resistance in the case of copper agrees both with the results 
of other observers* and with other considerations cited in the discussion of 
results. The work with copper also goes to show that there is no systematic 
error in the readings, such as might be caused by the incorrect calibration of the 
bridge wire or of the moving scale. 

An attempt was made to apply the same method to aluminium and tin but 
a difficulty was encountered in fixing the ends of the wire so as to make con- 
tacts of constant resistance. In the case of aluminium both clamping and 
soldering with a special aluminium solder were tried, but in all cases the 
resistance increased irregularly with time even when no tension was applied 
to the wire. This change of resistance was probably due to the formation of 
a film of oxide on the aluminium. In the case of tin a similar change of 
resistance, attributed to changes associated with the fixing of the ends, was 
detected. Since for this reason it proved impossible to measure the change of 
specific resistance during the extension, the final value of the specific resistance 
after stretching was compared to the initial value in order to determine whether 
any change had taken place. 

The potential method was used, which was also employed for the measure- 
ment of sj)ecific resistance of single crystal wires (described in a paper to be 
published shortly). The wires whose resistances and t (?2 are to be compared 
are arranged in series, being soldered to massive copper leads L, M, N, fig, 7. 
Bach pair of potential contacts A, B and 0, D consists of two safety razor 
blades of the three-hole type, fixed parallel and at about 8 cm. apart by glass 
rods passing through the holes and cemented. The contacts were held gently 
to the wires by rubber bands. Leads soldered to the blades pass to four 
mercury cups E, F, G, H, any one of which could be connected through a 


* Cited by H. C. H. Carpenter in an unpubKshed lecture. 
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seiisitive galvanometer to a sliding contact moving on a potentiometer wire 
ST. The potential drops and ^^d COD were measured on this 

wire in the usual way. The wires, whose resistances were being compared, 
were then cut ofiE between the potential contacts by pressure on the razor 
blades and weighed, their masses being and The ratio of the two 
resistances is then given by ^ since 


cal = w, 

where cr is the density 

Ri/Rg == PiVhh^lp^rn^li^ 

where and Rg are the specific resistances. The lengths and were very 
nearly the same. To eliminate the effect of any possible inaccuracy in the 
measurement of the length a second experiment was always carried out with 
stretched and unstretched wires interchanged, and the mean taken. This 
mean is quoted as the ratio. 



With a total extension of 5 per cent, the ratio stretched to unstretched for 
the resistivity was 0*999 for a particular stretched wire, and for a different 
stretched wire 0*998, giving a mean value of 0*9985. The estimated accuracy 
was ± 0*002, so that, within experimental error, there is no change of resis- 
tivity for aluminium. 

In the case of tin it was found that the change of specific resistance was in 
the opposite sense to that of cadmium, i.c,, the specific resistance increased 
during the second phase of the extension. As an example of the magnitude 
of the change, the case of an 18 S.W.G. wire at 100® 0. may be cited, with 
initial load 1200 gm., which gives a stress of 1028 kilogram wt./cm.^. The 
total extension during the second phase amounted to about 17 per cent, of 
the original length, during which the specific resistance increased by 2*3 per 
cent. During the first and during the third phase of the extension the 
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specific resistance remained unaltered as with, cadmium. In a second experi- 
ment at the same temperature a total extension of 16 per cent, led to an 
increase of 2*4 per cent, in specific resistance. 


Discussion of Ebsults. 

7. Resistance of PolycrystalUne Wires in terms of Single Crystal Resistances. 

A general e35)lanation of the results obtained with polycrystallino wires is 
to be sought in terms of the resistances of the crystallites of which they are 
made up. It is clear that this will be easier to find if, in the case of the soft 
metals in question, the crystallites alone need be considered, special effects 
at the interfaces being either non-existent or negligible. Information as to 
the magnitude of these possible effects can be obtained by considering the 
resistance of an unstrained polycrystaUine wire in terms of its components. 

For this purpose we suppose that the wire can be treated as an assemblage 
of small cubical blocks, each of which is a single crystal, the axes of crystal 
symmetry in the different blocks being oriented at random, and further that a 
layer of such crystallites, normal to the axis of the wire, can be treated as a 
number of resistances in parallel, since this will make the equipotential surface 
a plane normal to the wire. We further assume that there is no special resistance 
at crystal boundaries. The resistance of a single non-cubio crystal of a metal 
with properties completely symmetrical about a preferred axis of symmetry is 
given by the formula* 

E = E,| cos® ^ -j- Ejl sin® ^ 

= Ejl -t- (E|, — Ejl) cos® <f>, (2) 

where ^ is the angle which the axis of symmetry makes with the direction of 
the current and E], and Ej^ are the resistances along the unique axis of symmetry 
and normal to it respectively. The fraction of the crystallites for which the 
axis makes an angle between ^ and ^ with the axis of the wire is, on the 
assumption of random distribution, sin <f> d(f>, and therefore the resistance Eo 
of the polycrystalline wire is given by 


Ej 



sin d<f> 

Ej^ -f (E|| — Ej^) cos® <f> 


1 

"n/Ej^ (e,| EjJ 


tan“^ 



* Voigt, “ Lehrbuoli der KrystallphyBik ” (1910). 
State,” p, 7 (1931). 


See Hume-Bothery, “ The Metallio 
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or 


and 


Rq — (Rii — Ri) j ^ 


Rii Ri 


R, 


^ =^j/tan 
Rx 

where 

j)2 — ~ ^ 

Rj, 

Bridgman gives for cadmium the values R,, =8-30, and Rj^ = 6-8, while 
Griineisen and Goens* give R„ = 7-79 and Rj^ = 6-54. With Bridgman’s 
values the above equation gives Rq = 7-27, while with Griineisen and Goen’s 
values Rq = 6-94. In the course of some later work, shortly to be published, 
we found Rjl = 993 in terms of R^ = 1000. Taking Bridgman’s value of Rj_ 
this gives Rq = 7‘24 as against the calculated 7*27, while with Griineisen 
and Goen’s value of Rj^ we have Rq = 6*96 as against the calculated 6*94. 
The formula therefore gives the resistance of the polycrystalline wire in terms 
of R|| and Rj^ within less than 0*5 per cent., the discrepancy being within the 
limits of the experimental errors. 

The hypothesis that the resistance can be considered as made up of the 
resistances of the elementary crystallites, without special interfacial resistance, 
may therefore be considered reasonable. There is, of course, the possibility 
that the polycrystalline wires, while containing crystallites set at all angles, 
have, owing to the method of preparation, one or more preferred directions in 
which more crystallites are oriented than would be given by a purely random 
distribution. This is a point that can only be settled by X-ray examination, 
and Dr. R. E. Gibbs now has this and other points under examination. 


8. Quantitative Explanation of Change of Resistance during Extension. 

As a preliminary to the consideration of the change of resistance during 
extension in terms of the behaviour of the crystallites, certain properties of 
metal single crystals may be recalled. When a single crystal wire is extended, 
glide takes place along a certain set of parallel crystal planes ; if, as with certain 
classes of crystals, this set is one of a group of planes which are crystaUographi- 
cally equivalent, then, of course, slipping takes place along that set of the group 
which is, mechanically, the most favourably disposed. In addition, glide takes 
place in a certain direction in this plane, or in one of a certain group of equi- 
valent directions. Thus, to take an example, with cadmium, which crystallises 

* ‘ Z. Physik,’ vol. 26, p. 250 (1924). 
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in the hexagonal form, the glide takes place in the basal, or (0001) plane, and 
in the direction of a digonal axis from the centre to one of the vertices of 
the hexagon. The direction actually chosen by the glide will be the one among 
the preferred axes which makes the smallest angle with the direction of the 
applied force ; since the digonal axes make an angle of 60° with one another 
the direction of glide cannot be more than 30° from the line in the glide plane 
which makes a minimum angle with the direction of the force.* 

Thus consider a single crystal wire of cadmium, in which the axis of crystal 
symmetry makes initially an angle (f>Q with the axis of the wire, while the glide 
planes make an angle 6^ with the axis of the wire ; here 6 q and <f>Q are com- 
plementary. When the wire is stretched by a force applied in the direction of 
the axis the planes glide parallel to themselves, but the axis of the wire in 
which glide has taken place is constrained by the force to remain in the original 
direction of the axis. The result is that and 00 take new values ^ and 0 
which are still complementary. It can easily be shownf that 



where Z, are the final and original lengths of the wire. Extension by glide 
in the single crystal of cadmium therefore leads to a rotation of the unique 
set of glide planes. 

The results of which an explanation is sought are that there is no change of 
specific resistance with copper or aluminium at any stage of the extension> 
nor during the immediate extension or the final flow at constazat rate with any 
of the metals. With cadmium and tin, however, there is a definite change of 
specific resistance when wires are extended at atmospheric or higher tempera- 
tures, the change (which is a decrease for cadmium but an increase for tin) 
being closely associated with the p-flow, 

A polycrystalline wire can be considered as an assemblage of crystallites in 
which the axes of crystal symmetry are oriented at random. When the wire is 
stretched three possible mechanisms can be imagined : (a) that the crystallites 
break up into smaller fragments, which move without rotation so as to 

* See, Taylor and Elam, ‘ Proc, Roy. Soo.,’ A, vol. 108, p. 28 (192*5) ; Mark, Polanyi 
and Schmid, ‘ Z. Physik,’ vol. 12, p. 68 (1922) ; Georgieff and Schmid, ‘ Z. Physik,’ voL 
36, p. 759 (1926) ; and Boas and Schmid, ‘ Z. Physik,’ vol. 54, p. 16 (1929). For collected 
accounts see Wien-Harms, Handbuch der Experimentalphysik, vol. 5 (Plastischo 
Verformung, by G. Sachs) (1930), and Masing and Polanyi, * Ergebn. exakt. Naturwiss.,’ 
vol. 2, p. 177 (1923). 

t E.g., Ewald, Poschl and Prandtl, “ The Physics of Solids and Fluids,” p. 120 (1930). 
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accommodate their positions to the bulk deformation of the wire. The 
necessary accommodations may lead to slight deformations, of the cylindrical 
form, and, in fact, the surface of a stretched polycrystalline wire generally 
appears somewhat rough ; (6) that twinning takes place ; (c) that the indi- 
vidual crystallites become extended in the direction of the axis of the wire, 
not necessarily all by the same amount. In this case, if the glide takes place 
entirely upon a unique set of glide planes, as it undoubtedly does in single 
crystals of cadmium, or even if it is mainly upon such a set of glide planes, 
there must be a change in the angle determined by the extension, that is, 
a rotation of the crystalline axis of the crystallite. 

In the first case no change of resistance is to be expected, as far as the 
crystallites are concerned, and it has already been shown that with cadmium, 
at any rate, the resistance can be wholly accounted for by the crystallites, 
without intetfacial considerations. 

Consideration of the second case will be^ostponed, since examination of 
polycrystalline wires, stretched at atmosphOToor higher temperature, has failed 
to reveal twinning. The examination was carried out by polishing the surface 
of the wire, and etching with dilute nitric acid, which shows up the crystal 
boundaries, but not slip planes. That this process will also reveal twinning 
if it has taken place is evidenced by cadmium wires stretched at low tempera- 
tures of —180® C. which show extensive twinning, as recorded in the last 
section of this paper. 

In the third case we must expect a change of resistance for all metals in 
which there is a unique axis of crystal symmetry, for in such metals the 
electrical resistance depends upon the inclination of the axis to the direction 
of flow of the current. The results of the experiments here described lead to 
the conclusion that, during the |3-flow, the extension takes place mainly, if not 
wholly, by extension of the crystallites, accompanied by rotation of the axes. 
It may be mentioned that an early study of the mechanical aspect of the flow 
in soft metals led to the conclusion that the p-flow was due to crystalline 
rotation.* 

A strong quantitative confirmation of this view is furnished by the com- 
parative behaviour of cadmium, tin, copper and aluminium. In the hexagonal 
crystals of cadmium the glide planes are normal to the unique axis of symmetry ; 
in the tetragonal crystals of tin they are parallel to the unique axis.f In the 
case of both metals the resistance in the direction parallel to the unique axis 

* Andrade, ‘ Proc. Roy. Soo.,’ A, vol. 84, p. 1 (1910). 
t Polanyi, * Naturwiss.,’ vol. 16, p. 209 (1928), 
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is greater than in the normal direction.* The effect of stretch of a crystal or 
crystallite of either metal is to tend to set the glide planes parallel to the direction 
of stretch, -which means, in the case of cadmium, setting the unique axis normal 
to the direction of stretch, in the case of tin, bringing the unique axis parallel 
to the direction of stretch. Hence in the case of cadmium there would be a 
decrease of specific resistance accompanying ^-stretch, in the case of tin an 
inorease, which is what is observed. In the case of a cubic crystal, like copper, 
the resistance is independent of the direction, so that there should be no 
change of resistance. 

There is, then, good experimental evidence for believing that, in the case of 
soft metals, at any rate, the first immediate stretch takes place by break-up 
of the crystallites and movement of the fragments without distortion, by slipping 
at the boundaries ; that in the slow stretch which follows, rotation of the 
crystallites takes place, with consequent change of specific resistance, and that 
in the final stage of steady flow the rotation is complete, and that slipping 
without rotation occurs. It may be objected that there is a difficulty, of a 
geometrical nature, in imagining exactly how the adaptation at the boundary 
between individual crystallites takes place so that the metal may remain 
continuous. At present so little is known of the behaviour of a mass of plastic 
crystallites that a precise handling of the problem is not in question, but 
attention may be directed to certain arguments that seem to justify the assump- 
tion of rotation. In the first place, it is well known that in the case of wire 
drawing of many metals, e.g., copper and aluminium, a preferential orientation 
of certain crystal planes takes place, although no experimental results on wire 
dra-wing with cadmium are known to us. Mark has shown by the X-ray method 
a strong preferential orientation in a drawn tin -wire.t Rolling is also known to 
produce a regular texture and, for instance, in the case of zinc and cadmium 
about 70 per cent, of the crystals lie, after rolling, with their hexagonal axes 
making an angle between 50° and 7 0° with the normal to the sheot4 Although 
the deformation in our case is not nearly as severe as that produced by rolling 
or wire drawing, work on these methods shows clearly that mechanical deforma- 
tion, can lead to orientation with the necessary adaptations. 

Again, in soft metals of the kind in question the crystal planes can bend so 
as to adapt themselves to geometrical constraints, as evidenced, for example, 
by a cadmium single crystal wire gripped at one end, and extended by a load. 

* See, e.g., Bridgman, loc. cit. 

t Wien-Harms, “ Handbuch der Physik, ” vol. 7, p. 311 (1928). 

t Mark, ‘ Z. KristaUog.,’ vol. 61, p. 76 (1925). 
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In the part where the wire is gripped the planes retain their original inclination'; 
at some little distance from this part the inclination of the planes has a difEerent 
value, and in the intermediate region the adaptation between the two inclina- 
tions is effected by a bending of the crystal planes. Again, the picture put 
forward does not exclude the possibility that the general movement of the 
undistorted crystallites may be accompanied by a slipping and rotation in a 
relatively small fraction of the total number, nor that general slipping and 
rotation may be accompanied by a breaking-up of a few crystallites. The 
variation of the specific resistance with extension cannot be calculated without 
special h 3 ^otheses as to the way in which glide is initiated, continues and ceases 
in the individual crystallites of the polycrystalline wire. While on the basis 
of such special hypotheses we have obtained fairly close agreement with 
experiment, it is well, perhaps, to reserve such calculations until the hypotheses 
have further experimental support, which is now being sought. 

Meanwhile the experimental results can be expressed in terms of a mean 
angle <{>, chosen so that, if in all the crystallites the angle made by the crystal 
axis with the axis of the wire had the same value (j>, then the resistance would 
be the same as it is in the actual polycrystalline wire. Any preferential 
orientation in the polycrystalline wire modifies the value of ^ so defined. 

By definition, 

B = -f- (Rii — Rj,) cos® ^ = Rj^ (1 -4- p® cos® ^). (4) 


For an unstretched polycrystaUine wire, with random orientation, 


or 


^ = p/tan~^ p = 1 -f- p® cos® <f>f) 

Rj. 


cos <f>Q = - Vp/tan ^p • 


P 


1 


= O' 6617 with Bridgman’s value of p. 
Jo = 55“ 50'. 


For any given stretched polycrystaUine wire (f> is obtained from the experi- 
mental value by substituting the value of R in equation (4). 


9. Analysis of Experimental Results. 

There is, it appears, good reason to associate the change of resistance in 
metals of non-cubic structure with the p-flow. By fitting to the length-time 
curves the equation I =Iq{1-}- e**the appropriate value of p can be fotmd 
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for each, (constant) stress and temperature, and so for each observed value of 
the specific resistance, taken at a time t during the flow, the corresponding 
value of the ^-stretch can be found. In this way figures were obtained 
from which the curves of figs. 8 and 9, exhibiting ■— AR/R 0 for cadmium as 
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Fig. 9. 


ordinate against P-stretch as abscissa were plotted. Each curve refers to a 
wire extended at fixed temperature and constant stress. The curves of fig. 8 
were all obtained at temperature 66^ C., with the exception of the curve marked 
100 , obtained at that temperature, the initial load being indicated on each 
curve. The initial cross-sectional area of the wire being 0-166 sq. mm. the 
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constant stresses corresponding to 400, 500, 550 and 600 gm. weight are 2-41, 
3*01, 3*31, 3*61 X 10® gra. wt./sq. cm. The points obtained with the 600 
gm. load are very irregular ; the flow in this case was the most rapid observed 
in the course of this investigation, the wire stretching from an initial length of 
20 cm. to a final length of about 25 cm. in 13 minutes. On account of its 
uncertainty the curve is indicated by a broken line. It is difficult to fix p 
closely for the rapid flow at 100®, and therefore the slope (but not the form) of 
this curve is not so certain as that of the other curves- Two of the curves of 
fig. 9 were obtained at about 45®, one at 26® and one at 0® 0. 

The nearly straight nature of the curves, and the parallel course of curves 
obtained for different stresses at the same temperature, is in striking contrast 
to the unsystematic character of the group of curves of fig. 6, where the same 
ordinate is plotted against the total stretch, and at once suggests that there is 
a real physical significance in the analysis of the flow into immediate stretch., 
p-flow, and final flow at constant rate, or viscous flow, and that it is, in fact, 
the p-flow which is closely bound up with the change of resistance. The curves 
of figs. 8 and 9 do not, in general, pass through the origin, that is, when the 
flow is analysed into immediate stretch and p-flow by the help of the formula 
there is, included in the p-flow, an immediate extension which produces no 
change of resistance. This may be taken to indicate that the extension during 
the first minute or so, expressed as the early part of pt^^, is not due to glide and 
rotation, but is of the same nature as the immediate stretch, for the first 
resistance measurements shown on, e.g., the 400 and 600 gm. curves of fig. 8 
were taken within the first minute or so. This suggests that the empirical 
j^i/a law, while expressing accurately a physically distinct process, which we 
have indicated to be extension due to glide and rotation, for moderate and 
large values of t, does not closely represent the process during the minute or 
two following the first application of stress. This is the conclusion already 
reached in Section 5, in the discussion of the fitting of the length-time curves by 
formula (1), where it is pointed out that, in some cases, to fit the experimental 
results Iq has to be taken less than the initial value of 1, which shows that p^^® 
is initially too large to represent the physical process in the first minute or two. 

Accordingly, we proceed on the assumption that the immediate stretch, 
indicated in figs. 8 and 9, which takes place without change of resistance is 
due to a displacement of the crystallites without glide or rotation, and proceed 
to consider the rate at which resistance decreases with increase of p-extension, 
supposed due to glide and rotation. It is clear that the curves obtained at one 
temperature, i.e.,the 400, 600 and 600 gm. curves at 66®, or the 800 and 700 gm. 
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curves obtspitied at 46°, differ oiily in tbeir intercept on the horizontal axis, so 
that a given extension due to glide and rotation is, at a given temperature, 
connected with a given change of specific resistance. From the change of 
specific resistance we can calculate (f). In this way the curves of fig. 10 have 



been obtained, which show ^ as a function of the extension, measured from the 
intercept on the horizontal axis in figs. 8 and 9, which, on our assumption, is 
due to rotation. 

The curve for 100° represents only one experiment ; it has been already 
pointed out that, on account of the very rapid flow, it is not possible to fix the 
p-extension accurately in this case. No great significance can bo attached to 
the fact that the slope of this curve is less than that of the 66° curve. Leaving 
it out of account we see that, as the temperature falls, the change of for a 
given extension diminishes, although for the 26° which separates the lower two 
runs the change is less marked than for the 20° intervals which separate the 
other curves. This can be simply interpreted if it is remembered that for 
crystallites for which is large, i.e., whose glide planes make small angles with 
the wire axis, a small change of angle corresponds to a large increase in length, 
while for those for which is small a large change in angle is needed to give a 
small change in length. If for crystallites of small glide takes place more 
readily at high temperatures than it does at low our results are explained. 

If we can apply results obtained with single crystals to the crystallites in the 
wire, then glide takes place most easily in those for which the glide planes, and 
hence the crystal axes, make an angle of 45° with the wire axis. If we assume 
that glide takes place only in crystallites, for which the angle is in the neigh- 
bourhood of 45 , we can obtain an estimate of the change in resistance to be 
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expected in association with a given change in length. No doubt tliis is only 
a rough approximation, except in the early stages, but it afiords a check as to 
whether changes of resistance of the magnitude observed by us are reasonably 
explained on the hypothesis of glide. Various more complicated assumptions 
give, as a matter of fact, not very different numerical results. 

Suppose then, that on e3d;ension the axes of a fraction jf of the crystallites, 
which initially made angles in the neighbourhood of 46° with the wire 
change their directions by d^. We then have 

from 

(f> ’ 

wMle, as an approximation, 


Ro p/tan~^p 


= ptan 


M. 

I ■ 


The numerical values being f — 0-489, tan~^ p 


If 

while if 


^ = 0-206 4-^ 

XVq t 

y = 0-01 ^ = 0-00206 and 
y = 0-06 ^ = 0-0103 and 


= 0-439 


<l> = 66° 26', 
■^ = 58° 67', 


These are very slightly less than the experimentally found values for 46° 0,, 
as can be seen by consulting the curves of fig. 10. The changes of resistance 
are therefore of the right magnitude. A glide in the crystals for which the 
slip planes make snoaller angles than 46° will tend to make the change of 
resistance less, in those for which the slip planes make larger anglfts will tend 
to make the change of resistance greater, for a given change in length. 


10. Results at Low Tem/pe/ralwres. 

The extension by glide and rotation, for which evidence is offered in this 
paper, is associated with the slow p-flow, and so apparently requires tima for 
the necessary adjustments to take place. It will, therefore, characterise soft 
metals, or, speaking more correctly, metals at a temperature such that they are 
soft, and it is not contended that it wiU be found to accompany the extension 

2 0 
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of harder metals. As the distinction drawn between the mechanism of flow 
in hard and soft metals has been criticised it seemed to us advisable to seek 
further exj)erimental evidence on this point. If the contention is correct, then 
a cadmium wire at very low temperature, where the p-flow cannot take place, 
should behave differently, in respect of its changes of resistivity, from one at a 
temperature in the neighbourhood of atmospheric. Early experiments in 
which we attempted to produce extension at liquid air temperature failed 
because of difficulties found in gripping the end of the wire. Since the main 
work was completed it has, however, been found possible to hold the ends of 
the wire adequately, and a cadmium wire has been extended by 3 per cent, and 
more at both —180° C. and —78° 0. 

The results of these low temperattire experiments wore that while at —78° 
an extension of 3 per cent, produced a decrease of resistivity amounting to 
0-7 per cent, (mean of two experiments), at —180° a stretch of 3 per cent, 
produced an increase of resistivity of 1*3 per cent., which seems at first aston- 
ishing. Examination of the wires after etching showed, however, that in the 
case of the wire stretched at —180° very extensive twmning had taken place. 
The bands of twinning in most of the crystallites made angles with the axis 
of the wire which were not far from 46° ; no bands either parallel to or per- 
pendicular to the axis were observed. The increase of specific resistance can 
be explained in terms of these observations. 

In the first place, working with single crystal wires of cadmium we have 
found that after primary stretch, which brings the hexagonal axis to a position 
nearly perpendicular to the force, is completed, a secondary stretch takes 
place if the stress is increased. This secondary extension is accompanied by 
twinning, and by a rise of resistivity. Cadmium twins on a (0112) 
plane, when the shearing stress in the plane exceeds a certain limitin g value. 
The twinning plane makes an angle of not far from 45° with the original basal 
plane, so that after twinning the basal plane of half the twin stands nearly at 
right angles with the original basal plane, that is, nearly perpendicular to the 
axes of the single crystal wire. As the resistance parallel to the hexagonal 
axis is the larger one it is clear that twinning in such a stretched single crystal 
wire should increase the resistivity, as observed. 

Turning now to the polycrystalline wire, where the directions of the axes 
are distributed at random, it might at first be supposed that twinning, which 
brings the axes nearly normal to their original positions, should not affect 
the resistivity. If, however, the twinning planes are maioly in the neighbour- 
hood of 45° to the wire axis, as would be expected, and as is confirmed by 
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examinations of the twinned wire, then the crystals affected are mainly those 
in which the axis is either nearly parallel to or nearly normal to the wire gyia 
The latter class is clearly the more numerous in the case of random orientation. 
Since twinning in the former class leads to decrease of resistance, in the latter 
class to increase, it is clear that, on the whole, the effect of twinning should be 
to increase the resistivity, as is, in fact, observed. 

The mechanism of yield is, then, essentially different for the tough wire at 
—180° and for the softer wire at atmospheric temperatures. The wire at 
— 80° represents an intermediate case. The stretch at low temperatures has 
not been studied in detail, but it may be mentioned that a particular wire, 
extended at —180° by a very large load, under which it broke, showed a much 
greater increase of resistivity for unit extension than that quoted above. 

We are much indebted to Dr. E. E. Gibbs for helpful discussion during the 
work. One of xis (E. N. da 0. A.) enjoys a grant for apparatus from the Imperial 
Chemical Industries Company, expenditure from which has been made in 
connection with this research, while the other (B. C.) has been in receipt of a 
grant from the Department of Scientific and Industrial Eesearch. To both 
these bodies our best thanks are due. 

11. Summary of Bestdts. 

(1) The specific resistance of certain typical metals has been determined at 
various stages of the plastic flow under large stresses. 

(2) The specific resistance of metals which crystallise in the cubic system is 
unaffected by the flow. 

(3) The specific resistance of metals which crystallise with a unique axis 
of symmetry does not change during two of the three stages into which the 
flow can be analysed, namely, during the immediate extension, and the final 
flpw at constant rate. During the intermediate stage of flow at diminishing 
rate, called the ^-flow, it changes by an amount of the order of 2 per cent, 
in extreme cases. 

(4) The facts can be explained on the assumption that the crystallites slip, 
with consequent rotation of the unique axis, during the p-flow. In particular 
it follows at once on this hypothesis that with metals whose crystals have the 
slip planes parallel to the unique axis an increase of specific resistance with 
extension should be expected, while with crystallites which have the slip 
planes normal to the imique axk there should be a decrease, supposing that, as 
in the cases treated in this paper, the resistance is greatest along the umque 
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axis. This is what is found experimentally with tin and cadmixim, which 
respectively represent the two classes of crystallite. 

(6) The magnitude of the change of resistance during (3-flow is in good 
accord with this hypothesis that (3-flow is due to rotation of crystallites. 

(6) Further evidence for the views put forward is afforded by experiments at 
low temperature, where there is marked immediate stretch, but no p -stretch. 
It has been found that, under these conditions, an increase of resis- 
tivity of cadmium is obtained as against the decrease at ordinary temperatures. 
This is caused by the extensive twinning which accompanies the stretch under 
these conditions. 

(7) The results suggest that in all cases where flow is observed in solids the 
mechanism of the immediate stretch is essentially different from that of the 
P-flow, which is connected with a rotation of crystallites to a final position. 


The Photochemistry of Phosphine. 

By H. W. Melvillu. 

(Communicated by J. Kendall, F.R.S. — Received June 8, 1932.) 

Within recent years the spectroscopy and the photochemistry of the hydrides 
of the non-metallic elements has been the subject of much study and the 
results explained with considerable success on the basis of the newer theories 
of photochemical reactions. In spite of the fact that the photochemistry of 
ammonia has attracted some attention, yet the investigation of the equally 
simple molecule of phosphine seems to have been ^entirely neglected. It is 
with the object of filling this gap in photochemistry that the present experi- 
ments have been undertaken. 

The investigation naturally falls into three parts : (a) the absorption spectrum 
of phosphine, (6) the direct photochemical decomposition, (o) the photo- 
sensitised- decomposition. Experimental data on the photo-oxidation are 
also of importance in view of the fact that the thermal oxidation of phosphine 
is a chain reaction. 

In the present communication attention will be devoted to the photosensitised 
reactions, while the absorption spectrum and direct photo-reactions will, it 
is hoped, be dealt with in another paper. 
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The Photosensitised Decomposition. 

Phosphine does not exhibit any absorption of visible or ultra-violet light 
until a wave-length of 230 is reached,* therefore, it is at once evident that, 
in principle, the mercury photosensitised reaction may be conveniently studied. 
The general plan of the investigation included experiments corresponding to 
those which had already been carried out with ammonia. In addition, it 
became necessary to extend this scheme as certain outstanding points required 
elucidation and extension. 


Apparatus. 

The arrangement of the apparatus employed is shown in fig. 1. The 
reaction tube was a long spiral of silica tubing 6 mm. in bore surrounding a 
simple form of mercury arc lamp. The lamp consisted of a slightly inclined 
silica tube 16 cm. long and 1 cm. in diameter fitted with side tubes and mercury 
reservoirs as is shown in the figure. The lamp and spiral were fitted into a 
brass tank through which water rapidly flowed for cooling purposes. The 



H9 Pump 
PHi 


NHj 

0 . 

A 

H, 


spiral was connected by means of sihca-glass ground joints on the left side to 
a phosphine storage trap T^, a trap T 2 for saturating the gas with phosphorus 
vapour, and T 3 which contained mercury in order to maintain the concentra- 
tion of the vapour at a steady value in the spiral, T 3 was immersed in water 
contained in a vacuum flask. On the right side the spiral was attached {a) to 
storage bulbs and pipettes containing phosphine, ammonia, hydrogen, oxygen 
and argon ; ( 6 ) to a mercury manometer, McLeod gauge and a mercury vapour 

* MelviUe, * Nature,’ vol. 129, p. 646 (1932), 
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pump. Suitable liquid arc traps and small reservoirs were connected to this 
part of the apparatus in order to facilitate the handling of the various gases 
used in these experiments. 

During the preliminary work the brass box was filled with a 2’5 per cent, 
aqueous solution of potassium bronodde in order to make sure that all light 
of X < 240 pp.* was filtered out from the radiation of the mercury lamp. 
In this case the solution was cooled by a coil of lead pipe in which a current of 
water circulated. After several hours’ exposure the KBr was markedly 
decomposed. Later experiments showed that with unfiltered light from a 
water cooled arc the photosensitised was at least 100 times faster than the 
direct decomposition. 

When it was found that the rate of the reaction depended to some extent 
on the surface-volume ratio of the reaction tube the arrangement of lamp and 
reaction tube was changed. A vertical water cooled lamp and interchangeable 
cylindrical insolation vessels were substituted for the horizontal lamp. 

Since the experimental procedure varies with the t 3 pe of experiment, details 
of the methods employed are most conveniently given with the numerical 
results. 


MaiendLs. 

The phosphine was prepared from phosphonium iodide and potassium 
hydroxide, passed over soda lime, calcium chloride and phosphorus pontoxide 
collected in a liquid air trap after which it was fractionally distilled, the middle 
portion of the distillate being used. Ammonia was obtained by heating 
ammonium chloride and soda lime, dried with soda lime and fractionally 
distnied with solid carbon dioxide. 

Products of Decomposition. 

The first point to be settled about the photosensitised reaction is the nature 
of the end products. With the experimental arrangement described above 
using pressures of phosphine from 0-05 mm. up to 760 mm. an exposure of a 
few minutes or even seconds (at high phosphine pressures) sufficient to yield 
an amount of gas, non-condensible in liquid air, giving a pressure of about 
0-1 mm. This gas could only be hydrogen. After a large number of exposures 
it was observed that the rate of decomposition gradually fell ofi and simul- 
taneously a brown deposit was formed on the walls of the reaction tube. This 


* ‘Z. Elefctrooliem.,’ vol. 35, p. 702 (1929). 
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brown deposit was most probably red pbospborus or a ptospborus hydride 
since it was easily removed by heating or by washing with bromine water. 

If phosphine is decomposed according to the equation 4 PH 3 == P 4 + GHg, 
then the pressure of hydrogen produced should be 1^5 times that of the 
phosphine decomposed. Phosphine was introduced into the apparatus at a 
pressure which could be conveniently measured by the McLeod gauge, it was 
illuminated for a suitable length of time (in this case about 10 minutes, with 
30 volts and 4 amps, in the arc) and the pressure again measured ; the phosphine 
was then condensed out with liquid air in order to measure the pressure of the 
hydrogen. From these pressure readings, after making a small correction 
due to the fact that phosphine has a small vapour pressure at liquid air tempera- 
tures, it was then possible to calculate the percentage hydrogen produced. 
Table I gives a set of typical results. 


Table I. 


Initial pressure 
of PH 3 
(mm,). 

Total pressure 
after 

illumination. 

Pressure 
of Ha 
(mm.). 

Percentage 

H. 

produced. 



0-0200 

92 


0-1056 

0-0230 

96 

0-0645 


0*0246 

96 

o-mo 

0*1925 

0-0745 

94 

0-1016 

0-1125 

0-0390 

93 

0-0520 

0-0685 

0-0225 

98 



Average 

95 


The average of 96 per cent, of the theory thus pointed to the conclusion that 
nearly all the phosphine decomposed formed phosphorus and hydrogen. The 
small deficiency in the amount of hydrogen is due, as will be shown later, to 
the clean up of part of the hydrogen on the walls of the insolation tube. 
Whether phosphorus vapour is first produced in the decomposition is not 
known, since under the influence of light from the mercury lamp the vapour 
is transformed into red phosphorus. 

In spite of the fact that red phosphorus appears as the final product of the 
reaction, it was important to find if the addition of phosphorus vapour caused 
any decrease in the rate owing to the absorption of the 253*6 line of the 
mercury spectrum. A piece of yellow phosphorus was placed in Tg which was 
kept at — 80° 0 . while phosphine was passed into the spiral at about 2 mm. 
pressure. An exposure was made, the phosphine condensed out and the 
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pressure of hydrogen, determined. After pumping out and refilling the spiral 
with the same pressure of phosphine, T 2 was warmed up to 16° (vapour pressure 
of yellow phosphorus 0*026 mm.) and a trap on the right side of the spiral 
cooled to —80° so that a constant stream of phosphorus vapour passed through 
the spiral. Experiments were made alternately with and without phosphorus 
vapour when it was found that only a shght diminution in rate occurred, e.g., 
fjom 0-0260 nun./min. to 0*0246, 0*0296 to 0*0286, 0*0300 to 0*0295. The 
small influence of the phosphorus is, no doubt, due to the high absorption 
coefidcient of the mercury vapour for the resonance line compared with that 
of phosphorus vapour; for example,* with a mercury vapour pressure of 
0*001 mm. 96 per cent, of the resonance line is absorbed in a layer of vapour 
2 cm. thick. 

Effect of Hydrogen. 

It is well known that molecular hydrogen is a patioularly efficient deactivator 
of excited (2 mercury atoms,t so that it would be e 3 j»ected tliat, as hydro- 
gen accumulates in the phosphine during decomposition, the reaction velocity 
will fall ofE even if the pressure of phosphine is maintained at a constant value. 
This is clearly illustrated in fig. 2, and it is to be noted that the inhibition by 
hydrogen is more marked with small phosphine pressures. In order to discuss 
the matter quantitatively, it will be convenient at this point to propose a simple 
mechanism for the reaction and to find how far this mechanism can account 
for the experimental data. The rate of decomposition is given by 

K = - = h [Hg'] [PH 3 ], ( 1 ) 

where is a constant, Hg' denotes the excited mercury atom in the state. 
Since the system is in a stationary state, then the following relationship exists 

= K - h, [Hg'] [PH3] - k, [Hg'] [H J - k, [Hg'l = 0 , ( 2 ) 

or 

where K is proportional to the intensity of the illumination and the con- 
centration of the mercury vapour. The third term of ( 2 ) takes into account 

* Gaviola, ‘ Phil. Mag.,’ vol. 6, p. 1154 (1928). 

t Stuart, ‘ Z. Physik,’ vol. 32, p. 262 (1925) ; Zemansky, ‘ Phys. Rev.,’ vol. 30, p. 919 
(1930). 
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deactivation of Hg' ty Hg, wMle Zcg is the rate at wMch Hg' reverts to the 1 
state by radiation or by any other process which is independent of PH 3 and 
Hj, e.g., wall deactivation. Deactivation by radiation is probably the most 
important factor in this term owing to the short life ( 10 ”’ seconds) of the 
excited atom. 



Time, mliis. 


Fia. 2 . — ^The inhibitory effect of hydrogen is shown by the decomposition curves becoming 
concave to the time axis as increased. The curvature is greater the smaller the 
pressure of phosphine. The small variation in initial rate of reaction is due to variation 
in the intensity of the mercury lamp. 0*0085 mm. is the vapour pressure of PH 3 at 
-183° C. 


From equations ( 1 ) and ( 3 ) 

l/E = l/K(l+hm^>), ■ W 

and therefore if 1 /R is plotted against [HJ for a constant [PII 3 ] a straight line 
should be obtained. Further, if Rj and Rh are the values of R at the beginning 
of the reaction and after the hydrogen has accmnulated, then from (4) 

^0 _ ^2[U2] /g\ 

Rh + 

whereby it is then possible to calculate hjkg if is known. The ratio 
is obtained by the method detailed on p. 384. 
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The horizontal lamp and spiral were used, the phosphine pressure being 
4-40 nun. and exposure time 2 minutes. Tables II and III give the record 
of a typical series of experiments. 

Table II. 


jpHjj added 
(mm.). 

Total 

after experiment. 

B 

mm./2 minutes. 

Mean 

during experiment. 

0*000 

0*0225 

0*0225 

0*0112 

0*0435 

0*0620 


0*0530 

0*0775 


0-0106 

0*0855 

0*1080 

0*1210 

0*0130 

0*1145 

0*1405 


0*0095 

0*1455 


Table III. 



R. 

^ 2 /^ 8 * 


R. 

hik. 


0*0233 


0*08 

0*0163 

32*6 



23*9 

0*10 

0*0145 

36*7 

0-04 

0*0200 

26*0 

0*12 

0*0125 

43*5 

0*06 

0*0180 1 

29*8 

0*14 

0*0103 

54*5 


The results in Table III were obtained by plotting the mean pn, against It 
in Table II, and extrapolating back to Rq. Ph, and R of Table III are then 
read off from the curve and calculated by means of (6). Fig. 3 shows R 
and 1/R plotted against pn,- As is seen, (a) from fig. 3 the plot of 1/R against 



Jia. 3. — reciprocal of the rate of decomposition of PH 3 is not proportional to pa, 
as would be espected theoretically. 
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jjjaia is not a straight line but a curve convex to the jpsa Q^xis, and (&) from Table 
III, JcJJoq does not remain constant but increases with That is, the in- 
hibitory effect of hydrogen is greater than that predicted on the assumption that 
deactivation alone is responsible for the decrease in the rate of decomposition. 

It might be suggested that this additional effect is due to the hydrogen atoms, 
produced by collisions between excited mercury atoms and recombining 
with the red phosphorus deposited on the walls of the reaction vessel. There 
are, in the literature two records of the action of atomic hydrogen on yellow 
phosphorus. Langmuir* found that although a hot ( 1200 ° K.) tungsten fila- 
ment dissociates PH 3 into yellow phosphorus (which is deposited on the walls 
of the tube) and hydrogen, when the filament was heated to a higher tempera- 
ture the atomic hydrogen, produced by impact of on the tungsten surface, 
is able to recombine with the phosphorus to regenerate phosphine. Similarly 
Bonhoefferf found that atomic hydrogen produced in a Wood’s tube readily 
reacts with white phosphorus to give PH 3 , but in addition, a brown iridescent 
film was formed in the neighbourhood of the phosphorus. It is of importance 
to note that this film was apparently unattacked by atomic hydrogen. If the 
brown deposit is similar to that obtained in the photosensitised decomposition of 
phosphine, then atomic hydrogen ought not to retard the reaction in this manner. 

However, experiments were made to find if, UTider the expenmental conditions 
employed in this work, there was any reaction between phosphorus and atomic 
hydrogen produced photochemically. The method employed consisted in 
admitting hydrogen to the silica spiral with trap Tg at 16°, Tg at —80°, and 
T 5 at —183°. The lamp was switched on and the normal clean up of hydrogen 
measured, then Tg was warmed to 15° so that phosphorus vapour mixed with 
the hydrogen. If any combination occurred between the phosphorus vapour 
or the red phosphorus on the spiral and the atomic hydrogen then, owing to 
T 5 being at —183°, the rate of clean up of the hydrogen should be markedly 
increased. The pressure of hydrogen is plotted against time of illumination 
in fig. 4 and it is at once seen that the rate of clean up is unaffected by the 
presence of phosphorus. As is customary with clean up phenomena the rate 
decreases as the silica surface becomes covered with atomic hydrogen. The rate 
of clean up amounts to the right order of magnitude to account for the slight 
deficiency of hydrogen produced during the decomposition of the phosphine. 

These experiments seemed to indicate that recombination of atomic hydrogen 
occurred with an intermediate product of the dissociation, for example, PHg 

* ‘ J. Amer. Chem. Soo.,’ vol. 34, p. 1310 (1912), 

I ‘ Z. Phys. Ohem.,’ vol. 113, p. 199 (1924). 
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or PH radicles. The existence of PH2 is not known, but apparently PH 
radicles can exist in flames* and discharge tubes.! Since these radicles prob- 
ably have only a comparatively short life, it was necessary to devise an 
experiment whereby atonoic hydrogen could be produced in the reaction tube 
independently of, but simultaneously with the photo-dissociation of the 
phosphine molecule, and to observe whether the rate of dissociation is decreased. 

It is probable that the initial process in the photosensitised decomposition 
of PH3, Hg (2 sPi) + PH3 = PHa + H + Hg (1 ^So) is similar to the direct 



!Pig. 4. — ^Tiie clean up of the hydrogen is not affected by the presence of phosphorus vapour, 
hence no phosphine is formed. 

reaction, Av + PH3 = PH2 + H. On the strength of this assumption, the 
basis of the idea for testing the above hypothesis is as follows. Phosphine is 
mixed with a large excess of hydrogen and illuminated, (a) with light from a 
zinc spark and the amount of decomposition noted, (6) simultaneously with a 
zinc spark and a water-cooled mercury lamp. In the jBrst case, the excess 
hydrogen has no efiect on the direct reaction ; in the second, however, the 
photosensitised decomposition is inhibited with the simultaneous production 
of atomic hydrogen which ought to combine with PHg or PH and so retard 
the dissociation brought about by the zinc spark. 

Owing to experimental limitations the rate of the photosensitised reaction 
was quite comparable with the direct reaction. The latter could not be 
increased because of the low pressure of phosphine and consequent small 
absorption of radiation ; the spark also could not be conveniently increased in 

* Ludlam, ‘ Nature,’ vol. 128, p. 271 (1930). 
t Pearse, ‘ Proc, Key. Soo.,’ A, vol. 129, p. 328 (1930). 
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intensity as it was already consuming 1 amp. at 4000 volts. Separate experi- 
ments were therefore made with arc and spark and the total amount of hydrogen 
produced compared with that from the simultaneous illumination. Inspection 
of Table IV shows that there is in every case a much smaller amount of 
hydrogen obtained with simultaneous illumination. In order to prove the 
point beyond doubt, the two experiments recorded at the bottom of Table IV 
show that the effect is not observed if hydrogen is absent. A 2-cm. silica tube 
was used with the arc and spark on either side. 

Effect of Tvbe Diameter. 

The next question which arises is whether the recombination occurs at the 
walls, since owing to the low pressures, ternary collisions, such as- 
PHa + H + X = PH 3 + X', where X is a third gas molecule, are extremely 
infrequent compared with collisions with the walls. If the walls do play some 
essential part in the mechanism of the reaction, then it might reasonably be 
supposed that the surface/volume ratio of the reaction tube would have some 
influence on the rate of decomposition. The problem is reduced to finding the 
value of of equation ( 1 ) either absolutely or relatively to some fixed coefiicient„ 
e.g., ^ 2 - 

Table IV. 


pia, 

(mm.). 

(mm.). 

jpH, after 
exposure. 

Pb, produced 
from PH,. 

SoiiToe of 
illumination. 

0-0865 

0-1360 

0-0720 

0-0226 

0-0415 

Arc. 

0*0860 

0-1346 

0-0686 

0-0190 

Spark. 

0-0860 

0-1336 

0-0810 

0-0326 

Spark arc. 

0-0576 

0-1465 

0-0970 

0-0050 

0-0165 

Arc. 

0-0560 

0-1466 

0-1020 

0-0115 

Spark. 

0-0536 

0-1406 

0-0935 

0-0065 

Spark + arc. 

0-0655 

0-1445 j 

0-0975 

0-0086 

Spark -{- arc. 

0-0570 

0-1470 

0-0985 

0-0105 

0-0155 

Spark. 

0-0675 

0-1455 

0-0930 

0-0060 

Arc. 

0-0556 

0-1110 

0-0696 

0*0140 

0-0215 

Arc. 

0-0670 

0-1110 

0-0616 

0-0075 

Spark. 

0-0570 

0-1145 

0-0736 

0-0160 

Spark -{> arc* 
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Table IV — (continued). 


(mm.). 

(mm.). 

pZi after 
exposure. 

1 

jPH# produced 
from PHs. 

Source of 
illumination. 

0-0650 


Hydrogi 

BN AbSBNT. 

0-0170 

Arc. 

0-0570 

— 


0-0290 

0-0120 

Spark. 

0-0585 

— 

— 

0-0300 

Spark *f arc. 

0-0680 



0-0190 

Arc. 

0-0585 

— 

— 

0-0310 

0-0120 

Spark. 

0-0585 

— 


0-0300 

Spark H- arc. 


If [Hg] = 0, equation (4) asstimes the simple form 

so that the ratio of the intercept to the slope of the line obtained by plotting 
1/R against 1 /[PH 3 ] is hijlc^. This equation which indicates how R varies 
with [PH 3 ] will only be valid provided that the pressure of phosphine is low 
enough to prevent pressure broadening of the absorption line of mercury 
vapour. This was ensured in these experiments by working with pressures 
below 10 mm. Tubes of 2, 1 , and 0 • 6 cm. bore were xised, the results are given 
in Tables V-YII and the data in Table VII plotted in fig. 6 . Correction is 



Pig. 5. — reciprocal of the rate of decomposition of PH3 is proportional to llpm, as 
is to be expected on the simple theory of the effect. 
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made for tte deposition of red piiospliorus on tlie walls. Since tte value of 
kx/kg increases witli increasing diameter of tube, it would appear that recom- 
bination of the products is facilitated by larger surface/volume ratios and 
therefore that recombination occurs on the walls. 


Table V. — ^2-cm. Tube. 


PIK, 

(mm.). 


Rate, 

(mm. /min.) 

Corrected 
rate (R). 

1/R. 

55PH3 

(mm.). 


Rate 

(mm./min.) 

Corrected 
rate (R). 

1/R. 

10-00 

0-100 

0-0425 

1-00 

1-00 

10-00 

0-100 


1-00 

1-00 

1-26 

0-80 

0-0300 

0-75 

1-33 

1-80 

0-66 

0-0280 

0-80 

1-25 

0-62 

1-61 

0-0245 

0-66 

1-52 

0-56 

1-79 

0-0220 

0-67 

1-49 

0-36 

2-78 

0-0170 

0-50 

2-00 

0-32 

3-12 

0-0160 

0-62 

1-92 

0-20 

6-00 

0-0140 

0-45 

2-22 

0-20 

6-00 


0-36 

2-78 

10-00 

0-100 

0-0285 

1-00 

1-00 

10-00 

0-100 

1 


1-00 

1 

1-00 

Jfej/ia = 2-70. 

— 2-7. 


Table VI. — 1-cm. Tube. 




Rate 

(mm./min.) 

Corrected 
rate (R). 

1/R. 

(mm.) 


Rate 

(mm./min.) 

Corrected 
rate (R). 

1/R. 

5-16 

0-194 


1-00 

1-00 

10-60 

0-094 

0-0285 

1-00 

1-00 

3-60 

0-278 


0-91 

1*10 

6-24 

0-190 

0-0245 

0-86 

1-16 

1-90 

0-625 

0-0285 

0-79 

1-27 

2-20 

0-455 

0-0210 

0-74 

1-36 

0-96 

1-04 


0-64 

1-56 

1-16 

0-86 

0-0190 

0-67 

1-49* 

hj^Jk^ = 1*60. 

kjk^ = 1.66. 


Table VII. — 0'5-cm. Tube. 




Rate 

(mm./min.) 

Corrected 
rate (R). 

1/R. 

i?pH, 

(mm.). 

l/pPHa* 

Rate 

(mm./min.) 

Corrected 
rate (R). 

1/R. 

10-00 

0-100 

0-0330 

1-00 

1-00 

10-00 

0-100 

0*0336 

1-00 

1-00 

4-22 

0-237 

0-0290 

0-88 

1-14 

7-00 

0-143 

0-0316 

0-96 

1-05 

1-62 

0-62 

0-0230 

0-70 

1-43 

3-44 

0-290 

0-0270 

0*83 

1-20 

1-16 

0-86 

0-0205 

0-61 

1-64 

2-00 

0-800 

0-0230 

0-72 

1-39 

2-40 

0-417 

0-0295 

0-87 

1-15 

1-40 

0-71 

0-0205 

0-64 

1-66 

10-00 

0-100 

0-0345 

1-00 

1-00 

0-82 

1-22 

0-0175 

i 0-56 

1-79 






10-00 

0-100 

1 0-0315 

1 1-00 

1-00 


hjhi = 1-15. 
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Comparison of the PH 3 and NHs Reactions. 

It is interesting to compare tlie phosphine results with those of ammonia 
obtained by Mitchell and Dickinson* who suggested a mechanism involving 
excited ammonia molecules. The existence of these molecules is rendered 
exceedingly improbable by Bonhoeffer and Farkas’ workf on the photochemistry 
of am m onia. If the mechanism suggested in equations (1) and (2) also holds 
for the decomposition of ammonia, then from Mitchell and Dickinson’s results 
the value of JoiJk^ may be readily obtained and amounts to 0-20 mm."\ 
Whether Jfei/ifca depends on the diameter of the insolation tube is not yet known, 
but it is evident that the phosphine reaction, according to these calculations, 
is about ten times as fast as the ammonia decomposition. This result was con- 
firmed by a direct comparison using pressures of ammonia and phosphine of 6 mm. 
in a cylindrical tube 2 cm. in diameter when 0 •00116 mm. of Nj and Hj were 
produced per minute from NH 3 and 0-0118 mm. /min. of hydrogen from PHj. 

It is impossible at present to find if this larger jdeld is due to the greater 
efficiency of PH 3 as a deactivator of Hg 2 ^P^, or to the reactions subsequent to 
the dissociation of the PHj molecule being more efficient than the corre- 
sponding ammonia reactions. The effect may be due to both factors. 

Another important calcidation concerning the ammonia reaction may be 
made from the results of Mitchell and Dickinson. From equation ( 6 ) if [Hg]j 
is the pressure of hydrogen required to reduce R to ^Rj then 

( 7 ) 

The slope of the line obtained by plotting [Hj] against [NHg] gives Jci/ki, i.e., 
\ is obtained relatively to the rate of deactivation of Hg 2 ®Pi by H 2 . Since 
the efficiency of this latter process is known absolutely it is then possible to 
obtain absolutely. For this purpose the rate of decomposition of NH 3 is 
plotted against the mean pressure of hydrogen for the interval concerned ; 
extrapolation gives Rq. The value of [Halj is read off and the following results 
obtained : — 


t™.- 

Ph. for iR, 

(mm.) 

(mm.) 

0-96 

0-026 

1-88 

0-055 

3-22 

0-077 

5-06 

0-140 


* ‘ J. Amer. Chem. Soo.,’ vol. 49, p. 1487 (1927). 
t ‘ Z. phys. Cliem.,’ vol. 134, p. 337 (1928). 
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In calculating their results Mitchell and Dickinson assumed that [H2]| 
was independent of [NHg] — a supposition which is incorrect as is shown by 
the table above. From these data Jki/ifcg = 0-028. Thus the ammonia 
decomposition would appear to be much less efficient than quenching by 
hydrogen. and ifcg are, however, composite factors and are given by the 
equation 

where and 0*2 effective collision radii of the partners Hg and NHg 

and Hg and H2J M denotes the molecular weight, a is a factor which denotes 
the number of ammonia molecules decomposed per collision which is effective 
in deactivating the excited mercury atom. Zemansky* has recently carried 
out a series of very careful experiments on the quenching of mercury reso- 
nance radiation from which it is possible to obtain values for a. For NH3 
(7^2 = 2-94 X cm.^ and = 6-01 X 10”*^® cm.^. Inserting these 

values in equation (8) a = 0*162. The corresponding result of Warburgf 
for the direct decomposition, viz,, y = 0*25 (y = quantum efficiency) would 
indicate that, if the collision between Hg 2 and NH3 resulting in deactivation 
of the mercury atom also results in fission of the NH3 into NH2 and H then, in 
view of the correspondence between y and oc the processes succeeding the 
elementary decomposition may possibly be identical. 

Another interesting point of resemblance of the photosensitised reactions 
lies in the fact that 1/R is plotted against the pressure of hydrogen, curves 
convex to the abscissae are obtained as is the case with phosphine. Here 
again hydrogen would appear to exert an inhibitory efiect on the reaction 
which is greater than that calculated on the assumption of simple deactivation. 
The explanation is probably the same and, furthermore, the low quantum 
yield is possibly due to wall recombination of the primary products of 
dissociation. 

As has been shown above the phosphine reaction is about 10 times as fast 
as the ammonia reaction hence from equation (7) it is at once seen that the 
inhibition by hydrogen is much less marked. Small pressures of phosphine 
have to be used in order to obtain accurately measurable effects ; this, in 
turn, introduces the difficulty that the phosphine pressure diminishes during 
an exposure and with it the reaction velocity. However, extended attempts 

* ‘ Phys. Kev.,’ voL 36, p. 919 (1930). 

t SitzBer. preuss. Akad.Wiss., p. 741 (1911); compare also Wiig and Kistiakowsky, 
‘ J. Amer. Chem. Soc.,’ vol. 54, p. 1906 (1932). 
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were made but tbe results were so variable that little use could be made of 
tbem to calculate 


The Photosensitised Oxidation* 

Pbospbiue and oxygen inflame spontaneously between certain limiting 
pressures,* so that photockemical experiments must be confined to pressures 
eitter above or below the explosion limits. The experiments described below 
are concerned with pressures at or below the lower limit. First of all, it was 
thought that by adding oxygen to the phosphine the rate of decomposition 
would be increased since the products of the primary dissociation would be 
oxidised before they had an opportimity to recombine. The experimental 
procedure was as follows : phosphine was admitted to the reaction tube and 
the pressure measured on the McLeod gauge ; it was then condensed out with 
liquid air and oxygen admitted to a known pressure such that the total pressure 
of PHg and Og was below the lower limit when the PH 3 evaporated. The 
exposure was made and the pressure of the gas not condensable by liquid air 
determined, this gas was then pumped off and the pressure exerted by the 
residual phosphine (after evaporation) recorded. Small corrections were 
applied owing to the volatility of the phosphine at —183®. Inspection of 
Table VIII shows that a considerable increase in reaction velocity is obtained 
in the presence of oxygen thus lending apparent support for the recombination 


Table VIII. 


Initial ppH,. 

jPo* added. 

p of uncondensed 
gas after 
esqperiment. 

decomposed. 

0-0750 

0-0285 

0-0340 

0-0280 

0-0760 

— 

— 

0-0150 

0-0885 

0-0710 

0-0795 

0-0605 

0-0885 

— 

— 

0-0070 

0-0865 

0-0220 

0-0390 

0-0405 

0-0885 

— 

— 

0-0070 

0-0915 

0-0890 

0-0670 

0-0625 

0-0885 



0-0160 


hypothesis. The curious anomaly is that the pressure of uncondensable gas 
is about equal to that of the oxygen. Since oxygen accelerates the reaction 

* Dalton and Hinshelwood, * Proc. Boy. Soc.,’ A, vol. 125, p. 294 (1929) ; Dalton, ibid,, 
A, vol. 128, p. 263 (1930). 
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it must be used up and, furtber, any oxide that might be formed is involatile 
at — 183 ® so that the residual gas will probably be hydrogen. Therefore, 
the scheme of the reaction may be amended : the oxygen attacks the products 
of dissociation, forming oxides of such an energy content that they are able 
to activate phosphine or oxygen molecules which initiate a stable chain reaction 
between the residual PH3 and Og. If this supposition is correct then the 
subsequent addition of argon to the PH3~02 mixture ought to increase the rate 
still further, precisely in the same way as argon accelerates* the stable chain 
oxidation of phosphorus. The data given in Table IX show that the surmise 
is correct. Argon does not accelerate the reaction in absence of oxygen. It 
is therefore not possible to say whether wall recombination is retarded by 
oxidation owing to the intervention of the chain mechanism. 


Table IX. 


! 

Initial 

JPoa- 


p imcondensablc 
gas. 

, 

decomposed. 

, 

0-0565 




0-0116 

0-0500 

0-0376 

— 

0-0275 

0-0245 

0-0546 

0-0425 

0-0940 

0-1215 

0-0350 

0-0676 





0-0125 

0-0676 

0-0310 

— 

0-0385 

0-0365 

0-0660 

0-0326 

0-0900 

0-1355 

0-0465 

0*0590 

___ 



0-0135 

.y9-06l0 

0-0325 

— 

0-0420 

0-0296 

0-0690 

0-0325 

0-1170 

0-1520 

0-0435 


Effects at the Lower Limit in PH3-O2 Mixtures. 

When a PHg-Oa mixture below the lower limit is illuminated by a mercury 
lamp, Hinshelwood and Clusiust found that on compression explosion took 
place at a much lower pressure than the normal unilluminated mixture. The 
effect, however, is not permanent but decays slowly, the original explosion 
pressure being reached. On further investigation the phosphine proved to be 
the origin of the effect and Hinshelwood and Clusius suggested that the 
phosphine molecule became activated by absorption of light ; the presence of 
this activated molecule of long life produces the lowering of the limit. From 
the decay curves it was estimated that the active molecule could make as 

* Melville and Ludlam, ' Proc. Roy. Soc.,’ vol. 135, p. 315 (1932). 
t ' Proc. Roy. Soo.,’ A, vol. 129, p. 589 (1930). 
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many as 10 ^ collisions with, the walls before being deactivated. Since no 
excited or metastable molecule could undergo so many collisions with a wall 
without becoming deactivated, it was concluded that the molecule was active 
in virtue of its chemical unsaturation rather than its high energy content. 

Now in the theory of the oxidation of phosphine* the concentration [Xq] 
of one of the chain propagators is given by 

1 ^1^2 [Q 2 I ^ (^) ~l~ ^ 

(1 ^ a) kjc.^ [PH3] [OJ + k^K [O2] + F3K [PHai + ^ 

where ^2 ^3 velocity coefficients and K the rate of deactivation of 

Xq at the walls, P(c) is the rate of production of chain centres. The condition 
for explosion is that [X^] = 00 or that the denominator of ( 9 ) is zero. P(c) 
does not appear in the denominator hence the explosion pressure ought to be 
independent of the rate of production of chain centres, therefore, the presence 
of active molecules produced photochemically should not alter the explosion 
limit. Prom ( 9 ) then, at the explosion limit 

[PH3] [O2] = K' X constant, 

K' expressing the efficiency of deactivating collisions of Xq with the walls. A 
variation in the condition of the walls may consequently alter the explosion 
limit. 

Before proceeding, the question which required to be settled was whether the 
effect was due to the walls in spite of Hinshelwood and Clusius’ demonstration 
that illumination of the tube itself did not change the explosion pressure. 

Por this purpose two similar silica tubes provided with graduated scales and 
mercury reservoirs were connected together by a short length of tubing having 
a tap in the middle. This apparatus was connected to sources of PH3 and O2, 
pumps, etc. Phosphoric acid was used to coat the insides of the illumination 
tubes in order to maintain constant surface conditions. A hot mercury arc 
was employed for most experiments, although a water-cooled lamp was also 
used but owing to the intense resonance radiation it had to be placed at a 
considerable distance from the tube in order to avoid excessive photo-oxidation. 
No filters were employed. Let A and B (in which the explosion pressures are 
determined) be the two tubes. The principle of the method consists in illumi- 
nating a PH3~02 mixture in A and transferring immediately afterwards to 
B where the explosion pressure is measured. If the effect is a surface pheno- 
menon, then the explosion pressui*e should be identical with that of a similar 


* Dalton and Hinshelwood, loc* ciU 



Photochemistry of Phosfhine. 39 1 

unillununated mixture, because tbe active surface remains bebind in A. On 
tbe other hand, if the active material is present in the gas it should produce 
in B a diminished explosion pressure. 

Hinshelwood and Clusius’ experiments were repeated ; for example, after 
4 minutes’ illumination of B the explosion pressure fell from 19-5 to 17*1 
(arbitrary) units. On allowing the illuminated mixture to stand for 4 minutes 
in B and also in contact with the tubes connecting A and B, the explosion 
pressure had risen to 17*3. Since the time of transference was about 15 
seconds no appreciable loss of active product would occur in this interval. 

In one experiment when the mixture was illuminated in A and the explosion 
pressure determined in B the latter amounted to 22*1 units. Without illumi- 
nation it was 22*2. In two succeeding experiments the respective values 
were 20*5 and 20*5 ; 22*0 and 21*6. There seemed no doubt therefore, that 
the alteration of surface conditions was responsible for the greater explosibility 
of the illuminated mixture. 

Since the effect has its origin primarily in the phosphine molecule, one 
explanation would be that the PHg radicles or H atoms are adsorbed on the 
walls which then become less efficient in deactivating the chain propagators, 
the chain length thereby being increased and the explosion pressure conse- 
quently diminished. But it has been seen that in presence of oxygen the rate 
of decomposition of the phosphine is greatly increased. If this fact is taken into 
consideration with Erankenburger and Klinkhardt’s extensive work* on the 
mercury photosensitised H 2 -O 2 reaction, which proceeds initially by means of 
the ternary collision H + Hg + O 2 == HgO + OH, then it is most probable, 
in view of the comparatively low pressures (<1 mm.) and therefore infre- 
quency of ternary collisions, that the phosphorus containing residue of the 
products of primary decomposition is immediately attacked by oxygen. The 
hydrogen atom, on the other hand, diffuses to the walls and is most likely 
adsorbed there. 

This hypothesis is easily tested, for it is only necessary to pretreat the 
surface of tube B with hydrogen atoms produced photochemically by the 
reaction Hg 2 -f Hg and determine explosion pressures. The water- 
cooled lamp was used during these experiments. Table X gives one series 
of results. The walls of the tube were washed down with phosphoric acid 
after each experiment and the pressure of hydrogen amounted to about 
0*05 mm. 


* ‘ Z. phys. Chem.; vol. 16, B, p.'569 (1932). 
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Table X. 


Esplosion pressure. 

Remarks. 

19-0 i 

Dark. 

16*6 

10 min. exposure. 

19*6 

Dark. 

17-8 

10 min. exposure. 

21-8 

Dark. 

18-4 

10 min. exposure. 

20-4 

Dark. 

i 


There is quite a definite decrease in explosion pressure. Separate experi- 
ments showed that the clean up of hydrogen was about 0*004 mm. per 10 
minutes, the length and diameter of B being 15 cm. and 2 cm. respectively. 

It remains to account for the decay of the efiect. This may simply be due 
to the hydrogen atoms diffusing into the liquid phosphoric acid. Hence the 
decay period will depend on the phosphoric acid to some extent. Hinshelwood 
and Clusius actually found that large variations were obtained depending on 
the previous history of the acid. If the tube is not coated with acid another 
explanation of the decay can be advanced. 

It has been shown by M. C. Johnson* that hydrogen atoms may remain on 
sUica surfaces for long periods of time — ^mruch longer than the decay of the 
above effect. Recombination of the atomic hydrogen would therefore not 
account for the phenomenon. What would seem more likely is the attack of 
atomic hydrogen by impact of molecular oxygen on the surface. 

Hydrogen saturated with mercury vapour was therefore a dm itted to a clean 
silica tube and part of it cleaned up by exposing the tube to the water-cooled 
lamp. Oxygen was then admitted and the pressures measured at suitable 
intervals. In Table XI it can be seen that the oxygen slowly attacks the 

Table XI. 


PH, initial 

0*0735 mm. 

0*0660 mm. 

0*0465 mm. 

Ph, after clean up 

0*0695 mm. 

0*0625 mm. 

0*0445 mm. 

jPHg+Os 

0*0910 mm. 

0*0865 mm. i 

0*0800 mm. 

J^Hs+Og 

After 8*5 minutes 

After 9 minutes 

After 10 minutes 


0*0905 mm. 

0*0855 mm. 

0*0780 mm. 



After 18*5 minutes 

After 19 minutes 

After 20 * 5 minutes 


0*0900 mm. 

0*0845 mm. 

0*0780 mm. 



— 

After 29 minutes 

— 



0*0845 mm. 



* ‘ Proc. Roy. Soc.,’ A, vol. 123, p. 603 (1929) ; iUd., A, vol, 128, p. 447 (1930) ; ‘ Proc. 
Phys. Soc.,’ vol. 42, p. 490 (1930), 
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adsorbed hydrogen, since the total pressure of hydrogen + oxygen falls to a 
steady value after about 10-20 minutes. A liquid air trap was connected to 
the apparatus when the oxygen was admitted. 

Langmuir* observed a similar disappearance of oxygen when it was admitted 
to a bulb in which hydrogen atoms had been produced by thermal dissociation 
on a hot tungsten filament. 

In their experiments Hinshelwood and Clusius considered that light in the 
region 250-280 fjLfx (transmitted by a chlorine-bromine filter) was responsible, 
so that the initial stag^ of the reaction must have consisted in the photo- 
sensitised decomposition of phosphine due to the presence of some mercury 
vapour. The effect is not, however, dependent on whether the phosphine 
molecule is directly or indirectly dissociated so that illumination of the mixture 
by the unfiltered light from the hot arc would produce the same result. 

Discussion of Mechanism of the Decomposition and, Oxidation, 

From these experiments the following mechanism can be proposed for the 
reaction. The phosphine molecule is dissociated, in the first place, by collision 
with excited mercury atoms into atomic hydrogen and a residue which is 
probably PH2. The products of the dissociation diffuse to the walls of the tube, 
where they may recombine as is shown by the fact that as the suiface/volume 
ratio of the tube is increased there is a decrease in the rate of decom- 
position, Recombination is extremely improbable in the gas phase as the 
concentration of the products of dissociation is small, and since the reaction 
is accompanied by the evolution of about 100 k. cal. per mole of PH3 formed, 
a ternary collision would be necessary to effect stabilisation of the molecule. 
That recombination can occur between the phosphorus residue and hydrogen 
atoms is evident from the retardation of the reaction by atomic hydrogen. 
Formation of PH3 from red phosphorus or phosphorus vapour and atomic 
hydrogen could not be detected in this investigation so that this provides 
further evidence that the atomic hydrogen unites with an intermediate product 
of the reaction. 

If oxygen is added two effects are produced. First, the oxygen attacks 
the products of dissociation, thus preventing their recombination and therefore 
accelerating the rate of decomposition ; second, the oxide molecule so formed 
(probably a phosphorus oxide and not H2O, H2O2 or HO) initiates a stable 
chain reaction between the remaining phosphine and oxygen as is shown by 
the acceleration of this reaction by argon. 

* ‘ J. Amer. Chem. Boo,; vol. 34, p. 1310 (1912). 
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The inhibitory influence of molecular hydrogen is likewise due to two 
effects : (a) reduction of concentration of excited mercury atoms by deactiva- 
tion, (6) reaction between atomic hydrogen and products of dissociation at 
the walls. 

The production of molecular hydrogen during the decomposition is duo to 
combination of atomic hydrogen probably at the walls. The PH2 or PH 
radicles also may react at the walls, 

PH2 + PH2 = P2 + (2)H2, 

the P2 molecules then polymerising to red phosphorus. P2H4 might have 
been formed just at N2H4 is produced under suitable conditions in the photo- 
dissociation of ammonia.* In view of the fact that the hydrogen pressure 
developed during the decomposition was almost equal to that predicted from 
the equation 4PH3 == P4 + 6H2, any formation of P2H4 must have been 
inappreciable. That Pg molecules do polymerise on striking a glass surface 
was proved in an experiment carried out in connection with another investi- 
gation. In this, a beam of Pg molecules obtained by passing P4 molecules 
through a fine silica jet at 800° 0. was directed towards glass targets cooled 
to various temperatures down to —80° 0. After a suitable interval had 
elapsed a circular spot of red phosphorus had collected on the target. 

The importance of surface effects was again emphasised in extending observa- 
tions on the discovery of Hinshelwood and Clusius that illumination of 
PH3~02 mixtures with a mercury arc resulted in a decreased explosion pressure. 
From the experimental evidence presented above, the dominant influence of 
hydrogen atoms is demonstrated. It is not at all clear how reaction chains are 
more efficiently reflected from a surface which is covered with hydrogen atoms. 
On p. 392 it was recorded that 0-004 mm. of hydrogen occupying about 
300 o.c. or lO^*^ atoms adsorbed on 100 cm.^ of silica tube sufficed to produce tlie 
effect. A saturated layer of H atoms on 100 cm.^ amounts to about 10^"^ 
atoms.f 

The author wishes to express his indebtedness to Dr. E. B. Ludlam for 
his constant advice and encouragement, to the Carnegie Trustees for a 
scholarship, to Imperial Chemical Industries, Ltd., and the Trustees of 
the Moray Research Fund of Edinburgh University for grants towards the 
cost of the apparatus. 

Gedye, ‘ J. Chem. Soc.,’ p. 1158 (1932). 
t Johnson, ‘ Trans. Faraday Soe.,’ vol. 28, p. 161 (1932). 
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Summary. 

The mercury photosensitised decomposition of phosphine has been investi- 
gated in some detail and the influence of the pressure of PH3, H2, Og and argon 
investigated in order to construct a mechanism for the reaction. The kinetics 
of this reaction are compared with those of ammonia. The ammonia results 
are recalculated on the basis of a new mechanism and compared with the direct 
pliotochemical reaction. 

The lowering of the explosion limit of PH3~02 mixtures by illumination with 
a mercury arc is shown to be due to a surface effect. The phenomenon can 
be reproduced by pretreatment of the walls with atomic hydrogen. A 
mechanism for the effect is suggested. 


Bands due to the Hydrogen Molecule : The 2y) *11 Bands of Hydrogen. 

By Ian Sanbeman, Ph.D., late Carnegie Research Scholar in the University 

of St. Andrews. 

(Communicated by H. S. Allen, P.R.S.-— Received June 10, 1932.) 

A sot of new bands in hydrogen ending on the hitherto undistinguished 
state has recently been described by Richardson and Davidson.* It is 
no small achievement on the part of these workers to have sorted out these 
unknown and complicated regularities from the trackless confusion of the 
many-lined spectrum. While their allocation of the strong low-quantum 
members cannot be doubted, and their discovery of the characteristic com- 
binations of the 2p *n state has disclosed the general form that such bands 
must assume, there are, however, serious objections to the arrangement of 
the bands proposed by them. The main objections are as follows : — (1) The 
upper states are too irregular to be entirely convincing. The phenomenon of 
“ uncoupling ” would certainly lead to irregularity, but not quite of so chaotic 
a description. (2) The lower states are themselves not quite regular enough. 
The corresponding state is well establishedf and its counterpart, the 

2p *n state, should be about as regular. (3) The combinations between their 
lines are not quite of the accuracy which might be expected in view of the well 

* ‘ Proc. Roy. Soc.,’ A, vol. 131, p. 668 (1931). 

t See the writer’s work on the Fulcher Bands, ' Proc. Roy. Soc. Edin.,’ vol. 49, p. 48 
(1929) and that of Richardson and Das, ‘Proc. Roy. Boo.,’ A, vol. 122 p. 688 (1929). 
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estabUsied trustworthin^ of tbe spectral measurements of Gale, Monk 
and Lee.* * * § Tbe writer believes tbe bands to be capable of a simpler arrange- 
ment. In this proposed rearrangement most of the strong lines of Richardson 
and Davidson’s 3d 2p ®n and 3d ® A-> 2p systems are considered to 
belong to one single strong band system. The bands of this system shade 
towards the violet instead of towards the red, and the upper states show con- 
siderable regularity. These bands account for nearly all the unallotted strong 
lines in the orange. The combinations between the lines are of the accuracy 
that would be expected- Analysis shows the upper state to be a A state. 
In the present paper only these strong bands will be described. Other fainter 
bands with the same final state exist, some of which have been studied by 
Richardson and Davidson. These hands require much study before their true 
form can be a^rtained. 

The new arrangement is given in Table I. Here the wave numbers of Gale, 
Monk and Lee are foflowed by their intensities in brackets. lines given by 
Dufourf ^ showing a Zeeman eff^t are marked Z.” lines given by Merton 
and BmrattJ as enhanced at high pr^ures are maik^ andthes^ en- 
hanced at low pressures “L.” A few lines recoiKied by MacLennan and ShrumI 
as strongly enhanced at very low temperatures are marked ^ The 
intensities as measured by Eapuscmi^ and Eymersj] are quoted in italics. 
Measurements by Johnson^ of intensiti^ in the molecular spectrum of hydrogen 
positive rays are given underlined. In the case of the null band recent measure- 
ments of the intensities in a strongly condensed discharge by Bay, Finkehaburg 
and Steiner** are also given. It is of interest that this band, which is not 
specially intense, came out strongly under the conditions of their experiments, 
and this fact has been of no small assistance in the correct allocation of lines 
to this band. To avoid confusion, the last intensities are doubly underlined. 
A few feint lines taken from the tables of other workers have been used where 
the lines are missing in Gale, Monk and Lee’s tables. These are indicated 
thus : Merton and Barratt, M ” ; Tanaka, ft T ” ; Deodhar,t J “ D.” 

* ‘ Astropliys. J.,’ vol. S7, p. 89 (1928). 

t ‘ Ana. Cfhim. Phys.,* vol. 9, p. 361 (1906) and ‘ J. Phys. Rad.,’ vol. 8, p. 259 (1909). 

J ‘‘ Bakerian Lecture,” ‘ Phil. Trans.,’ A, vol. 222, p. 369 (1922). 

§ * Trans. Roy. Soo. Canada,’ vol. 18, p. 177 (1924). 

1) ‘ Proc. Boy. Soc.,’ A, vol. 122, p. 58 (1928). 

^ * Proc, Roy. Soc.,’ A, vol. 114, p. 697 (1927). 

** ^ Z. phys. Chem.,’ vol. 11, p. 361 (1930). 

ft ‘ Proc. Roy, Soc.,’ A, vol. 108, p. 592 (1925). 

t% ‘ Proc. Roy. Soc.,’ A, vol. 113, p. 420 (1926). 
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Notation . — ^In Table I a departme has been made from the usual plan of 
arranging the lines in band branches. Since there are six branches, and not 
many lines in each, there seems little to be gained by an arrangement in branches. 
Instead, the bands are arranged in two columns according as the initial state is 
a B or A state. The rotational doublets are thus opposite one another. Each 
triplet of lines with a common initial term is grouped together and the differences 
E(^’ — 1)— Q(j) and Q(j) — P(j + 1) are given in italics. These are the 
characteristic combination differences of the 2p state. The fact that the 
lines coming down from the upper B states are stronger than those from the 
upper A states has already been referred to by Richardson and Davidson who 

Table L 


The (0, 0) Band. 


E{1) 

17572*31 

(10)H 

34-6 2 



E'(l) 

17588*00* (5) 

5*7 1 

10 





120*72 

— 

— 

120*87 

0(2) 

17451*59 

(10)H+ 

30*7 


180*03 

Q'(2) 

17467*13 (6)H 

10*0 


179*85 

P(3) 

17271*56 

(4) 

13*9 



F(3) 

17287-27 (2) 

9*3 



E'(2) 

17669*81 

m 

3*3 

6 


E(2) 

17717*06 (3) 

5*9 

10 




= 

179*91 


— 

180*04 

Q'(3) 

17489*90 

(3) 

9-6 

10 


0(3) 

17537*02 (4) 

9*6 

10 




= 

237*91 


— 

237*72 

F(4) 

17251*99 

(Oa) 




P(4) 

17299*30 (4)H 

14*5 

m 


B(3) 

17765*17 

(3) 

5-0 

10 


E'(3) 

t 








237*73 






0(4) 

17527*44 

(4)H 

n*i 

10 


0'(4) 

17612*63 (1) 


4 





= 

294*25 



— 

293*71 

m 

17233*19 

(2*) 

10*3 



F(6) 

17318*92t (1) 


2 


R'(4) 

17855*86 

(0) 


6 


E(4) 

17986* 101[ (0) 







= 

293*53 



294*14 

Q'(6) 

17662-23§ (3) 


8 


0(6) 

17691 *96t (0) 


2 






= 

348*41 




— 


F(6) 

17213*82 

(0) 


5 







E<6) 

17940*62 

(1) 


9 










5=Z 

347*51 






0(6) 

17593*01 

(3) 

3*1 

10 







P(7) 

11 











♦ A member of the system 

t May be overshadowed by the strong line 17S60 • 87 (7) 2S • 6. 

j Bay, Pinkelnbui^ and Stdner give new Kn^, 17318‘76 ^and 17691*49 ^ which may be P'{6) and 
Q(5) respectively. = — 

§ The line Q'(6) seems to be about 0 • 8 cm.’-i too high. 

{( May be overshadowed by the line 1720^*61 (4) 14*3 7. 

^ A member of the system — 
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Table I — (continued). 
The (1, 1) Band. 


B(l) 

17426-25 

(10) + 

40-3 4 


R'(l) 

17431-57 

(6) 

27-2 



— 

225-27 




225-02 

0(2) 

17311-08 

(»)LZ+ 

37-0 4 


Q'(2) 

17316-56 

(5) 

25-6 




_ 

272-31 





272-63 

P(3) 

17139-77 

(5) 

27-6 


P'(3) 

17144-93 

(4) 

20-2 


E'(2) 

17508-99 

(5) 

22-2 

272-60 

R(2) 

17529-00 

(5)H 

22-0 

272-36 

Q'(3) 

17337-39 

(3) 

22-6 

226-38 

0(3) 

17357-64 

(6)H 

25-6 

226-86 

P'(4) 

IJHl-01* (2) 



P(4) 

17130-78 

(3a) 



R{3) 

17591-22 

(4) 


226-92 

R'(3) 

17633-88 

(1) 


226-37 

m 

17364-30 

(5)H 

22-7 

279-74 

Q'(4) 

17407-51 

(1) 


280-39 

m 

17084-56 

(2) 

9-8 1 


F(5) 

17127-12 

(0) 



E'(4) 

17669- 81t (2) 

3-3 


E(4) 

17739-54 

(1) 







280-34 



279-78 

Q'(6) 

17389-47 

(2) 


332-27 

0(S) 

17459-76 

(2) 


332-79 

F(6) 

17058-20t (0) 



m 

17127-97 

(1) 



B{6) 

17743-02 

(1) 


332-82 






0(6) 

17411-21 

(5) 


380-33 






m 

17030-88 

(1) 








E'(6) 

17809-53 

(0) 


380-90 






Q'(7) 

17428-63 

(1) 









* A member of the system IsBd^Ua-^ f The same line as (0, 0) B'(2). 

{ A member of the system 
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Table I — {continued). 
Tbe (2, 2) Band. 


B(l) 

17279*01 (7)LZ-i- 

46-4 4 


R'd) 

17280-68 

(3)H 




109-79 


Q(2) 

17169*22 (lOLZ-f 

37-8 4 


Q'(2) 

17171-27 

(4) 




162-79 


P(3) 

17006*43 (10 LZ+ 

30-9 4 


P'(3) 

17007*59 

(1) 

E'(2) 

17348*12* (3) 

9-4 

163-66 

R{2) 

17355*14 

(6) HZ 

Q'(3) 

17184*46 (3) 

10-7 

215-07 

0(3) 

17192*31 

(6)H 

F(4) 

16969*39 (1) 



m 

16976*03 

(5)H 

R(3) 

17416*51 (3) 


216-32 

\ 

R'(3) 

17433*50 

(1) 

0(4) 

17200*19 (1) 


266-78 

W) 

17218*50t 

(8) 

m 

16934*41 (1) 

9*8 


F(5) 

16950*98 

(Oo) 

R'(4) 

17481*61 (1) 


267-56 




Q'(5) 

17214*05 (U) 


314-29 


§ 


p'm 

16899*76 (0) 






R(6) 

17541-45 (2) 


316-51 




<^6) 

17224*94 (1) 


360-84 




m 

16864* lot (1) 







* Quoted in error 

in Gale, Monk and Lee’s tables as 17347*97. 



17*S 

IS^B 

16-2 2 
22-9 4 
17^5 

* 23-0 


109^41 

m-6B 

162 • S3 
216-28 

215-00 

267-52 


t A member of the system IsSd^IT^ -> l32s^S. 

j Thhj seems to be a coincidence with a strong line of the unallotted spectrum. 
§ The following is a possible identification of the next members : — 


R(4) 17498*92 (U) 

Q{5) 17233*19 (2h) 10-3 


265-73 

316-62 


P(6) 16916-57 (0) 

The initial term difference derived from them v^ould, however, have a somewhat low valm, 
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Table I — (continued). 

Tbe (3, 3) Band. 

E(l) 17129-89 (8)LZ+ 

Q(2) 17026-41 (6) LZ 

P(3) 16870-70 (2) 

E'(2) 17186-00 (2) 

Q'(3) 17030-19 (1) 

F<4) 16825-98 (1) 

E(3) 17239-70t (2) 

m 

P(6) 16781-72t (la) 

qr(5) 17036-21 (T-) 7 

* B^(l) soems to be overshadowed by th^ line 171^*87 (3a), a member <4 1) b&Bd, P'(3) by P(3)» 

aBd<^4)byQ{2). 
f A member of the system 

t 1^5) seems to be about 0-16 cni.”^ too high. The wave-number given by Merton and Bairatt woiAd 
y«i a better fit, (17068-60). 


The (1, 0) Band. 


R(l} 10766*11 (OA) 

120-7$ 

0(2} 10644*36 (0) 


The (2, 1) Band. The (1, 2) Band. 

R(l) 19496*61 (MO) 

115-07 

0(2) 19380*54 (1) 

0(2) 15099*79 (DO) 

The (3, 2) Band. 

B(l) Missing 

0(2) 19113*35 (00) 5-0 


The (4, 3) Band. 

B(l) 18947*44 (1) 

104-53 

<^2) 18842*91 (0) 2-3 



37-0 

6 


E'(l) 

* 





“ 

104-48 





25-$ 

6 


Q'(2) 

17026*36 

(2) 




— 

154-71 





10-5 



F(3) 

* 




8-9 


155-81 

E(2) 

17187*90 

W 

13-7 

154-69 




0(3) 

17033*21 

(4) HZ 

20-2 




204-21 



206-07 




m 

16827*14 

(2) 

7-9 


9-9 



E'(3) 

17244*91 

(0) 


204-26 




Q'W 

17040*75 

(1) 













Bands of Hydrogen. 401 

show that this pecularity has a counterpart in the corresponding singlet hand 
complex of hydrogen. 

In the nomenclature of the lines, the notation of Richardson and Davidson 
is followed, in which the letters, P, Q, and R, refer to rotational transitions 
between strong or “ a ” states and P', Q' and R' to those between weak or 
“ s ” states. The combination principle, a:^a, s s, but not a^s, rules 
out six of the theoretically possible band branches so that any line of a band 
is completely specified in this notation without use of subscript letters. The 
odd-quantum A states and even-quantum B states of both the initial and the 
final levels belong to the a group, and vioe verm for the s group. If the initial 
rotational level be denoted by P'(j), the final rotational level by F"0) and the 
part of the emitted frequency of a band line due to electronic and vibrational 
quantum transitions by Vj, the line Q(2) is given by the expression : 

Q(2) = Vo + 1'b'(2)-Pb"(2). 

Q(2) is thi^ strictly Qbb( 2)» There is no ambiguity, however, in the notation, 
since the lin^ Qab(2) and Qba(2) are forbidden by the above combination 
principle, and the line (2) which corresponds to a transition between weak 
states is specified as Q'(2). To make the notation clearer the formula for the 
lowest-quantTim members are set out in Table 11. 


Table II. — Notation. 


Q'(l) = 

R(l) 

Q(2) 

m 

R'(2) 

Q'(3) 

F(4) 


■■ V. -1- Fb(1) ■ 

Vo + 1-8(2) - 

v, + -S'd^- 

Vo-I-I-bIS)- 
vo-I-J^bIS)- 
+ B-b(3) ■ 


B"b(1) 

I''V(2) 

rq(i) 

I'"b(2) 

I'"i(3) 

I’"i(2) 

F'8(3) 


0(1) = 
P(2) = 

B'(l) 

Q'(2) 

nz) 

E(2) 

Q(3) 

P(4) 


>'.+ n(2)- 

>’.-HS"a(2}- 

v.+ n(3)- 
>'. + I"a(3)- 


■ T'dZ) 
• r'i(2) 

-rys) 

■ Fy2) 

■ B"4(3) 

■ F'b(4) 


In this table expr^ions for the lines Q(l), Q'{1), P(2) and P'(2) axe given, although an ex- 
haustive search h^ failed to yield these lin^ The ab^oe of these lines shows dearly that 
the inithbl terms missing. Hence the initial state must be a ii state. 


An objection to tbe notation is that the use of dashes to denote transitions 
between weak states clashes with the established use of a single dash for inifeti 
terms and constants. It should be noted, however, that the special um of a 
single dash here described is confined to the letters P, Q and R. In the writeiJ^s 
view the neatness of the resulting notation outweighs any disadvantage arising 
from possible confusion to workers on the spectra of other elements in which 
the combination principle a:^a and s'^s^ does not play an important part. 
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Properties of the Band Lines , — ^Table I permits of a more comprehensive 
survey of the properties of the lines than did the arrangement of Eichardson 
and Davidson since two further hands corresponding to vibrational tran- 
sitions, 2->2 and have been added. The strong lines E(l) and Q(2) 

show a tendency to pass from high-pressure to low-pressure enhancement on 
passing down the group from (0, 0) to (3, 3). The meaning of this peculiarity 
must be that under low-pressure conditions the molecules with higher vibrational 
quanta tend to be more abundant in the lowest rotational quantum states. 
The same two lines R(l) and Q(2) show a smooth variation in intensity from 
band to band, those of the (2, 2) band being the most intense.* In the positive 
ray spectrum, however, those of the (3, 3) band are the most intense. The same 
two linesf also show enhancement at low temperatures. The other band 
members, notably E(2), Q(3) and P(4:) tend to show high-pressure enhance- 
ment. The lines of the (0, 0) band in particular are strongly enhanced in the 
condensed discharge. It should be noted that Bay, Finkelnburg and Steiner 
only give observations for the lines that are definitely enhanced in their con- 
densed discharge. The other lines must be presumed to be of the same intensity 
as in the normal spectrum. A search has been made without succe^ for a 
4-^4 band. It may be that this band is missing. It cannot be a strong band, 
hence the correct allocation of lines to it may be a matter of some difhculty. 

The regions of the spectrum, in which the bands corresponding to a decrease 
in the vibrational quantum number of one unit should occur, are singularly 
bare of unallotted lines. A few faint possible members are given in Table I. 
The two lines representing the (1, 0) band are those given by Eichardson and 
Davidson* 

Term Differences Dedvahle from the Bands , — ^In all cases where we have a P 
line and an R line with a state in common a term difference of the form 
i.e., Bij -|- 1) — F(j — 1), can be extracted- These differences are given in 
Table III for the final terms and in Table IV for the initial terms. The AaF(j*) 
in both cases show a considerable measure of regularity. The first and second 
differences of the 2p ^TL A^{J) vary exactly in the manner of the Zp term 

* It is interesting to note that the fact that the (0, 0) band is not the most intense is 
consistent with the fact that change in the moment of inertia during the band transition 
is greatest for this band, falling off as we pass to the (3, 3) band. {Of. the steep and yet 
regular changes in the values of the in Table I.) See Birge, ‘ Bulletin of Nat. 

Research Cotmcil,’ No. 57, vol. 11, p. 140 (1926). 

t It may be of interest to those who have followed the gradual elucidation of the hydrogen 
spectrum to know that the strong B*{1) and Q(2) lines form the linear series discovered by 
W. E. Curtis {" Phil- Mag.,* vol. 1, p. 695 (1926) ), 
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Table III. — Final Term Differences. 


A^'(j) = F'(i + 1) ^ ry^l) - B(i -- 1) ~ P(i+ 1). 


Band. 

i- 

^JP'aO')- 

1st diSs. 

2nd diBs. 


1st diffe. 

2nd diSs. 


2 

300-76 

117-07 


300*73 

117-03 



3 

417*82 


-2-91 

417*76 


-^3-17 

(0.0) 

4 

531*98 

lU-10 

-4-10 

531-62 

113-86 





110-m 






5 

642*04 







2 

286*48 

111-50 


286*64 

111-58 




1 397*98 

108-68 

-2-82 

398*22 

108-54 

-3-04 

( 1 . 1 ) 

4 

506*66 

104-95 

-3-73 

506*76 

104-81 

-3-73 


5 

611*61 

100-53 

-4-42 

611-67 



- 

6 

712*14 







2 

272*58 



273*09 

106-02 



3 

378*73 

103-37 

-2-78 ^ 

379*11 

103-41 \ 

-2-61 

( 2 , 2 ) 

4 

482*10 

99-75 

-3-62 

482*52 I 

99-83 

-3-58 


5 

581*85 

95-50 

-4-25 

582*35 




6 

677*35 







2 

259*19 

m-83 





(3,3) 

3 


97-96 

-2-87 

^1*76 




4 

457‘98 







difference which are known from the Fnlcher Bands. The ioital term 
differences also show striking regularity, but of a type which shows that the 
terms cannot be expressed to a close approximation by a simple quadratic 
formula. At the foot of Table IV the quantities A 2 F'{ 8 ) have been cohected. 
The fact that the difference between these are very nearly constant* seems 
very strong evidence for the eorrectn^ of the arrangement. 

• Formed Bepremdatim of the %p^Ii Terms , — ^An interesting feature of th^ 
terms is that they (mi ah be expr^ed to a very close approxunatfon 
simple band formula : 

F'(i)=Bio’+i)-iw+m 

* Since we have the w^-known rela^aon — av holding 

of each state we should eaqpect which are ai^fHOximately fe + 1) 

slmilariy to foBow a iineaar hfcw. 1 . 


vca*. oxxxviii.’ — 
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where the B’s are oonrastoat with those of the 2j)®n states and the D’s are 
small quantities of magnitude about 0'02 The B and D constants 

Table IV. — ^Initial Term DiSerences. 


= F(i + 1) - F(j - 1) = R(i) - P(i). 



Basid. 

\ 

1st diSs. 

2ihd difi& 

^*rB{3). 

1st diffs. 

2nd diffs. 

( 0 , 0 ) 

563*27 

74-S2 


493*61 

42-16 


( 1 , 1 ) 

488*95 

$3-04 

-n^2S 

461*45 

41-37 

--0-79 

( 2 , 2 ) 

425*91 

1 

SX-SI 

-11- 6S 

410*08 

41-08 

-0-29 

( 3 . 3 ) 

374*40 



369*00 




obtained by assuming this formula are shown in Table V. Wherever possible 
these were calculated from the first four by the method of least squares. 

Those <^culated for the (1, 1) band give the best fit, all combinations between 
the lines involving y = 6 or less, except one, being expressed with an accuracy 
within 0-07 cm.“i. The B terms of the (2, 2) band give a poorer fit, the 
residuals of the being — 0-10, + 0-15, + 0-10 and — 0-13. Here 

the de-siations seem systematic and are probably due to the fact that the 
formula used is only an approximation. 

























2j>^n Bands of Hyd/togen. 


406 


All tlie terms calculated in tMs way are set out in Table VI. In this table 
the jSnal B terms of the (0, 0) (2, 2) and (3, 3) bands have^ however, been 
calculated from the A terms by using the known <K)mbinations between the 
lines, the (2, 2) B terms because they appeared to deviate systematically from 
the formula values, and the (0, 0) and {3, 3) B tenns because of the meagreness 
of the data. It is believed that the terms given are accurate, to the modulus 
of some constant, within 0*1 cm.”^. 

A disadvantage of the formula used is that it is extremely sensitive to small 
changes in the data. Hence it seems best to aim at obt^ning dose approxi- 
mations to the terms of low quantum number and to leave the higher terms out 
of account, until the data from which they arc derived are more accurately 
established. 


Table V. — ^Final B and D Constants. 


Baud. 

B'V 

i 

BV 

Bb". 


ao *33078 

0*0185121 

30*34 

0*019 


28*88908 

0*0176149 

28*91413 

0-0180296 


27*49243 

0*0168646 

27-54188 

0-0173758 


26-163 

0*0168 

26-2 



Table VI. — ^Final (2p ®n) Terms. 


Baiid. 

(0,0) 

(1. 

.1) 

(2.2) 

(3,3) 







B"b(?V 



1 

60*59 


57*71 

57-76 

54*92 

54*94 

52*24 

52-35 

2 

181*32 

181-29 

172*71 

172*84 

164*35 

164*69 

156*32 

166-72 

3 

361-30 

361*26 

344*14 

344*37 

327-48 

328-04 

311*42 

312-12 

4 

599*21 




543-10 

543-80 

516-34 

517-49 

5 

893*26 

— 


851*20 

809*60 

810-64 

— 

— 

6 

1241-24 

— 

1182*31 

1182*59 

: 1124-93 

i 

i 

1126*11 

1 



* Obtaioed from the A terms by meaw of Mne eombinalion difEerences -f* 1) — ^*201 


The InUidl L&vds . — One advantage of obtaming values for tte final tenm 
is that we can by adding the appropriate final term to each l^nd line eliminate 
the variable part of fhe find states aid so obtdn valu^ for the successive 
differences betwem the initial tOTm. 

























406 


L Sandeman. 


Tims 

Vo + FbW = R(1) + I'"a(1), 

= Q(2) + F'b(2), 

= P(3) + F"a(3), 

Vo + Fb(3)* = K'(2) + F"^(2), 

= Q'(3) + F"b(3), 

= F(3) + Fm 

and so oru In general there are three data for the determination of each value 
Vj + WiJ), heawe these "ralues are believed to be considerably accurate. The 
quantities t(^ether wilii the initial term differences F'{j + 1) — F'(j) derived 
from them are shown in Table YII. The first and second differences between 
4" 1) — F'bO) indicate that these at least follow some regular law. The 

Table YII. 


Differences between successive Initial A Levels. 



i* 


: ;; S li-i 


2 

17648-48 

249*87 



3 

17898-35 


63-60 

(0,0) 



313*47 

- 3-69 

4 

18211*82 

373-38 

59-91 



5 

18586*20 




2 

17489*30 

212-62 



3 

17701*82 


63-94 

(1. 1) 



276-46 

- 8-07 

4 ' 

17978*28 

332*35 

55-89 



5 

18310*63 




, 2 

17335*62 

184*20 


(2.2) 

3 

17619*82 

241*77 

57-57 


4 

17761*59 




2 

17182*68 

161-95 


(3.3) 

3 

17344*63 

211-43 

49-48 


4 

17556*06 



* These quantities may also contain an 

unelimitated constant part of the final term. 


This doM not, however, affeet the validity of the method for determining the 


F0‘+1)-Piy). 
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Table VII^ — (continued).' 


Differences between successive Initial B Levels. 


Band. 

i- 


+ 1) - 




2 

17632-89 

218-27 




3 

17851*16 

275-32 

ST-05 

-3-78 

(0,0) 

4 

181126*48 

328*69 

53-27 

-3-05 


5 

18455*07 

378-81 

50-22 



6 

1 

18833*88 






17483*93 

197-81 





17681*74 

253-64 

55-83 

-4-27 



17935-38 


51-5$ 


(1, 1) 


18240*58 

305-20 

48-0$ 

-3-50 




353*26 


-3-32 



18593-84 

398*00 

44-74 



HHH 

18991*84 





2 

17333*92 

178*57 




3 

17512*49 

231-51 

52-94 

-3-76 

(2,2) 

4 

17744-00 

18024-69 

280-69 

49-18 

-3-51 


5 

3^-36 

45-67 




6 

18351-05 





2 

17182-13 

160-19 



(3.3) 

3 

17342-32 

208*80 

48-61 



4 

17551-12 





5* A(i + 1 ) — ^ ^ regular manner except that there seems to 

be an inegulaiity in the ( 1 , 1 ) band. 

As a first step towards investigating the fcmn of the initial terms ih.e 
V 0 + ^sU) expressed by a dmple qmrtic formula : — 

Vo + ®'{i) = « + ¥ + of + + g*, 

where a, b, e, d and e are constants. For the Vg -}- F'b(j) of the ( 0 , 0 ) band -fee 
values found for these constants are as foHows : — 

a = 17386-27, 
b = 54-5808, 

c = 36-36458, 

d= —1-055833, 
e = ' 0-0304167. 
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The fact tliat the b and o constants in the ratio 3/2 seems significant. It 
shows that the mafor part of the term cannot be expressed in the form Bj(j + 1). 
If we could replace this expression by B(j + i){j + 1) simnltaneonsly 
allow an appreciable correction term in a good fit conld be obtained. Until 
some theoretical expression for these terms can be found, it seems useless to 
indulge in speculation. 

The Vibratfumcd Terms. — ^The few of these that are deducible from the bands 
are shown in Table VIIL In the absence of a definite formal representation of 
the initial states the null-line formula cannot be calculated, 

A rough calculation of this formula may, however, be made by taking the 
Q(2) lin^ to represent the null-lines. If we take the usual form of the null- 
line formula : 

= <*>a ~ — coq'V' -1- cDq' W', 

v' and v" being the initial and final vibration quantum numbers (J integral) 
respectively, we obtcdn : 

o>a' = 2316 
o>o" ==2465 
= 62 
= 61, 

Thfe result is seen to be inconsistent with the rule of Medke* whereby 

Ti * Ti " 

B^ being the B constant for the null band, B^" from Table III is 30*33 and 
Bu' appears from the formula Just calculated to be 36*35. 

The band system thus seems to represent a unique case of one where 
> o/ , and yet the individual bands shade towards the violet. It must 
not, however, be forgotten that the formula of Mecke, as Birge* has shown, is 
qualh^tive rather than quantitative. And the violet shading becomes much 
less pronounced as we pass from the (0, 0) to the (3, 3) band : in fact, were 
further members known, about the (4, 4) hand the shading would turn over 
and point in the opposite direction. 

One possibility that must not altogether he put aside is that the lines 
identified as coming from the initial A states may in reality belong to a different 
system from those identified as coming from the initial B states. The writer 
t h i nks this very unlikely, in view of the regular way in which the doublet 

* See Birge, foe. cit, p. 233. 
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spacing varies from band to band. This pc^ibility would not -in any case 
remove the difficulty about the violet shading of the bands. 

The well-marked final term dhSerences which agree with band theory and 
resemble the differences provide a strong reason for thinking that the 

null band has been correctly identified as such. 


Table YIII. — ^The Vibrational Differences. 
Final. 


Interval. 

B(l)'s. 

Q(2)'s. 

. (1,0) -(1,1) 

2338-86 

2333-27 

(2,1) -(2. 2) 

2216-60 

2211-32 

(I. 1) - (1. 2) 

— 

2211-20 

(3, 2) -(3, 3) 

— 

2087-04 


Initial. 


(1,0) -(0,0) 

2102-80 

2102-76 

(2, 1) - (1, 1) 

2069-36 

2060-46 

(2, 2) - (1, 2) 

— 

2069-43 

(3,2)- (2,2) 

— 

1944-13 

(4, 3) -(3, 3) 

1817-56 

1817-50 


The fact, that only the bands corresponding to a zero transition of the 
vibration quantum number appear strongly, is not inconsistent with theory, 
and represents the limiting case when the arms of the parabola of ma ximum 
intensity in the intensity diagram approach one another closely.* 

An application of the semi-empirical formula of Biigef provides another 
test for the correctness of the band system. !Riis formula stated in symbols is : 

E = 2zB Jot. 

R should be a constant greater than 1, and generally lying between 1*2 ai3d 
2-2. Here x is the small quantity used in the formula just quoted for the 
null lines, and a is the parameter of the B constants which are related to one 

♦ See the w<Mk of ‘ Phys. Bev,,’ voL 28, p. 1182 (1^) md 

t See Loomis said Wood, ibid,, voL p. 11^ (1^^). 
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another by the expression : 

= Bo — at;, 

V being again the vibration quantum number. The result of an application 
of this formula to the present band system as well as to the Fulcher bands is 
shown in Table IX. 


Table IX. — Comparison of Constants. 



B,. 

' a. 

a/Bo. 

i 

I 

! 

R. 

Mcber bawis * 



33-4 

1-6 

0*048 

2594 

0*027 

1 

1*1 



29-S 

1-4 

0*047 

2308 

0*028 

1*2 

bjMfeds • 

f2p»llB 

30*3 

1-5 

0*048 

2465 

0*025 

1*0 




36*4 

3'0* 

0*09 

2316 

0*027 

0*7 


* Obtaiiied by assuming the B constant to be in an approximately constant ratio to the 
lowest term diffeireso^e. 


Here again tlie results vary somewhat from the established experience of band 
speefaca, but not very much more for the present hands than for the well- 
estabH^ted IWcher bands.* 

Table IX shows the constants used in the calculation of R, and is, on the 
whole, very favourable to the new A state, except for the hi gh value of Bq, 
since there is a reasonable similarity between the constants of the new states 
and those of the Fulcher states. The spectrum of hydrogen, which holds a 
limitihg position among the elements, need not be exjjected to follow rigidly 
tlm semi-empirical r^ts obtained from statistical observation of other 
dements. 

My t hanhs are due to Professor H. S. Allen for helpful encouragement. 

Summary. 

It is sugg^ted that in the tentative 3d j *11 and 3d ® ^ 2p *11 

hands, outlined a year ago by Eicbardson and Davidson, the weak lines, due 
to transitions between the antisymmetric states, are incorrect. In 3d*Aa 
{u = 0) they should he replaced by the corresponding symmetric linaa of 

* It may be that a knowledge of the term form for the new state wotid disclose the 
reason for the apparently very low value of R (0 • 7). The upper state of the 2p ->• 2s *S 
gives the value 1 -1 in agreement with the remaining states of Table IX. See the writer’s 
work on these bands, ‘ Proc. Boy. Soc. Edin.,’ vol. 4S, p. 253 (1929), where, however, the 
formula for the B, has been wrongly quoted as B* = B# (1 - av) instead of B^ = Bj - ao. 
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3# A^; wMle itself is to be formed in tbe same way from and 

The strong = 0 and v = 1 levels of the lower state are as in the original 
bands. Higher rotational and vibrational levels are addedj both in the upper 
and lower states. The arrangement eliminates the weak points of the original 
scheme. 


The Structure of Surface Films. Part XVI . — Surface Potential 
Measurements on FoMy Adds on Dilute HydroeMoric Add. 

By N. K* Adam and J. B. HABBma. 

(Communicated by F. 6. Donnan, F.B.S. — ^Received June 11, 1932.) 

Guyot,* Fritmkin,f and Schulman and RidealJ have shown that it is possible, 
by means of an air electrode covered with a small amount of a radioactive deposit, 
which ionises the air in its neighbourhood, to measure changes in the contact 
potential at an air-liquid interface caused by spreading a film over the surface. 
It is now clear that this change in contact potential is caused by the dipole 
of the film molecules, the magnitude of the change in potential depending on 
the vertical component of the dipole moment of the molecules in the film, 
and on the extent to which the water molecules and the ions in the solution 
are re-arranged near the surface under the influence of these dipoles. 

In combination with surface pressure measurements, which have already 
given a great deal of information as to the orientation of tl^ nokedecul^ in the 
surfece, and their shapes, sizes, and adh^ive fields of force, this method, 
which indicates the orientation of the dipoles of the film, molecules to the 
surface, is a valuable addition to our methods of investigating the structure of 
surface films. 

The electrical part of the present apparatus follows the general lines of that 
constructed by Schulman and Rideal. It is ©omMned with the instrument of 
Adam and Jessop§ for measuring surface pressure on the same film, a com- 
bination ^drich is extremely usdW in avoiding errors due to coEapse of ^e film 

* ‘ Ann. Fhymqne,* vol. 10, p. 606 (im). 

t ‘ Z. pbys. Cbem.,’ vol. 116, p. 4^ (1925). 

t ‘ Froc^ Roy. Soc.,’ A, vol. 130, p. 2^ (1931). 

§ ‘ Rroc. Boy. Soc.,’ A, vol. 110, p. 4^ (1926). Minor modifications in ^lis instrEms^t 
are incorporated in tbe deecripfaon in ** T!ie Pkyrics and Oiemistiy of ttareiidoa 

Press, 1930, pp. 36-42, wMok describe exactly tb© instroment now in 
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OT leakage past the barriers, wHcb we bave found may take place unobserved 
unless tbe surface pressure is recorded. The trough was the same size as that 
used in earlier measurements of surface pressure, 60 X 14*0 X 1*8 cm., and 
was of brass, waxed. Glass strij^, covered with paraffin wax in the usual 
mann^, were us^ to manipulate, the film and to clean the surface. The 
complication of the apparatus arises from the fact that it is necessary, in order 
to avoid disturbance from stray electrical charges, to enclose the whole appa- 
ratus in an earthed cage, making the necessary adjustments feom outside. 

The electrical circuit for measuring the potential is shown in fig. 1. AB is 
the trough, supported on levelling screws standing on insulated plates. 0 is a 
nonpolarisable electrode connecting the liquid in the trough to a standard cell 
G and a potentiometer IBMRH. The slide wire of the potentiometer is 



!Fig. 1. — Earthed cage shown by dotted line^ 

earthed at S. One pair, F, of quadrants of the Dolezalek electrometer, which 
had a very fine phosphor-bronze suspension, were also earthed. The very 
carefully insulated air electrode D, consisting of a copper disc about 2 cm, 
diameter, coated with a polonium preparation (kindly given us by Dr. L. F. 
Bates), was connected with the other pair of quadrants. A silica rod was 
usoi to insrilate the air electrode. The paraffin block E, which has four small 
mercury cups, provided a means of earthing both pairs of quadrants, or of 
connecting one pair to the potentiometer directly, thus permitting calibration 
of the electrometer deflections directly in millivolts. The needle was charged 
to about 100 volts by a dry battery, the sensitivity being about 600 divisions 
on the scale per volt. The trough, electrometer, air electrode, and the leads 
to the electrometer, were enclosed in an earthed cage of tinplate on a wood 
framework, with a removable front of copper gauze : the latter was transparent 
enough to permit the spot of light from the instrument for measuring surface 
pressure to be read on the scale Q. 
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Th6gene3^ai3?ai]@ementkshowiiiiifig.2. ABistli^troiigii. Qaebairieris 
shown at B (fomr, two each side of the instimment, were actually used). The 
instrument for measuring surface pr^ure is at P. The light falling on the 
mirror of this instrument was from an unfrosted filament lamp outside the 
cage, passed through a lens L' in the wall of the cage, and fell on a scale Q, 
which could he adjusted by rack and pinion from outside the cage, thus per- 
mitting instant setting of the scale at any desired zero. The mecha n i s m for 
moving the barriers from outside the cage was similar to the iBual rider mech- 
anism on a balance ; the barriers could be lifted off the trough, or moved along 
it without lifting, by a pair of forked supports N, attached to a carriage (not 
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shown) which moved on two steel rods E'. This carriage could be moved up 
and down the trough by means of a long rod, wh<^ head G' projected outside 
the cage. By turning this rod, a rack and pmbn mechanism in the carriage 
was worked so as to lift the forked supports and the barrier. The usual opera- 
tions of sweeping the surface, and compressing the film, can thus be acoom- 
plisbed without interfering with the electroefeatic shielding. 

The torsion heads of the surface pressure instrument, of which one cBal 
only, is shown, were controlled from outside the cage by a detachable ebtote 
handle, on the end of which are two short prongs, which fit into hole^ on the 
torsion heads. A small door in the front of the cage was opened when it was 
necessary to insert this handle* 
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The air electrode D could be moved the whole length of the trough, and nearly 
the whole width also, in the following way. The polonium coated disc was 
soldered to a copper wire held in a chuck fixed to a silica rod, wHch was fixed 
to a slide V. This slide could be moved across the trough by rack and pinion 
worked by a knob Y outeide the cage. The slide V was carried on a stout 
rod, capable of being raised or lowered by a screw X. This rod passed through 
a carriage W, which could move up and down the length of the cage, with three 
point contact, on two steel rods ZZ. These rods could be adjusted with level- 
ling screws at each end, so that the air electrode travelled exactly parallel to 
the surface of the liquid in the trough. Mr. G. E. Eensome designed and 
constructed several of these devices for controlling the movements from outside 
the cage. 

The wire from the air electrode is coimected to one mercury pool in the 
paraffin block E, from which another wire runs, through a silica tube mounted 
in a block of paraffin wax in the side of the cage, to the electrometer. A small 
bridge of copper wire, I, held in a glass handle, J, could be inserted in the 
left-hand pair of mercury cups, thus earthing the air electrode and both pairs of 
quadrants and fixing the zero of the electrometer ; or in the right-hand pair of 
cups, connecting the electrometer directly to the potentiometer, allowing 
calibration of the deflections of the electrometer m millivolts directly. With 
I removed, the electrometer was connected to the air electrode alone. 

The amount of fatty acid in the film spread on the surface was measured by 
expelling a known quantity of a standard solution of the acid (in petroleum ether 
60®-70^ or a mixture of benzene, 5 parts, alcohol, 2 parts by volume) from a 
capillary tube mounted on a scale, drawn out to a narrow tip so that small 
drops could be formed.* The tube was carefully calibrated by means of a 
mercury thread ; the movement of the column of liquid in this tube was 
controlled by a small screw plunger, connected to one end of the tube by rubber 
tubing ; the whole was mounted rigidly in a stand. In order to place a known 
amount of material on the surface, the end of the tube was inserted through a 
small door in the gauze shielding on the front of the cage, the plunger was 
screwed in a short distance, and the movement of the end of the liquid column 
read off the scale. 

The procedure during an experiment was as follows : — 

{a) The electrometer quadrants were all earthed and the zero of the electro- 
meter taken. 

* We are indebted to Dr. A. H. Hughes for pointing out the improved accuracy 
obtainable by controlled expulsion of a column of liquid from a calibrated tube. 
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(6) The surface was cleaned by sweeping several times with the barriers, 
the quadrants remaining earthed. 

(c) The air electrode was lowered to within 2 or 3 mm. of the surface. 

(d) The pair of quadrants connected to the air electrode were unearthed 

and the potential difEerence between the points D and L in the circuit 
(fig. 1) balanced out by the potentiometer, bringing the electrometer 
back to zero, 

(e) The film was spread on the surface and the alteration in potential deter- 

mined either by balancing it out with the potentiometer, or by noting 
the electrometer defiection ; both methods were found to give the same 
result, and they were frequently combined. This alteration in potential 
is AV. 

The time required from the last cleaning of the surface to the first measure- 
ment was usually about minutes. 

Tests of residual contamination on the surface after cleaning were frequently 
made, by reducing the area of the surface to a small amount, and noting the 
surface pressure set up or the change in potential. A twenty-fold reduction 
in area usually produced (with freshly cleaned surfaces) a rise in potoitial of 
10-15 millivolts, and a surface pressure less than 0 • 3 dynes. Surfaces showing 
much less contamination than this could not be obtained, and the apparatus 
was usually dismantled and cleaned if greater r^idual effects than twice the 
above amounts were found. 

T^e sensitivity of the electrometer defieetioi^ were determined two or three 
times a day ; this was necessary as this sensitivity tended to vary by about 
2 per cent, over long periods. 

The choice of a suitable non-polarisable electrode for connecting the liquid 
in the trough to the potentiometer presented some difficulty. A calomel cell 
at one end of the trough was used for a time, and also a silver wire coated with 
silver chloride. The use of a small elec^ode lit the end of the trough introduced 
au uncsKpected complication ; when tilie a% electrode was moved about so as 
to Explore a carefully cleaned surface^ ibegute variations in the potsenti^ wm 
found. These were eventually tirac^ to varying contact potmiiai 
the brass trough and the liquid ; ap^^ntly the eurrmit from the mmM 
polarisable electrode short-drcuited through the liquid to the bra^ tibia 
the brass just undeameath the air electrode back to the liquid* These 
ties were overcome by uang a laa?ge of silver, C, ii^ulated?fix^ the tp>u^ 

by an ebonite feame, the whole of ti^ bottoin ol ^tibe 
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witk a projection above tbe water at one end ; tbe surface of this silver sheet 
was coated with silver chloride by anodic treatment in a chloride solution. 
Variations in th^ potential from point to point over a clean surface were thus 
reduced to 5 millivolts or less ; and as these remained constant for some time, 
the values of the change in surface potential produced by the jBlm (AY) could 
be corrected for these zero fluctuations by subtracting from the potentials 
oteerved for the film-covered surface at any point, the value obtained at this 
point in a blank experiment on a clean surface. With a trough of glass or 
silica, such as those used by Schuhnan and Eideal, this difiiculty should not 
arise ; but a brass trough presents decided advantages if the measurement of 
surface pressure is required also. 

The height of the air electrode above the liquid was not important, identical 
values of the change in potential ( AV) caused by the film being obtained at any 
height between 0-5 and 5 mm. from the surface* A variation in the measured 
potential of the surfaces, both clean and film-covered, up to 5 millivolts, was, 
however, usually observed on raising the electrode by this amount. It was 
^own that this was not due to defective insulation, by applying a known 
^eetroinotive force to the liquid and measuring it on the electrometer through 
the air gap ; the imilte so obtained were completely independent of the height 
of the electrode, between 0*5 and 5 mm. A height of 2 to 3 mm. was usually 
adopted. 

Experimental Results. 

All the films described in this paper altered the potentialpositively, i.c., 
they changed the double layer at the surface so that the outside layer was 
more positive to the inside than with a clean surface. 

The acids used were myxistic, palmitic, stearic, and behenic (14, 16, 18, and 
22 carbon atoms) ; Mr. Danielli kindly purified the myristic acid exceptionally 
weE, fractionating the methyl ^ter at about 15 mm. with a 6-inch column, 
the fraction taken distilling within 1° ; the ester was hydrolysed and the acid 
similarly fractionated within 1°, and finally crystallised. The other acids had 
been crystallised several times and had the correct melting point within ; 
titration indicated the correct molecular weight within 1 part in 200. 

Myristic acid has the advantage that condensed, expanded, and vapour 
films can all be obtained at room temperature, with the transition regions 
between them. The results for areas between 22 and 60 sq. A. are shown in 
fig. 3 ; the two lowest curves show the surface pressure at two temperatures ; 
the next curve above shows the surface potential. This curve is the mean of a 
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large number of experiments, all of wMch gave curves almost parallel, but 
difiEering slightly in position. The extreme limits of variation between diSerent 
experiments amounted to about 20 millivolts at 40 sq. A. per molecule, the 
lowest and highest readings obtained being 198 and 218 millivolts ; the majority 
lay between 203 and 212 milhvolts, at this area. 

These curves agree fairly well with those in fig. 4 of Schulman and Rideal’s 
first paper,* between 47 and 40 sq. A., and also at lower areas with the curve 
which they called metastable.” Careful examination of a number of films 
has, however, failed to show any sign of discontinuity in the potential curve. 



at the point where the sharp change takes place in the pressure curve, from 
the expanded film to the transitional region to the condensed sl^te. We have 
obtained only the “ metaatable ” curve of Schulman and Rideal, even aft^ 
waiting three-quarters of an hour ; there is no doubt from our surface 
curves that the filnas were actually changing from the ^spand^ to tto oqa- 
densed states. The only occasions on which lower potentials than th^cotiM 
be found were one or two when the surface pressure instrument shoi^ tliat 
the film was leaking badly past th® b^riersi or coHapsii^. ' ^ ■ ; 

^ ^ tm, p. ' ' '' '' ' ' ' ' 
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Our results sbow tlie potential curve ending at the same point at its lower 
end as the pressure curve, at an area of 47-6 sq. A. with a probable error of 
1 sq; A. This agrees well with Adam and Jessop’s value* deduced from surface 
pressure measurements, of 48 i 2 sq. A., less well with Schulman and RideaFs 
vgdue of 53*5. The present values seem to us the most reliable of the two 
former, as they were obtained with the calibrated tube, the earlier results being 
obtained with a dropping pipette. 

The surface has been examined for inhomogeneity by moving the electrode 
over the surface. In the expanded region, and in the region of transition to 
the condensed state, i.e., between 47 and 24 sq. A., variations in AV greater 



"Fig, 4. — Myrktic Acid on 0-01 N Hd. Variation of AV along trough at different 

areas. 

than about 10 millivolts were not found if the search was rapidly conducted 
(about 10 minutes). If, however, the search was continued over periods of 
about 25 minutes, irregularities frequently appeared, their Tna.yiTTnTm value 
being about 30 milliv olts. It was suspected that these irregularities were due 
to some collaj^ of the monomolecular film into aggregates, because the surface 
pressure had a slight tendency to fall oS. Films were therefore examined by 
the ultramicroscopic technique of Zocher and Stiebel,*]* in which a cardioid 
condenser inserted through a hole in the bottom of the trough is focussed on to 
the surface, so that aggregates show up as bright spots on a dark background. 
At 35 sq. A. per molecule, practically no aggregates were found during the 

* ‘ Proc. Roy. Soc.,’ A, vol. 112, p. 366 (1926), 

f ‘ Z. phyB. Chem.,’ A, vol. 147, p. 401 (1930). Some minor modifications were intro- 
duced, which will be described in a later paper. 
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first 3 nunntes, but after this time a number appeared, indicating that tbe film 
was slowly collapsing. These fluctuations appeared more rapidly and were 
larger at lower temperatures (ca. 13°) than at higher {ca. 20°) ; this also 
is in accord with the theory that the fluctuations are due to the collapse 
of the films locally, since Cary and Rideal* have shown that a crystal- 
line aggregate has a greater tendency to spread at higher than at lower 
temperatures, so that the tendency to collapse should be less at higher tempera- 
tures. An attempt was made to obtain further evidence in support of this 
theory by examining whether there was any fluctuation in a freshly spread 
film , on which a crystal of the solid myristic acid rested, when the air electrode 
passed over the crystal. No such fluctuation was found ; it is, however, 
probable that the crystal, being more perfectly formed than the aggregate of 
molecules hastily expelled from the film by collapse, does not affect the surface 
potential, whereas the less regularly built collapsed aggregate might do so. 
We think that these slight fluctuations are probably, though not certainly, 
due to collapse, and not to any inhomogeneity in the film itself. The fluctua- 
tions occur equally in the region of pure expanded film and in the transition 
region from expanded to condensed film, as shown by the surface pressure, 
and are not therefore due to mixture of separate surface phases, which might 
be identified with condensed or expanded films. In fact, no evidence has yet 
been obtained that the condensed ” and liquid expanded ” typ^ of films 
are really two distinct surface phases. 

Transition to Vapour Film. 

These curves for the expanded films continue smoothly doTO to 47*5 sq. A., 
AV falling off continuously with increasing area. At this area, which appears 
to be definite within about 1 sq. A., the decrease in AV stops abruptly. At 
greater areas violent fluctuations in AY appear ; if the area is not much greater 
than 47-5 sq. A., the greater part of the surface is covered with a film having 
a potential of about 170 millivolts, and with a stationary electrode the film 
may appear to have this potential up to areas of 65 or 70 or even more. 
Schulman and Rideal gave the surface potential as about 165 millivolts over 
this region, and constant up to 88 sq. A. At that time, however, they u^ed a 
fixed electrode. We have found, in preliminary experiments, that a fixed 
electrode may give this steady value, or may give a variable value ; the variable 
value is always obtained if the film is gently blown about the siirfece even 

^ * Proo. Eoy. Soc.,* A^ vd. 109, p. ^ 

2 w 


von oxxxvnn — a* 
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with a fixed electrode. Aiter consultation with Dr. Schuhnan, we agreed that 
a moving electrode is the most satisfactory* method of examining the surfaces, 
and we understand he is now in complete agreement with us as to the inhomo- 
geneous nature of the surface in this region. The “ homalic ” and pre- 
homalic phases are clearly non-existent, since the surface is a two-phase 
system in the region where these were described. 

Our value of 170 millivolts does not agree exactly with Schulman and 
Rideal's of about 166 millivolts, at the lower end of the expanded curve. 
We think this slight discrepancy, which is not at present of serious theoretical 
importance, may be due to different specimens of myristic acid having been 
used. In our earliest experiments, we obtained values of about 160 millivolts, 
hut more recently, using the most carefully purified specimen described above, 
we have obtained higher values. We understand that, more recently, Drs. 
Hughes and Schulman have also sometime;^ obtained higher values, about 
170 millivolts, using our new specimen of the acid. There is still a slight 
uncertainty in this value. We have found values from 162 to 178 millivolts, 
on the best specimen of the acid, without being able to account for the 
variation in the values. These are decidedly larger than the experimental 
eirotj which we estimate as about 4 millivolts in our experiments. At 
present we have no explanation to offer for these variations. 

Between 47-5 and 800 sq. A., the potential varies over the surface. The 
surface appears to be covered with two separate phases, one of which has the 
potential about 170 millivolts, the other an extremely small potential, about 
4 millivolts. There is little doubt that these two potentials are those of the 
liquid expanded film in equilibrium with its surface vapour pressure, and the 
saturated vapour film. Adam and Jessop’s measurements* indicated a region 
of constant surface pressure between 60 and 800 sq. A., in which these two 
surface phases oo-exist in varying amounts. Kg. 4 gives some instances of 
the fluctuations observed near the greater of these areas ; the abscissae are 
the distance of the air electrode from the fixed barrier at the left-hand end of 
the film, which was put on at the areas stated from petroleum ether solution ; 
the ordinates are the observed potential differences. Kuctuations are large 
at 710 and 405 sq. A., but at 940 and 1060 sq. A. they do not exceed 4 milli- 
volts, which is not greater than the probable experimental error in these 
experiments, in which the surface is necessarily exposed to the air for a con- 
siderable time. It appears then that the region of varying surface potential 


* * Proc. Roy. Soc.,* A, vol. 110, p. 426 (1926). 
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ends in the neighbourhood of 800 sq* A., as would be expected from the surface 
pressure-area curves. 

In the fluctuating region, the actual potential observed is largely a matter of 
chance ; usually values as great as 150 millivolts could not be found at areas 
larger than 100 sq. A., although on one occasion a patch of about 160 millivolts 
was found at 300 sq. A., and transient high values were occasionally found 
between 100 and 300 sq. A. Above 300 sq. A. it appears that the size of the 
islands of coherent film are too small, in comparison with the portion of the 
surface whose potential is measured by the rather large air electrode, to give 
values as high as 150 millivolts. An attempt was made to estimate the pro- 
portions of the gaseous ” and coherent or “ liquid expanded ” film on the 
surface between 47 and 800 sq. A., as follows. The potential was measured at 
27 equally spaced points on the surface ; if the potential varied, owing to 
islands of film moving under the electrode during the measurement, the mean 
of the highest and lowest readings was taken. Assuming that the liquid phase 
had a potential of 170 millivolts, and the vapour phase one of 4 millivolts, 
then the fraction of the part of the surface under observation covered, by liquid 
film should be ( AV — 4)/(170 — 4), where AV is the mean potential observed. 
Taking this as constant within each of the 27 regions, and summing over the 
whole surface, a rough estimate ol the fraction of the whole surface covered by 
liquid film could be made ; this is giv^ in Table I as The theor^acal 


Table L 


Area per molecule. 
Sq. A. 

Maximum variation 

I in AV at any 

fixed point, mv. 

Frobs. 

FifeaJa 

70-6 

128 

0-43 

0*64 

123 

117 

0-24 

0*34 

214 

1 99 

0'18 

0*17 

293 

72 

0*072 

0*10 

405 

66 

0*045 • 

0*06 

710 

21 

0*02 

0*01 

940 

Nil 

Nil 

Nil 

1060 

Nil 

Nil 

Nil 

1380 

Nil 

Nil 

Nil 

1850 

Nil 

Nfi 

Nil 


fraction (Fr<saic.) obtained from the formula = 47{^~ A)/7S3A, 
which assumes that the liquid phase has m area per molecule of 47 A and 
the vapour phase one of 800 sq. A., the latter figure beii^ appixwmaldy the 
area at the right-hand end of ^ horfzontsl in the 
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curves of Adam and Jessop. The second colmnn in the table shows the 
maximum fluctuation observed at any one of the 27 points during the 46 
s^nds or so required for an observation ; these fluctuations disappear 
entirely above 800 sq. A. Mg. 5 shows the actual observations made at 
70*6 sq. A. The agreement seems as good as could be expected, considering 
that the islands are moving about during the survey of the surface, and that 
the averaging of a fluctuating potential is a very rough proceeding. 
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side of trough 

Fig, S.—Myiistie Acid on 0-01 N HCH. Temperature 12° C. Area per 
molecule ; 70*6 square A. 


The liquid expanded films have a slight tendency to stay up against any 
barrier with which they happen to be in contact ; if a film is spread over the 
surface at an area of 47 sq. A., or less, and the barrier at one end moved away 
carefully after the film has fully spread, the film does not spread over the vacant 
space for some little time, but remains adhering to the barrier at the other end. 
This phenomenon is much more marked with the longer chain acids such as 
behenic, where the barrier may be moved away quite violently without moving 
the film. 

Above 800 sq. A., up to 1850 sq. A., the potentials are too low to measure 
with accuracy. The average value over this region was about 4 millivolts 
and the results were not accurate enough to determine with certainty whether 
the potoitial falls off as the area increases, being subject to an error of at least 
50 per cent. 


Acids with Longer Chains, 

The results with the acids of 16, 18 and 22 carbon atoms are shown in fig. 6. 
The films are all condensed. Fluctuations begin about 26 sq. A., where, 
according to earlier measurements of surface pressure, there are islands of 
condensed film in equilibrium with the vapour film. The lowest curves give 
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the surface pressure, the middle ones the values of AV. As soon as the con- 
densed film is complete, and the area is further diminished, the potential AV 
increases slightly, but not as much as would be expected if the potential were 
directly proportional to the number of molecules in the film. The potential 
was uniform within 6 millivolts over the whole surface. The surface potential 



20 22 24 26 26 

Area per molec£/le sg. AM 


curve for palmitic acid could be obtained on compressing or deoompre^mg the 
fidm ; with stearic and behenic acids, however, on decompressing, fluctuatioBS 
would often begin at an area of 23 sq. A. or less, the islands having the potetntial 
appropriate to that area on the ascending curve, corresponding to a film under 
a pressure of some 10 dynes per centimetre. This is shown ais m dotted line 
on the curve for behenic acid. ' It would appear that the b€heiaie acM, and to 
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a lesser extent tlie stearic acid film, can remain tightly packed after decom- 
pression, in an arrangement which can only be formed initially by compressing 
to about 10 dynes per centimetre. 

In the fluctuating region, with behenic and stearic acids, it is much easier 
than with myristic acid to obtain definite potentials locally, corresponding to 
the pure coherent or pure vapour phases. This is no doubt due to the greater 
coherence of the longer chain acids in the films, making the islands larger and 
more permanent. 

Gahylatim of the Dipole Moments. 

Helmholtz showed that the change AV in surface potential, caused by a 
film containing n molecules per square centimetre, is given by 

AV = 4to[jl; (1) 

^ is average vertical component of the change in dipole moment of the part of 
the surface occupied by a film molecide, including all effects due to re-distribution 
of ions in the interior of the scikdion, and to re-orientcution of water molecules. 

The quantity (ji, plotted at the top of figs. 3 and 6, varies surprisingly little 
for the various fatty acids, through the whole range of areas in which the ex- 
panded and condensed films occur. For myristic acid, it rises slightly from 
2-15 X 10“^ e.s.u, per molecule at 47-5 sq. A. to 2-43 X 10“^® at 26 sq. A., a 
total variation of 12 per cent. ; then falls o£E to 2-26 sq. A. at 22 sq. A., the 
film being practically condensed during this final falling off. The three longer 
chain acids (for which results are only available in the condensed region) have 
very slightly higher values of p,, which also show a slight falling off as the 
condensed film is compressed. Table 11 shows some results. 


Table II. — ^Fatty Acids at Various Areas, on Dilute HCl. 


— 

No, of 
carbons. 

Values of pt,. 

e.s.u. X 10“^®. 



20 

22 

25 

34*7 

47-Ssq. A. 

Myristic 

14 



2*26 

2-43 

2*23 

2-16 

Palmitic 

16 

2*12 

2-29 

2*45 




Stearic ! 

18 

2*16 

2-36 

2*67 




Behenic 

22 

2-18 

2*40 

2*62 

— • 

— ■ 


Our values for for myristic acid, agree within 3 per cent, or less with the 
previously published values obtained by Guyot and by Schulman and Rideal ; 
they are about 5 per cent, larger than those deduced from Frumkin’s measure- 
ments. 
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In the vapour state, AV is too small to admit of accurate measurement ; 
but jx appears to be within 30 per cent, of 1 -4 X e.s.u., rather smaller 
than in the condensed and expanded states. 

The question arises, is it possible to separate the total change in vertical dipole 
moment of the surface per molecule of the film into a term [I expressing the 
vertical component of the dipole of each film molecule itself, and another term 
SV/47rn due to redistribution of ions and to re-orientation of water molecules 
when the film is put on 1 We may write, with Schuhnan and Eideal, 

AY = 47rnp. = 4™]! + SV. (1.1) 

Differentiating (1.1), we have 

i(iV) = 4.i;+4™f+A(SV), (U) 

and if we further assumed that the last two terms in (1.2) can be neglected, 
which would be the case if they were equal and opposite, or if (x and SV did 
not change with w, we should have 

|-(AV) = 47^(1. (1.3) 

Schuhnan and Eideal, finding that the curve of AV plotted against n is 
practically a straight line over some regions of areas, have utilised equation 
(1.3) for calculating values of |x, calling these “ absolute ’’ values. We doubt 
very much, however, if this procedure is really a trustworthy met}K>d of 
eliminating the unknown quantity SV in equation (1.1). Our results show 
appreciable departures from a straight line, in the AV — n curve for myiistic 
acid (dotted in on fig. 3, the units for the abscissae, values of n, being at the 
top of the diagram), except between 47*5 and 37 sq. A., and these departures 
become very great as the film becomes condensed. Table III shows the values 

Table III. — ^Values of ]x and SV calculated by Equations (1.3) and (1.1) for 

Myristic Acid. 


Area 
per 
mole- 
cule. 
Sq. A. 

n 

;^(AV) 

an 

(volts). 

6.S.U. 

{vdttB). 

F- 

F 

F— F 

47 

2*13 X 101* 

8-95 X 10-“l 

2-37 X 10-“ 

2-16 X 10-“! 

-9 -21 X 10^ 

--0*0169 

37 

2*70 X 101* 

8-96 X I0-“ 

2-37 X 10-“j 

2-20 X 10-"^ 

-0-17 X 10-» 

-0*0173 

30 

3*33 X 101* 

11 -1 X 10-« 

2*94 X 10-1® 

2*3 X 10-1*^ 

-0-64 X le^ 

— 0*(m4 

26 

4*00 X 101* 

7-35 X 10-“ 

1*96 X 10-1® 

2*43 X 10-^ 

+0-4S X 

4*0*0723 

23 

4*34 X 101* 

2-6 X 10-“ 

0-69 X 10-1® 

2*32 X lO-w^ 

+ 103 k 10-“ 

4-0*267 
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of calculated from equation (1.3), and corresponding values of SV, at various 
areas. 

Here is reasonable constancy in and SV down to 37 sq. A., but very great 
variations below this area, SV changing sign at about 25 sq. A. ; p,, however, 
varies but little over the whole range. In the case of behenic and stearic acids, 
at about 21 sq. A., (I would be almost zero, according to this calculation, since 
AV scarcely alters with decreasing area per molecule. 

It seems so improbable that the value of SV, the contribution to the surface 
potential change caused by re-distribution of ions and water molecules when the 
film is put on, would vary in this extraordinary way simply by crowding the 
molecules in the film, that we conclude this method of calculation of {I and SV 
is not justified, i.e., that it is not legitimate to neglect the last two terms in 

(1.2) , over the whole range of areas from 47 *5 to 21 sq. A. 

Even apari) from the above difliculties in particular cases, we are doubtful 
whether the use of (1.3) is justified. It is clearly not permissible to regard SV 
as independent of n at very large areas, for in the limiting case when the area 
is infinite, i.e., there is no film on the surface, SV is necessarily zero. And even 
in the cases where AV varies linearly with n, it is not certain that the sum of 
the last two terms in (1.2) is zero. Constancy of djdn ( AV) could be obtained 
in other ways, e.g.^ djdn (SV) might be constant or zero, but '{1 might be 
varying in such a way that {d'^jdn) was constant. Or, SV or djdn (SV) 
might be varying, also varying so as to maintain the right-hand side of 

(1.2) constant. Such variations are by no means impossible ; ]I will vary 
if the tilt of the dipole of the molecules is varied, as the molecules are crowded 
together. With Mr. Danielli and others we have obtained evidence of very 
large variations in tilt of the dipoles with derivatives of oestrin, and as the 
re-distribution of ions under the surface, and the orientation of the water 
molecules, which determine the value of SV, are controlled by the dipoles of 
the film molecules, it is very probable that alterations in SV will accompany 
changes in ]I. Also, substituting the value of [r obtained from (1) and (1.1) 
in (1.2), it can easily be shown that the condition for the validity of (1.3) is 
that 

SV = — iran? {d\Ljd/n)^ (1.4) 

i.e., that SV and diijdn have opposite signs. 

In many cases, perhaps in most, the terms jx and SV seem to be almost 
inextricably interconnected. Where there is a dissociable end group, which 
sends off an ion into the solution to a greater or less distance, are we to regard 
this ion as forming part of the dipole moment of the molecule itself, or as part 
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of the term SV ? Also, as will be shown in the next section of this paper, it 
seems likely that the total dipole moment of the undissociated carboxyl group 
can be altered, by rotation of the hydroxyl group about the line joining the 
oxygen of this group to the carbon, and that this rotation and change in total 
dipole moment is influenced by the distribution of ions underneath the fllrn 
in the water. Hence it appears to us, in the light of the available data, difficult 
or impossible to separate the total vertical dipole moment [x into two terms, 
|x and SV, one of which belongs to the film molecules and the other to the water 
molecules and the ions below. We think that the quantity ^ is much more 
likely to be an indication of the orientation of the dipoles in the films, than the 
value of given by (1.3) can ever be ; it must always be remembered, however, 
that [JL contains terms due to the underlying solution as well as to the filTu 
molecules alone. These terms are, however, probably controlled by the 
arrangement of the dipoles in the films. 

Orientation of the Dipoles in the Surface. 

The total dipole moment of the carboxyl group on an aliphatic chain is 

generally given as about 14 X 10”^^ e.s.u.* It is 

not difficult, however, to account for the vertical 

component of about 2-3 X 10~^ which has be^ 

found by all workers on surface potential. Mg. 7 

represents the lower atoms of the moleciile, with 

the chain vertical. The carlwnyl group might 

have a number of different ppsitidhs, by rotation 

about the bond joining the a carbon to the 

carboxyl; we have chosen that in which the 

oxygen of the carbonyl is as high up as possible, 

which is that with this oxygen, and the plane 

of the double bond joining it to the carbon, in 

the plane of the surface. This fixes the positions 

of all the atoms of the end group except Ihe 

hydrogen on the hydroxyl ; this atom <mn rotate 

as the hydroxyl rotates about the line joiaii% 

the carbon to the oxygen. The figute dio^S 
Fia. 7, — IMrection of dipoles ^ ... . ' , . , 1 

+ “ Values in extreme positions, m which the vertical 

e.s,u. X component of the dipoles are a minimum and a 

* Of* ^yth and Rog^ ^ Amer; Soe.,* vdL ^ pi 
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maximum. With the hydrogen in the position marked a, the vertical 
component is — 4*2 X 10”^ e.s.u. ; in position 6, it is + 13*2 X 10^^% a 
complete change of sign. The positive sign is used to denote a vertical dipole 
in which the positive charge is uppermost. The values of Eucken and Meyer* 
for the various component dipoles, C — C, C = 0, C ^ 0, and 0 — H, as 
marked on the figure, were used, and the vectors added. The observed value 
for the vertical component, 2*3 X 10"^, would be obtained if the hydrogen 
were rotated through an angle of about 76° from the position a. In the free 
carboxyl, we would expect the position a, owing to attraction between the 
negative oxygen and the hydrogen. On the hydrochloric acid solutions, 
according to Erunikm,f the chlorine ion is more adsorbed than the hydrogen, 
rendering the surface more electronegative than the interior ; this might attract 
the hydrogen towards position b, which is rather higher up in the position we 
have chosen, with the chain vertical. 

Clearly the vertical component deduced from the measurement of surface 
potential is consistent with the values for dipole moments obtained in other 
ways. Not much stress can, however, be laid on the agreement, since such a 
wide range of values is obtainable by rotation of the hydroxyl ; and also the 
re-distribution of ioxis and re-orientation of the water molecules by the presence 
of the film has not been taken into account. 

The small change in vertical component of the dipole moment per molecule, 
ss the film is compressed from the liquid expanded film at practically no surface 
pressure, to the condensed film at high pressure, indicates an approximately 
constant orientation of the end group to the surface throughout this region. 
One of us has suggested^ that, in the liquid expanded films, the lateral adhesion 
between the chains characteristic of the condensed film has broken down, the 
chains oscillating and whipping about while the end groups adhere sufficiently 
to maintain the cohesion of the film. Such oscillation is possible, through 
rotation of the atoms round the carbon to carbon linkages ; at low tempera- 
tures, in the condensed films , the thermal agitation is insufficient to overcome 
the tendency of the chains to lie side by side ; in the expanded films, the 
greater part of the adhesion between chains has broken down, but that between 
the heads remains. The approximate constancy of orientation of the dipoles 
associated with the carboxyl groups throughout the region where the oscilla- 
tions occur is additional evidence in favour of this theory. 

* ‘ Phys. Z.,’ vol. 30, p. 397 (1929). 

t ‘ Z. phys. Cliem.,’ vol. 109, p. 34 (1924). 

t “ The Physics and Chemistry of Surfaces,"’ p. 75 (1930). 



The Structure of Surface Films. 429 

If the observed fall in [x by some 40 per cent., on passing to the vapour 
state of the films, is genuine, it indicates some re-orientation of the carboxyl 
groups as the chains lie flat (the flat position is the accepted orientation of 
' the whole molecule in the gaseous films). A model of the molecule shows 
that any desired orientation of the carboxyl group could easily be obtained, 
by rotation of the whole carboxyl group, or of the hydroxyl, with a flat position 
of the chain. The values of p. in the gaseous state are, however, very rough. 

We are much indebted to Professor F. G. Donnan, F.R.S., for his constant 
interest in this research ; to Professor E. K. Rideal, E.E.S., and Drs. 
Schulman and Hughes, for cordial interchange of ideas during the progress 
of the work ; and to the Government Grant Committee of the Royal 
Society for a grant which defrayed part of the expense of the work. One 
of us (J. B. H.) is indebted to the Department of Scientific and Industrial 
Research for a maintenance grant. 


Summary. 

An apparatus for simultaneous determination of the change in contact 
potential, AV, at the interface between aqueous solutions and air,, caused by 
a surface film, and the surface pressure of the film, is described. 

With the fatty acids from 14 to 22 carbon atoms in length, AV appeam to 
increase very slightly with increasing length of chain. There is a steady rise 
in AY, nearly, but not quite, proportional to the increasing number of mole- 
cules in the film, as the liquid expanded film is compresssed. The rise in AV 
on compressing the condensed films is less than that corresponding to the 
number of molecules in the film . The total vertical component of the change 
in dipole moment of the surface, per molecule of the film, rises slightly as the 
expanded filTn is compressed, and falls as the condensed film is compressed ; 
the variations do not, however, exceed 15 per cent. This indicates that the 
orientation of the carboxyl groups in the film does not change much on com* 
pressing through the whole of the regions of liquid expanded and ccmdcDSed 
film. 

In the region of constant surface pr^ure, where earlier work had indicated 
the probable co-eadstence of liquid expanded and vapour film, exploration of 
the surface indicates that these two phases are the only ones preset, and that 
they co-exist in apjuoxiinately thf tl^oretical proportkm. ^ : 
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Eot^i measurements indicate that the vertical component of the dipole 
moment of the carboxyl group in the surface is somewhat diminished in the 
vapour state, iudicating some re-orientation of the end group. 

It is shown that the observed vertical components of the dipole moment' 
are compatible with existing data on the various component dipoles of the 
carboxyl group. 


On the Surface Potentials of Unimolecular Films. Part IV . — The 
Effect of the Underlying Solution and, Transition Phenomena 
in the Film. 

By J. H. ScHULMAN and A. H. Hughes, Department of Colloid Science, 

Cambridge. 

(Communicated by E. K. Rideal, E.E.S.— Received June 14, 1932.) 
Introduction. 

In previous papers of this series (1) it was shown that the method of surface 
potentials could be developed to give quantitative measurements of the physico- 
chemical properties of unimolecular films at an air liquid interface. 

Several problems of fundamental importance arise when a closer investigation 
is made of the true meaning of the phrase “ surface potential of a unimolecular 
film.” 

In this work a study has been made of the phenomena attached to the 
deposition of a film on aqueous solutions, with special reference to the mutual 
influence of the solution and the polar head-group of the film-forming material. 

flfliis was considered necessary as a prelude to the general appKcation of the 
method of surface potentials to the study of surface reactions and systems of 
biological importance. Work of this nature is in progress, and it is hoped 
will form the subject of a future communication. 

It had already been noticed in Part IH for the fatty acids that the graph of 
the surface potential (AT) against the number of molecules per square 
centimetre (n) showed a parallel displacement on alteration of the pH of the 
underlying solution over certain ranges where the state of the film remained 
constant. The relation of this movement to the ionisation of the head groups 
of the film was discussed, but it was now thought advisable to carry out the 
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experiments over much, larger ranges of and to extend them to polar 
head groups other than the carboxyl. 

Experimental. 

The apparatus used was essentially the same as that already described in 
Part I,* with the addition of an arm moving on a horizontal plate holding the 
polonium-coated air electrode, so constructed that it moved at the required 
constant height over the whole of the liquid surface. This modification was 
found essential when investigating the homogeneity of the film. 

The weak link in the accuracy of this type of work is the estimation of the 
area per molecule occupied by the film-forming substance. The procedure 
hitherto employed involves the use of a small pipette to place on the surface 
two or three drops of a solution of a known weight of the substance in a known 
weight of petrol ether. The weight of a large number, say 50, of the drops is 
measured ; hence the weight of one drop and the weight of the substance on 
the surface. This method is liable to grave errors, due to the rapid evaporation 
of the petrol ether, and to the assumption of the uniformity of the drop size. 
The error is using only one drop of a calibrated solution may be as much as 
10 per cent, off the mean value of 50 drops. In the earlier work no allowanoe 
was made for this error. 

A new instrument was therefore devised to give molecular areas reproducible 
to 1 per cent. It is a micro-pipette consisting of a long fine papillaiy tube, 
calibrated for volume by a mercury thread, and fixed in a prot^ing glai^ 
tube. The petrol ether solution is drawn up to a definii^ mark on a scale placed 
along the capillary, by rotation of a piston fitting tightly into a rubber gland 
in the widened end of the capillary tube. The requisite approximate number of 
drops is then expelled on to the surface, but the ml/wme of solution lost can be 
found accurately from the calibration of the capillary. The actual size of each 
drop is thus immaterial. 

Dr. R. J. Eosbinder, of the Cancer Research Institute, Philadelphia, very 
kindly pointed out to Us that there was an instrument on the market which 
could be adapted for accurate measurements of these small volumes. This m 
the Agla Micrometer S 3 nringe (Burroughs, Wellcome & Cfo., Ltd.}, which was 
recalibrated, and found to give consistent results to 1 per cent, on the ar^ 
per molecule. , 

It is relevant to observe here that three different types of apparatus hm6 been 
used, and they have given r^ults fi>r the surface potentials identic^ to within 
♦ and Bideal, * Boy Bo^,’ A, toh (I9SI). 
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1 HU'., while the results are also unaltered by the use of many different 
ionisation electrodes of various shapes and strengths, together with use of 
either silver, silver chloride or calomel reversible electrodes for the underlying 

50lnti013S. 


Mybisoio Acid akd Dodeoyl -Alcohol. The Expanded State. 

It was stown in Part IIP that over the region of ionisation 6-5, 

the films of palmitic acid existed in the liquid condensed state, and that the 
value of the electric moment per molecule ([!) calculated from the slope of the 
curve remained constant for that state in spite of a considerable change in the 
value of AV at any given area per molecule. 

(fe further increase in ionisation the state and slope of the curve changed, 

butnagainremainedcoHstantoverarangepH6-5^H8 in the soKd condensed 

state, the values in the two states being 1 -56 . 10~“ e.s.u. and 3 - 2 . 10““ e.s.u. 
respedively. 

As ■mil be seen from %s. 1 and 2, the same general behaviour is shown by 
myristic acid and by dodecyl alcohol for the expanded state. Myristic acid 
gives a series of parallel lines from N HCl to distffled water, with % 2 • 6 . 10““ 
e^u., while for dodecyl alcohol the expanded state continues to the most 
alk^e solutions studied (N.NaOH). In the case of dodecyl alcohol, the values 
of n and hence of the slope of the curve are untrustworthy, especially on 
alkaline solutions, owing to the solubility of the film. Thus the films can be 
compressed to apparent areas per molecule much less than the limiting area 
of 18-5 sq. A. per molecule for vertically oriented molecules. The more 
quickly the readings are taken after the deposition of the film, the nearer to 
18-5 sq. A. is t^ observed area at which the film collapses. 

^e v^ue of fr in the expanded state for dodecyl alcohoHs approximately 
ii’U‘10 e.s.u. 


lae of mtereat to be observed from the flgmes j, the generel 

coo^taon of the film as the alWioity is merea^. Thu. the lirmtine »ee 

? ^ fot niyiiBtio acid, 

% 1. a, ehaoses ta 65-0 sq. A. on 4 H HO to 33-0 so. A. on water 

aWiongh on NflO and NAOO HO the area is the same, t*., 45.0 sq. A. the 
curves on these two solutwna being identical. Tor the alcohol on 4 N HCl 
t^ ^pansron is w, ^ed that a •• vapour eupauded ” fflm (ourve A) appe«a 
to be formed, the film renaming homogeneous up to at least 400 sq. A per 


* Schulman and Rideal, he. cit. 
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molecule at about 20 mv. On the alkaline side, however, though the acid 
shows a transition to a solid condensed film at values greater than 7, and 
ultimately forms soap films where the value of AV is reversed in sign, the alcohol 
films show no change from N/lOO HCl till a pH of about 10 or 11, being still in 
the expanded state. 



n.mols/scj.cm 


Fia. 1. — ^Myristio Acid, 15® 0. 

A. — 4NHa. 

B. — NHa 

and 10-1 N HCL 
B.—IO-^NHOL 
E, — Distilled water. 



n.mols/sq.cm 
Exg. 2 . — Dodeoyl Aloohol. 

A. — 4HHa. 

B. — NHCL 

a-^-Ol N Ha and 0-001 N NaOH. 
D.-^O-lNHaOH. 


With reference to the vapour expanded films a curve is included for com- 
parison, showing the behaviour of ethyl myristate on N/lOO HCl, fig. 3. Here 
the film remains homogeneous down to the lowest measurable surface potentials, 
at areas larger than 500 A? per mol, in direct contrast to the expanded ” 
films which break down to inhomogeireous two-phase systems. 

Vapour expanded jfilms, as shown by N. K. Adam, are expanded films above 
the critical temperature. 

TeteudeoyIi Ajuoomoj^ 

Tetradecyl alcohol at 32® 0. forms an expanded film which ^ows an ^sen- 
tially similar behaviour to that of dodeoyl aloohol at room but 

accurate results are not po^ble owing to the sol^MIity of iJie film. 
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It is mtc^estiag to note, however, that tetradecyl alcohol, fig, 3, which gives 
liquid condensed fiilms at room temperatures from IT HCl to N NaOH, gives on 
41T HCl an expanded film with a limiting area at 65 sq. A. per molecule, 
a^in indicating the very marked effect of concentrated hydrochloric acid in 
e3q>anding the film, as was observed on dodecyl alcohol. 



5 * 10 . 3 . 

The effect of 3 % 0 ^ ^hns of the alcohols is again reflected in the condensed 
films of tetradecyl alcohol, which show the same behaviour from N/lOO HCl 
to Ph 10 or 11, but contract both in area and potential at higher values. 
The slope of these lines is constant, and gives = 1 • 1 . 10“^® e.s.u. The con- 
densed films of alcohols will be discussed in detail later. 

For the liquid condensed fi lms of palmitic acid a similar expansion has been 
noticed on increasing the acidity of the underlying solution (Part HI) {ho. dt.), 
as also observed in the force/area curves by Lyons and RideaL* 

Beyond the superior limiting areas of the expanded state the films become 
inhomogeneous, the value of AV showing large fluctuations over the surface. 
Below the limiting area the linear character of the AV/^ curves is preserved 
down to areas of about 35—30 sq. A. per molecule, but at this point transition 

* ‘ Proe. Roy. Soc.,’ A, voL 124, p. 322 (1929), 
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to the liquid condensed state begins. Fiona 35-25 sq. A. per mol down to 
about 25 sq. A., the curve does not seem to be definitely reproducible, and 
fluctuations in potential can sometimes be detected over the surface, of about 
20-30 mv., though this is dependent on the rate of compression of the film. 
By about 25 sq. A., however, the slope of the curve has decreased markedly 
and is much smaller in the liquid condensed state than in the expanded. 

It is important further to notice that the values of the intercept (AV„) of 
the AV curves on the axis of AV obtained through extrapolation of the straight 
portion of the curve can be placed broadly in two classes : — (1) Expanded or 
Vapour-Expanded Films, AV^ negative, and (2) Liquid Condensed Films, 
AV„ positive. 

OoMrABisoNs OB Acms, Alcohols and Ethers. 


In order to cast more light on the mutual influence of the polar head-group 
and the underlying solution, a long-chain ether was examined over a large range 
of Pb- Octadecyl methyl ether was chosen, this compound forming liquid 
condensed films on all solutions so far examined at room temp^tur^. 

The results (a) are compared with those for the alcohols (b) and the acids (c) 
in fig. 4, in which the p^ of the underlying solution is*ph>tted against AVoo, 
the limiting surface potential obtained by placing an excem of the sutetance on 
the surface. 

The sharp rise of potential on concentrated hydrochloric arid is se^ to be 
common to all three substances, but whereas the ether, definitely non-aridic in 
character, acquires almost identical values for the surface potential at pH 2 
as at Ph 12 (453 mv. and 448 mv. r^pectively), the alcohol shows a marked 
falling oft at p^ 12 and at greater pn values. 

The behaviour of the acid is very definite, ionisation of film setting in 
between pn 3 and 4, with a complete reversal of sign beyond pH 9. 

It was noticed in the case of the al(K>hols on alkaline solutions that the 
initial value of AV was always some ^)-40 mv. higher than the final equili- 
brium value, the fall taking place in about three minute. It is posrible fiat 
this represent the actual course of ionisation or partial ionisation of the 00 
group, the value of ca. 400 mv. from ps being that of -^e 
alcoholic group. This effect is similar to that occurring during tl^e 
of the acids. ^ ^ .. ' 

Salts. 
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Saltjs wre used wiieli both rais 6 ot lower the surface tension of water. Thus, 
for tetradeeyl alcohol KOI had no effect at any concentration from N/lOO to 
3-5 N, but LiCNS, N/ 2 , caused an increase of 25 mv. ; potassium ferricyanide, 
sodium citrate, ethylamine hydrochloride, an increase of ca. 10 mv. ; and 



4 . 

AVoo /ph curve 15^ C. 

JVoo corresponds to an area approsamately 20 A® per mol. 
a. Octadecyl methyl ether ; 6. tetradecyl alcohol j c. Myristic acid. 

Alg ( 804)3 “ N/lOO 3 % 4*7 — an increase of ca. 35 mv,, all reckoned from the 
value of 400 mv. on distilled water. In no case has a decrease been observed, 
except where it is reasonable to assume ionisation of the film. For the ether 
no alteration of the potential could be detected due to the nature of the ions 
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in the eolntion, the value of AVoo remaining constant at 448 mv. on all the^ 
solutions. 


Discussion op Eesults. 

In summarising the experiments on the expanded and condensed -frlTna of the 
acids and alcohols, with reference to the effect of the underlying solution, the 
following conclusions may be drawn : (1) In the expanded state for the acids and 
the alcohols there is little alteration in the slope of the AY Jn lines over a very 
large range of of the underlying solution, although the actual value of 
n may vary to the extent of some 250 mv. The extrapolation of these 
lines to the axis of AV give negative values of AV„. (2) In the condensed 
film of acids and alcohols, parallel straight lines are again obtained over large 
Ph ranges, the AV« values here being pc^itive. 

We may apply the Helmholtz equation and write 

AV = 4 TznyL (1) 

where (ji is the total vertical component of the polypole system produced at the 
air liquid mterfece by the presence of one molecule in the film. 

Where the AY /n graph is linear we may further write 

AV = + 6 , . , , (2) 

“ a and “ b ” being constants, , ' 

Combining equations (1) and (2), we obtain 

+ 5 

or ’ * ' ' ' V 



i.e., can be regarded as composed of two portions : — 

(i) ajiiz independent of n ” and independent of the of the solution m 
any one state of the film (the p of previous pap^cs). 

(ii) h]4cim varying inversely as and dependent on the of the solution 

(6 = AV„ of previous papers). 

Thus (a) if “ i ” is positive, then, as ” increases, decr^ses (condensed 
state) ; but 

(P) if 6 is native, as incre^es jjt incre^es (expanded ^ste). 

Thus the simplest interpreta^on dE tMs analysis m that in any sli^ of 
the film the tc^ial p ccm^sts of a pdrScm p or a/47C, wMA is Uis^ bf the film- 
forming mat^itl itself , tod is e^aslanfe'fc^ that #ale; ifflid of portion 
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hj4rm^ "which represents the manner in which the contribution due to the 
tmdeiiying solution is affected by compression of the film. As has abeady been 
noiAoedy the order and sign of the value of AV^ are characteristic of the state 
of the film, but too great stress must not be placed on the numerical values of 
AV^, since these are obtained by extrapolation of the AV/^ curves. 

It is clear, however, that in compression of the es^anded state the contribu- 
tion of the underlying solution is increasing in the manner given by the term 
bfinn when “ b ” is negative. 

Whether we may consider b ” as being due to an orientation of solvent 
mblecules in the neighbourhood of the polar head, together with a resultant 
dipole moment, or due to preferential adsorption of the ions in the Gribbs’ layer, 
is at present difl&cult to decide ; the latter effect is definitely present, as shown 
by the effect of different salt solutions on the film potentials. 

Further, on compression of the condensed state the contribution of the under- 
lying solution is deoreasingy since “ & ” is now positive. This may be ascribed 
either to an expulsion of oriented solvent molecules from the vicinity of the 
head groups when these become close packed in the condensed state, or to a 
marked change in the distribution of the ions in the Gribbs^ layer. 

Referring once more to figs. 1, 2 and 3, in regard to the effect of hydrochloric 
acid solutions on the film, an increase of the acid concentration above N/10 
r^ults for the acid, alcohol or ether in a gradual expansion of the range of 
homogeneity of the films, together with a general rise of potential. The 
change of is, however, not large, increasing from 2 • 6 . 10”^ e.s.u. for myristic 
acid in the expanded state on if /lO or K /lOO HC!1 to 3 • 0 . e.s.u. on 4 N HCl ; 

and from 1 - 9 . lO""^ e.s.u. on N/10 or N/lOO HCl to 2 • 1 . 6.s.u. on 4 N HOI 
for dodecyl alcohol, also in the expanded state. For the ether the range of 
existence of the condensed film is so small— about 21 sq. A. to 19 sq. A.— 
that the slopes cannot be estimated with accuracy. 

This general behaviour on solutions of hydrochloric acid may be interpreted 
as being due to the formation of an ionisation complex on the polar head-group. 
In the extreme case one might postulate the formation of oxonium compounds 
of the type : — 

R R R 


\ 

O-OH3, 

H Cl 


/ 


\ 

0-H, 

/+ 


H Cl 


\ 

C 


0 + 0 
H Cl H 
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for the ether, alcohol and acid respectively. This results in an increase of the 
dipole moment of the film if carried to completion, and a defioite alteration both 
in moment and in distribution of the ions in the Gibbs’ layer if the formation 
of this type of complex is only partial. These effects are observed. J'he 
greater the concentration of HCSl in the underlying solution, the greater the 
change in moment. It must.be emphasised that the values here obtained for 
the dipole moment refer only to the vertical ccmponmt of the polypole system. 
It is impossible to specify the total change which may occur in the head group 
and its surrounding ion atmosphere. 

For the ether, alcohol and the acid head group, the dissociation of the HCl 
complex appears to be complete when the HCl concentration in the solution 
has sunk to N/10. Thence onwards, with increasing ether shows no 

further change in the head group or the underlying solution. For the alcohol 
no change is observed up to a ^ of about 10,. but beyond this point ionisation 
sets in, and can be followed by the sharp falling off in the fi l m potentials ; and 
for the acid this falling off occurs at a mudi smaller ^ v^ue, setting in at 
about 4. 

The general form of ionisation curve is very sim^r to that found in an 
dectrometric titration in the bulk phase, fig. 4. 

The behaviour of the alcohol indicates that it is acting as an acid with a 
dissociation constant of about 10“^, It is interesting to compare lids result 
with those obtained by BCchaelis and Eona* for the acid diasodation constants 
of sigars, which were found to give Ka. = 10~^. 

It would be of great interest in this connection to examine the cataphoreds 
of these acids and alcohols over a large range of ^ presence of 

different types of ions. 

The work of G. Kohlerf on the dectric endosm<^ of liquid through a 
palmitic acid diaphragm has shown that there is no relative movement at 
3 ?^: 3*6, but at greater valu^ ionisation and movement tafc^ place* Ho 
work appears to have been carried out <mi the alcohds, or on the acids on more 
strong acid solutions. 

The result we have obtained on the general effect on the surface potential 
of the film due to the presence of various salts in tte underlying soiu&%. 
show that small changes in the valu^ of AV can* be ^ected, eaiMBg a 
parallel di^lacement to the AY /n curve. For tetradecyl alcohol the change 
were in no case greater than about 35 mv. (on N/IGO aluminium sulphafe), 

* * Z.,’ v<^. p. 232 (leiB). 

I ‘ dwt.,’ A, vd. 157, IM (1^), 
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always in the same sense, namely, an increase in the original potential obtained 
on disi^ed water. 

The dgn of the potentials of these films shows that the dipole moment is 
positive above amd n^ative below. It is reasonable to suppose that adsorption 
of ions in an oriented layer xmder the film will take place by electrostatic- 
adsosjrfaon, giving a second layer positive above and negative below. This 
results in an increase of the observed values of AV. 

Th^ small variations in potential are comparable in magnitude to the 
values obtained for zeta potentials in cataphoretic experiments, as distinct 
fi^ the order of magnitude of the changes occurring when ionisation of the 
film is taking place, which may amount to 200 or 300 mv. 

It is dear tiiat if there is no orientation of dissolved substances in the under- 
lymg layer,' these wiH have no effect on the potential of the film, even though 
they may produce laige change when present alone at the air-liquid interface. 
This is exen^^fied by the behaviour of a long-chain methyl ether, the film 
potential of which is indepmidmt of the presence of a large number of substances 
m the undarlying solution. 

lifise omsiderations permit us to draw a distinction between oriented 

adsorption in the GibW layer and actual chemical changes occurring in the 
film. 

TSANSITIOISrS. 

The Vctpowr I Expanded Transition, 

A moving electrode was employed in investigating the limiting areas of the 
vapour/exponded tranation. It was found that the films at areas beyond 
45 A® for myristic acid on N/lOO HQ were inhomogeneous. This fact was 
first ^ted out to the authors by Adam and Harding, who, in the course of 
experiments on sur&ce potentials, had found that by blowing on the surface 
very large fluctuations occurred in the potentials over this range. As an 
apparatus had already been oonstracted with a movable electrode for investi- 
gatmg the limiting area of the condensed states, where large fluctuations had 

already been noticed (Part III), the observation of Dr. Adam was soon 
oonfirmed. 

In Part I the polonium source was fixed stationary over that end of the trough 
towards which the film was compressed, and inhomogeneity was only noticed 
at areas greater than about 100 A^ per mol. This was found to be due to the 
e^anded form of the myristic acid existing in large islands, which on compres- 
sion coflected under the polonium electrode long before the surface was 
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homogeneous. These islands had a maximum potential of 152 mv., and the 
vapour film existing between them possessed a very low surface potential of 
approximately 2 mv. 

Since the surface pressure remains constant over this region and the 
potentials of the two forms of the fiOim present are so very different, the 
limiting area of the phase with the larger surface potential was easy to determine 
with accuracy. 

The limiting area of the vapour film, on account of its very small surface 
potential, was much more difi6.cult to determine. The method employed was 
to observe the area at which the islands of the expanded film disapp^red 
and the whole surface became a homogeneous vapour film. The polonium was 
moved systematically over the surface, and all non-uniformiti^ with their 
potentials were localised. These islands were then closely observed over a 
contraction and expansion of the film . 

It appeared at first that the surface became uniform with a potmtM of about 
2 mv. at areas of 300 and the curves seemed eonmstent with Ihbse already 
published (Part I). But on closer ol^ervation it was found thrt there was 
considerable non-uniformity of about 10-20 mv. within 1-2 cm. of the edges 
of the trough. It liiay be added that the uniformity of the poteitiai of the 
liquid surface was examined in the absence of the film and fotmd to "id 
uniform within 2 mv. even up to a few millimetres from the edg^ of the 
trough. 

That the liquid portion of the film in the temsition region should l»d to 
collect along the edges of the trough was appartatly due to the sprea&g of the 
petrol ether solution. It was noticed in a blind etq)€rim«t usfeg pure petrol 
ether alone, that any surface contamination was swept to the edges of the 
trough hy the petrol ether. This was a conveni^t and sensitive method of 
checking the purity of the surface. 

Non-uniformities were quitse definitely present on the surface from areas of 
700 per mol. to 45*5 A^ at 15° C. At areas of 1000 A^ per mol. changes of 
only 1-2 mv. from the zero value were noticed over the whole surfa<^. 
Assuming that the surface is uniform at M A® per mol. at a potential of 152 mv., 
one may calculate the fraction of thte totd surface at any larger meam am 
molecule which should be cov^d with the 162 mv. species of film, il Ifa iattcr 
is unchanged on expansion. This may be compared experimeslaBjr #ie 
area so covert, as found by moving the polonium electrode ovir the surface. 
The values so observed were always weH below the calculated waluie areas 
•beyond 100 A?. ” ! 
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The of this is probably that the islands of the 162 mv. expanded 

fihn are becoming too small to occupy the area subtended by the whole solid 
angle of the ionisation region of the polonium source. 

In summarising, one may say that the range of inhomogeneity agrees very 
well with the limits of the transition already found by Adam and Jessop* 
for the myristic acid vapour/espanded transition, namely, from 850 A® — 48 A^ 
per mol. at 16° 0. This inhomogeneity of the transition shows there is no 
nece^ty for assUming the pre-Homalic state (c/. Part I). 

The low vdues of AV for the vapour state at 850 A^ may be compared with 
tte values for the vapour films of soluble substances. Thus, butyric acid 
^es a AY of 22-6 mv. when “ n ” deduced from the surface tension depression 
IS 0*35 , 10-« mols./sq. cm., corresponding to an area per molecule of about 
300 A2 per mol. The vapour expanded films of dodecyl alcohol on concentrated 
HC3 mid of ethyl myristate on N/lOO HG give the same order of AY (20 mv.) 
at tiese large areas. 

The moving air electrode permits of an interesting experiment in that one 

can follow the surfoce solution of a crystal of, say, myristic acid placed in the 
liquid surface. 

In Part I, curves were shown of the change of surface potential with time 
at a fixed point on the surface during the process of surface solution. When a 
large island of the expanded state (with a potential of 162 mv.) arrived under 
the polonium electrode the surface potential remains constant until the end of 
the transition, when the whole of the surface is covered with this form. Then 
the pr^ure increases and the potential rises proportionately until the 
equilibriuin spreading pressure is reached. 

If the polonium electrode is placed next to the crystal immediately it has been 
pfoced m the surface, violent fluctuations of potential (0-100 mv.) take place 
within 1-2 cm. of the crystal. Beyond this point there is a region of uniform 
^tential at 162 mv. in the form of a graduaUy expanding wave with a sharp 
^undary. In front of this there is a potential of only .1-2 mv., i.e., the vapour 


The rate of spreading of the 162 mv. form (the uncompressed expanded 
m) can be readily foUowed with the moving electrode. This method of 
foUowmg the spreading of films could be made of general application. 

he fluctuations of potential in the immediate vicinity of the crystal were 
explamed by observations with a dark-field ultramicroscope of the type 


* ‘ Proc. Boy. Soc.,’ A, vol. 110, p. 423 (1926). 
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designed by Zocber and StiebeL* Here concentric rings of minute crystallites, 
similar to those appearing in the “ point structure/’ at film collapse, were seen 
to spread off from the surface of the crystal and dissolve away within a few 
millimetres. 

The ExpandedjCondensed Transition, 

The moving electrode was again of use in observing the transition of the 
jBlm from the expanded into the condensed state. On compression of a film 
of myristic acid on N/lOO HCl to areas smaller than about 35 per mol, the 
potentials begin to show fluctuations over the surface to the extent of 
some 20 mv. 

The film becomes xmiform again at smaller areas, below about 27 per mol, 
and on expansion the process is revejsible. 

These fluctuations do not always occur. Thus, on depositing the film on the 
surface directly at an area of about 30 A^ per mol, the film is uniform and the 
potential follows the repeatable course shown in fig. 1 . The fluctuations appear, 
however, when the film is compressed from larger axelts. Whether the non- 
uniformity really indicates the presence of two distinct phases, liquid expanded 
and liquid condensed, or whether it is due to local collapse of the film, is 
difficult to decide. From the measuremenis of surface pressures (N. K. 
Adamf), a definite break in the Force/Area curves is always found at areas of 
about 35 A? per mol at 16° C. 

At smaller areas than about 30 A^ a gradual change in the slope of the 
AV/ri curve occurs, and the value of decreases, the final portion of the curve 
corresponding closely with that of the liquid condensed films of palmitic 
acid under the same conditions. 

It is worthy of note that myristic acid at 6® 0. gives a Curve at slightly higher 
values for AV following the upper portion of that obtained at room tempera- 
ture, the limiting area now being 28 A? \ the change of slope ( jx) is also noticed 
as the film becomes condensed. There is thus a marked change in the 
character of the film, as shown by the surface potentials as well as by the suifctce 
pressures. 

The VAPOUB/<3o2n>EKSEi> TaAr^smoN. 

TramUions in the Condensed Stcde, 

In Part III, and in the present work, reference has been ma^le^ tq ;^ qqu- 
densed films of palmitic acid apd qj^ tqtr^ecyl alcohol. 

* * Z. i^ys. A, V(A 147, p. 40*1 (1^0). 



444 J. H. Sehnlman and A. H. Hughes. 

m t}m type of film have been made with bexadecyl and eicosyl alcohols to 
ekamine the influence of the nature of the polar head and of the chain-length 
on the general behaviour in the condensed state. 

The range of existence of the condensed state is relatively small at the 
most from about 23 to 18-5 A^ per molecule in these cases— and the 
Umiting factor in the accuracy of these experiments is the estimation of the 
molecular areas. These* can be measured to 1 per cent. 

The Force/Area curves for hexadecyl and eicosyl alcohols were determined 
for comparison of the limiting areas of the condensed state obtained in this 
way with those obtained by the method of surface potentials. 

Force/Area Curves. 

Fig. 5 shows the behaviour of hexadecyl alcohol on N/lOO HCl at room tem- 
perature, and is typical of the condensed state, the graph being clearly 



Fro. 5.— Foree/Area Curve. Hexadecyl alcohol N/lOO HGl 15° C. 


divided into two straight lines, AB and BO, representing a high and a low 
compressibility respectively. The film is liquid even up to the highest 
compressions, a point of some interest to which reference will be made later. 

Fig. 6 gives the Force/Area curves of eicosyl alcohol also on N /lOO HCl. At 
low temperatures this alcohol forms a definitely solid film, and its behaviour 
was, therefore, examined over a range of temperatures from 4° C. to 31° C., 
with a view to correlating the phase change in the film, as observed by the 
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motion of talc particles placed on tie surface, with, any change in the form 
of the force/area curves. 

At 4° C. the jShn is solid, and a noticeable surface pressure is first obtained 
at an area of 21 • 0 A® per mol., and a linear increase in pressure is obtained down 
to 19 • 1 A^ per moL in the AB form of high compressibility. The form of low 
compressibility and high pressures is unstable at this temperature, and the 
film readily collapses above 10 dynes per cm. 



Fig. 6. — ^Foroe/Area Curves. Eicosyl alcohol [C^e] N/lOO Hd. 

Up to 16° C. the same type of curve is obtained as on hexadecyl alc^hcd, and 
the second portion, BC, can be followed from the change point B, at 17 dynes 
per cm. to pressures above 30 dynes per cnu The AB film is now liquid and 
the BC film solid. 

In the neighbourhood of 20° C. the force/area curves show a peculiar arr^t 
level from 20 • 1-19 • 8 A^ per mol. just before the steep rise in pressure along BC. 
Above 22° C. the J&lm is liquid throughout, and gives the usual type of curve. 
There is no sharp melting point of the film. A gradual increase of the molecule 
areas with rising temperatures is obtained of about 10 per cent, for a range of 
27 degress. The results of Adam and Dyer* on the alcohols appear to. a^^ 
with the results here given at room temperature. , , , : . / 

SUEFACE POTlOmAL OURVES. 

The surface potentials (AV) in tiie condensed films show a of 

form, at a definite area per im)lectde, as the force/area curv^ Mid more 

* ‘ Proc. Eoy. Soo^^^A, vcL 106, pw ^ ' ' ' ’ ' " 
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det^ed infomation as to the nature of the film. In the case of hexadecyl 
^cohol, the effect of the underlying solution, and in the case of eicosyl alcohol 
he effect of alteration of temperature, has been investigated. The values of 
AY are plotted as usual against “ «,» the number of molecules per sq cm 
m^ad of “ A,” the area per molecule, since the slope of the AV/w curve gives 

i^oi^tion as to the dipole moment of the molecule. The results on 
Jjexaaecyl alcoliol are given in fig, 7. 



Pro. 7.-Hexadecyl alcohol, W 0. (i) N/lOO HQ ; (U) N/10 NaOH. 


At ^ tluu. abort 23 A> pop rml tio fibi i. a, 

born 50-850 mv. io .n ippogota „panrtp. TH, i,’ dl 
»f crttWd Sta ia ogrtlibpirta witl a rolZ 
ftt . alcohol. ■ttavaportfflmlrtaTopysrtaUtwo.dirtortionalvaLrt 
and a very opoall sopfac potential, aa fcnnd fop tbo vaponp of rtyLc 

On compression of the film below about 22 A® per mol a<!Wp, -f 

Tb. dirt appoaps to be 

brfope the film collapte., tie ie onpre beinn It ! r r I 
a. oortpaped wia that on tie »nd aoSL^ ^ *'■« ”8^* 
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Eg. 8 gives the results for eicosyl alcohol. At the lowest temperature the 
high potential form is not obtained, owing to film collapse, but it appears as a 
stable form on raising the temperature in exactly the same manner as the high 
pressure form on the force/area curves (of fig. 6). At temperatures of about 



20® C. the initial portion AB, previously linear, shows a small tmfc of nusreasmg 
potential over the same range of area as the arrest level obtained on tifcte fcu?ae/ 
area curves at the same temperature. The film then pai^s over into ^e 
potential form. 

At higher temperatures the high potential form is obtained at la^j^ger 
areas, and the same general expansion with temperature as ote^ved on the 
force/area curves. 


Discussion. 


In a general way it may be said that the values of the lateral surface pressures 
indicate the behaviour of the hydrocarbon chain, while the surfe^ce potentials 
indicate that of the polar head group, this being the seat of the predominant 


electrical dipole in the molecule. 

It appears that four factors can operate in deter mini n g the struetme of 
film : — 


(i) The length of the hydrocarbon chain. 

(ii) Temperature. 

(iii) The nature of the underly^ sohitian. 

(iv) The natum of the pote head 
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li is Iffldwn fem wk of Adam (he. cit.) that increasing the chain 
fet^h has the sactne effect as decreasing the temperature ; in either case the 
c^e^ of the chains to each other is increased. Thus a film of myristic acid 
wMi 14 cai^n atoms at 20“ 0. behaves similarly, ceteris paribus, to a film of 
palmitic acid with 16 carbon atoms at 40° C. 

It IS dear, however, that in the general case the nature of the polar head and 
of the underlying solution must be considered. 

The gradual expansion of a film of palmitic acid on increasing the acidity of 
the underlying solution has already been noticed. The present work shows 
that this IS a particular case of a more general behaviour. 

Thus one finds that an alcohol behaves on slightly acid solutions in a 
my to the acid with two more carbon atoms. Myristic acid and dodecyl 
alcohol both give expanded films, palmitic acid and tetradecyl alcohol both give 
^d^ films, and m aU these cases the limiting area increases with increasing 

On concentrated Hd solutions the alcohols axe affected much more markedly 
^ the acids I^ecyl alcohol is raised above its critical point, and changes 
fiom an e^d^ ^ to a vapour expanded film, and tetradecyl alcohol from a 
^md conden^ ^ to an expanded film, wMle in the case of myristic acid the 
film m the same state as an expanded film, but the limiting area is 

^ereased, from 46 per mol. (N/lOO Hd) to 56 A=> per mol. 

mTa ^ H ^ identified 

a hquid condensed and a “ soHd » condensed film respectively. 

jnew 18 contradicted by the particular case in point, hexadecyl aicohol 
where the condensed film is definitely Hquid throughout 

^ noticed by Adam (foe. ci«., p. 60), palmitic acid and hexadecyl alcohol 
under prec^ the same conditions (on water at 15“ 0.), give a solidLLrmed 
and a hqmd condensed film respectively along BC. This shows that the head 
^up exe^ a considerable influence on the behaviour of the 

fioIM ^ kicorrect to describe the two types of condensed fihn (AB BC) as 
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the compression of tlie close-packed hydrocarbon chains. It is assumed that 
the polar head group occupies a larger area of surface, and is more easily 
compressible than the non-polar chain (Adam, he. dt.). Prom a study of 
the force/area curves alone this conclusion is justifiable, but the results 
obtained on surface potentials indicate that a reconsideration of the case is 
necessary. 

In the a ” form the dipole moment derived from the slope of the AV/^ 
curve, is small, approximately 1*1. 10”^ e.s.u. per mol. for the alcohols on acid 
or alkaline solutions, and approximately 1*5, e.s.u. per mol. for the acids 
(Part III). That is, the moment of the head group itself is not changing 
appreciably on compression of the film, as would be expected if the head groups 
themselves were being compressed. The factor which is altering, however, 
is the contribution to the total dipole moment from the underlying solution, 
the term bJiTin in equation (3), where b is now positive. This contribution is 
decreasing on compression of the jSlm, a simple interpretation of which is that 
the solvent molecules oriented between the polar head groups are being 
expelled into the underlying solution. 

On further careful conipression of the film mto the “ ^ form there is a very 
marked change in the AV In curves, both in the case of the acids (Part III) and 
of the alcohols. The potential rises sh^iy over a v^ ratal! range of area^ 
the portion BC in fig. 7, prior to film cdllaj^. 

This change must be associated with a re-orientation of the CHgOH or OOOH 
groups when they are brought into close proximity. This re-orientation is 
assisted by a rise of temperature, occurring at larger areap as the ^empemlppe 
is raised. 

As noted by Adam and Dyer {hc^ at.), as the dbain lerglh is immsed the 
condensed show a slightly closet packing. This observatkm is confirmed 
in this work on the alcohols. For hexadecyl alcohol at 15*^ C. the transition 
point B, between the oc ” and ^ ” condensed states occurs at 19*8 A ^ ; for 
eicosyl alcohol this has decreased to 19*5 A?. 

At the same time it mmt he noticed that the total potential in the condrased 
fil nm 4f0 mv." higher in the case of eicosyl alcohol than hexadecyl s 

No simple explanation of this phenon^non seen® availabfe. t 

The authors are grateful to Dr. N. K. Adam for the gift of pime^pMin^ 
of myristic acid, hexadecyl ^doohol and eic<^i alcohol. Tliey afeo to 
express their to tiie Department of Smentific and IndTO^iiW 

(J. H. S. and A. H. H.), the ^veming Body of Trinity BEafl, 
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Summary 

(1) The effect of the underlying solution on the surface potentials of 
unimolecular films of long chain aliphatic compounds has been examined over 
a large range of and for the specific effects of various ions in the underlying 
45olution. 

(2) A distinction is drawn between ionisation of the film-forming material 
and adsorption of ions on the film. 

(3) Two-dimentional transitions of state are discussed in detail. 


The Beka/oiow of Elec^olytes Miwed Sdvenis. Fmt Vi.^The 
, Free Energy of Zinc CMoride in Water-Alcohol SohOiom. 

By R. T. Hamilton, Ph.D., and J. A, V. Butler, D^c., University of 

Edinburgh. 

(Communicated by J. Kendall, F.R.S. — Received June 25, 1932.) 

In Part I of this seri^* were described measurements of the free energy and 
heat content of hydrogen chloride in a series of water-alcohol mixtures. It 
appea^ to be very desirable to find if the behaviour shown by hydrogen 
Wfioride is typical of that of strong electrolytes in general. For this purpose 
an attmipt was made in the first place to determine the free energies of lithium 
chloride in th^e solvents, using amalgam electrodes. Preliminary measure- 
ments showed that even Under rigidly air-free conditions reproducible values 
of the electromotive forces of cells containing lithium amalgams could not be 
obtained in alcohol solutions. Similar experiences with sodium amalgams 
have been reported from the Balliol College Laboratory,f while Scatchardf has 
also experienced similar difficulties with calcium amalgams. It appeared that 

* Butler and Robertson, ‘ Proc. Roy, Soc.,’ A, vol. 125, p. 694 (1929). 

t Wolfenden, Wright, Rose Kune, and Buckley, * Trans. Faraday Soc.,’ vol. 23, p. 491 
(1927), 

J Private communication. 
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sSiic chloride might he suitahle^ for when proper precautions are taken for the 
exclusion of air easily reproducible potential differences have been obtained 
"with zinc amalgam in aqueous solutions.* The conductivitiesf show that 
zinc chloride is a strong electrolyte in aqueous solution, and although several 
investigators have found that their product hydrolysed to give turbid solutions 
in water, we had no difihculty in obtaining a salt which gave perfectly clear 
solutions at all dilutions. The conductivity measurements of Getman and 
Gibbons,! which show that in alcoholic solution zinc chloride is an extremely 
weak electrolyte, escaped our notice at the beginning of this work. But 
although on this account the behaviour of zinc chloride does not extend our 
knowledge of the properties of completely ionised substances in mixed solvents, 
it has proved to be an interesting case showing in the range of solvents investi- 
gated the transition from a strong to an exceedingly weak electrolyte. 

The free energies were determined by measuring the electromotive force of 
cells of the type 

Zn Zndg, (m) AgCI(^) Ag 

1 per cent, amalgam Alcohol, N mols. per cent. 

The free energy change in the cell reaction, viz., 

Zn (Hg) + 2AgCl(5) = ZnCl|^(m, N) -f 2Ag, 

is given by 

AF = — 2EF = — 46148E calories, 

where E is the electromotive force and F the electrochemical equival^t. Tia 
electromotive forces were determined in solvents oontaming 0, 25, ^ ^ and 
100 mols. per cent, alcohol, each for a range of salt coucwtrationf iwu^about 
m ^ 0-01 to m = 1,§ at 15 i 0-02°. It was oriigmally intended to npfe a 
simila r series of measurements also at 25°, in order to evaluate tl^ heat content 
changes, but the reproducibility of the results in solutions containing large 
proportions of alcohol did not warrant this extension. 


Expenmektal. 

Matemls . — Ethyl alcohol was prepared by the method described in h 

Arnhydrous zinc phloride was prepaid by;,,^dissolving A.R. zinc, 
shown to be free from cadnxi^.^pd, iroi^, in dxj ether which was,ice|4,^^^g|^ 


* Richards and Forbes, * Oam€^e Iiisfdt, Pub./ No. 56 (l'906]to , ■ „ v » * 

t Kohlrausch and Holbom, L^tvenmogen der ElectrdLyte/’ 1^^, |Itl6} 

HeydweiHer, ‘ Arm. Physik/ voL 30, p. 873 (1909). * 

J ‘ Amer. Chem. J.,’ voL 48, p. 125 (1912), 


§ m is the number of gram mofei^ii^of toc chlod^ to 
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with, hydrogen chloride by the passage of the dried §as. When the zinc had 
completely dissolved the ether was evaporated under reduced pressure, and 
the zinc chloride finally gently heated in v<xcuo^ The product dissolved in 
water, alcohol an<^ther to give perfectly clear solutions. Its analysis gave 
01, 61*8 per cent, (^eoretical 52-0 per cent.). Zinc amalgams were prepared 
from mercury which had been well washed with dilute nitric acid and twice 
distiUed at reduced pressure in a current of air, and from electrolytic zinc 
obtained at platinum cathodes by electrolysis of an ammonical solution of A.R. 
zinc sulphate. The amalgams were made and transferred to a pipette in an 
atmosphere of hydrogen by the method described by Richards and Rorbes 
{loc. dt., p. 18). The pipette was sealed at the top and had at the bottom a tap 
and a long fine delivery tube through which the amalgam could be introduced 
into the cells. The tip of this tube was normally kept closed with wax, and 
a part of the amalgam which might have come into contact with air was 
rejected each time the amalgam was used. The amalgam remained perfectly 
bright and showed no signs of oxidation at the end of the investigation. Silver- 
silver chloride electrodes were prepared by a similar method to that employed,, 
in Part I, but the silver was plated from an ammoniacal solution instead of:^ 
from silver potassium cyanide. It is easier to obtain reproducible electrodes 
in this way. 

Electrode Yessds and Technique , — ^In order to obtain reproducible measure- 
ments with zinc amalgam electrodes, it is essential to exclude oxygen from the 
ceU. Since hydrogen causes disturbances with silver chloride electrodes, 
nitrogen was employed. It was obtained from a cylinder, passed over heated 
copper filings and dried. 

The cell is shown in fig. 1a. The side tubes A, A contain th^ silver chloride 
electrodes and the cups, 0, C the amalgam. Platinum wires, sealed through 
the bottom of these Cups enabled contact to be made with the leads, which 
passed down the tubes L, L. Nitrogen entered the cell by the tube B, and 
could leave when the other openings were closed to the tube P, to which was 
attached a trap to prevent the entry of air. The tube K, closed by a tight 
rubber stopper, was for the introduction of solution and amalgam. 

The solutions were freed from oxygen in pipettes similar to Fig. 1, 6, by 
alternately pumping out and filling with pure nitrogen. In order to fill the 
cell, the tubes A, A and K were stoppered and a stream of nitrogen passed, 
care being taken to sweep out all the dead-ends ’’ with the gas. The silver 
chloride electrodes were then introduced by removing (one at a time) the 
stoppers of the tubes A, A and slipping in the electrode while a rapid stream of 
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nitrogen passed down the open tube to prevent the entry of air. The cups 0, C 
were then filled with the amalgam by similarly introducing the delivery tube 
of the amalgam pipette through the opening K, and the solution was introduced 
in the same way. 

The electromotive forces of a series of salt concentrations in a given solvent 
were determined with each set of electrodes. Usually we started with a dilute 
solution, and when concordant and constant values of the electromotive force 




had been obtained, we added a quantity of a concentrated solution in the same 
solvent. Occasionally the most concentrated solution was first placed in the 
cell and successively diluted. Two such runs were generally required to cover 
the whole range of salt concentrations. After each determination a sampl^. of 
the solution was withdrawn and weighed and its salt content determined % 
precipitating the chloride with a small excess of silver nitrate, filtem^ apdi^*#! 
titrating with standard thiopyanate solution. The maximum error 
analysis was ±0*1 per cent, ; ^ ^ 

In freeing the solutions from oag^gen it is possible that small, hhaiig^^of #|| ^ 
solvent composition occurred ^ unequal evapcMatioib 
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a.lcolioL Care was taken to permit no more evaporation than was unavoidable, 
and it is thought that any such changes as occurred are insignificant. 

The electromotive forces were measured with a Tinsley vernier potentiometer, 
and the usual precautions were taken to avoid thermoelectric effects. The 
Weston cell used was compared with one which had recently been standardised 
at the National Physical Laboratory. 


Ezfefdmental Data. 

As an example of the concordance and constancy of the electromotive forces, 
Table I gives the values obtained consecutively with the two pairs of electrodes 
in part of a typical run, in which the concentration of the salt was first increased 
and then decreased. 

Table I. 

Cell: Zn. 1 per cent, amalgam |ZnCl 2 (m), 26 mols. per cent, alcohol, 
Aga(s)|Ag. 


Time 

(hours). 

Electromotive forces. 

Electrodes 1-3. 

Electrodes 2-4. 

Mean E. 

0 Couoent] 

2*5 

3«0 

3*5 

4-0 Concent] 
22-0 

22-30 

24-0 Concent 
26-0 

26- 5 

27- 0 

27-5 

1 

ration changed to m = 
1-00404 
1-00402 
1-00400 

ration changed to w = 
1 0-99644 ! 

1 0-99641 

ration changed to m = 
1-00661 
1-00682 
1-00684 
1*00684 

0-4926. 

1-00426 

1-00422 

1-00418 

= 0*7447 (left ovemigh’ 
1 0-99668 

0- 99660 
= 0-4105. 

1- 00646 
1-00676 
1*00680 
1-00680 

1-0041 

b). 

0- 9965 

1- 0068 


Table 11 gives the average values of the final readings of all the solutions. 
The valu^ obtained in different runs are usually in good agreement with each 
other where the concentration ranges overlap and the average error for solutions 
above m = 0*05 is probably within ±0-0005 volt. Eeliable values could 
not be obtained for salt concentrations less than m == 0*01 and there may be 
errors of ± 0*002 volt in the region of this concentration. Measurements in 
90 and 100 mols. per cent, alcohol are difficult on account of the high resistance 
of the solutions. No values have been recorded which can be directly compared 
with our results, but as far as a comparison is possible they seem to be in 
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reasonable agreement mtb tbe measurements in aqueous zinc chloride solutions 
at 25° of Horsch,* and Scatchard and Tefft.f 

Table 11. 

Electromotive forces in volts of the cell 

Zn ZnClj (m), AgCl ; Ag. 

1 per cent, amalgam ; Water-alcohol. 


Composition of solvent (mol. per cent, alcohol). 


0. 

25. 

50. 

90. 

100. 

m. 

E. 

m. 

E. 

m. 

E. 

1 

m. 

E. 

m. 

E. 

0*009625 

1*1568 

0*003490 

1*1157 

0*002115 

1 

1-0839 ! 

0*02655 

1*0167 

0*01263 

1*007 

0*03040 

1*1180 

0*006654 

1*0940 

0*02451 

1*0431 

0*04244 

1*0061 

0*02997 

1-001 

0*1011 

1*0799 

0*006881 

1*1004 

0-04666 

1*0314 

0*08168 

0*9998 

0*08820 

0*9888 

0*1031 

1*0793 

0*01218 

1*0813 

0*09199 

1*0193 

0*1000 

0*9974 

0*2176 

0*9783 

0*1444 

1*0678 

0-02611 

1*0634 

0*1331 

1-0177 

0*1703 

0*9909 

0-3178 

0*9745 

0*3590 

1*0387 

0*07131 

1*0396 

0*2479 

1*0061 

0*4033 

0-9766 

0*4616 

0*9653 

0*5285 

1-0262 

0*2810 

1*0139 

0*4326 

0*9988 

0*6989 

0-9706 

1*047 

0*9621 

1*202 

1*0007 

0*4105 

1*0068 

0*4476 

0*9981 

0-8044 

0-9649 





0-4925 

1*0041 

0*7099 

0-9894 







0*7447 

0*9965 

1*1950 

0*9788 









1*4490 

0*9722 






In Table III are given the free energy changes in the cell reaction. The 
values of B employed in calculating these figures were obtained from graphs of 
B against m. The free energy change in the transfer of ZnCl 2 from one solution 
to another can easily be obtained by subtracting the corresponding values in 

Table III. — ^Free Energy Changes in the Cell Reaction {— : AB). 

Zn (Hg) -1- 2AgCl = ZnClg (m) + 2Ag. 


Compositioa of solrent (mols. per cent, alcohol). 


m. 



0. 

26. 

50. 

90. 

100. 

0*01 

53300 

50160 

’ 49060 

47530 

46520 

0*05 

50960 

48410 

47630 

46380 

459^^ 


49^0 

47650 


46030 

"4^70 


47440 

46330 

45960 

44930 

44490 


46490 

45640 


44280 

43980 


* ‘J. Amer. Cbem, 8oo.,’ vol. 41, p. 1787 (1919). 
t Bid., vol. 42, p. 22^2 (1930). 
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this table. Fig. 2, in which, points obtained in difierent runs with a given 
solvent are distinguished, shows the variation of E with log^o^ each 
solvent, and fig. 3 shows the variation of — AF with the solvent composition 
for constant values of m. 


Discussion. 

A uni-bivalent electrolyte may give rise to several types of behaviour 
according to the type of its dissociation. (1) If it is completely dissociated 
as, e.g., ZnClg = Zn"*"^ + 201“*, since two Faradays of electricity are required 
to form three gram-ions in solution we shall have as an ideal law : 

E = E^)-~3RT/2Flog m, 

and at 15° the factor 2-303 X 2RT/2F is 0*08676. (2) If the first stage 
dissociation only, viz., ZnCl 2 = ZnCl;^ + Cl*", is complete the ideal law is 
E = Eq — RT/F log m. (3) If it is completely, or practically completely, 
undissociated, since two Faradays are required to produce 1 molecule in the 
solution, we shall have E = Eq — RT/2F log m. The facfcors 2 *303RT/F and 
2-303RT/2F are 0-06717 and 0-02869 at 15°. 

The graphs of E against log m, fig. 2, are not far from straight lines over a 
considerable part of their course, and their slope wiU give some indication of 
the kind of dissociation we are dealing with. The average slopes of the curves 
between log^^ m = — 0-5 and — 1-5 are given below : — 

Solvent (per cent, alcohol). ........ 0 26 60 90 100 

Average slope of E — logiom ... 0-074 0-048 0-038 0-032 0-026 

The slope in water is not far from that required for case (1), while that in 
alcohol indicates complete non-dissociation. This is in accordance with the 
conductivities (see p. 461). The intermediate solvents have slopes between 
these extreme values, which do not correspond closely with either case. These 
are no doubt due to mixed types of ionisation. 

It is curious that in water the values of B are almost exactly linear with 
logm from m = 0*01 to m = 1, but the slope differs somewhat from the 
theoretical slope for an ideal completely dissociated solution. It is possible 
that the theoretical slope would be obtained at smaller concentrations, but the 
linearity shown over this extensive range can hardly be accidental. If we 
write E =:= Eq + ^log mf^ where h is the theoretical slope and / the activity 
coefficient, and E = Eq' -f- it' log m, where K is the empirical slope, we have 
l<>g/= (Eo' — Eo)/i + — Tc)jh . log m, which applies over the range given, 

but obviously cannot apply down to zero concentration. The value of 



\^ons 
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(y — k)lh is al)out — 0-13. It is difficult to see how such a relation can be 
reconciled with the form of the activity coefficient obtained from Debye and 
Huokels’ theory. 

The differences between the free energies of zinc chloride in water and in 
alcohol are surprisingly small considering the difference between the state 
of ionisation in the two solvents. Also, whereas in the case of hydrogen 
chloride the first additions of alcohol cause a very small change in the free 
energy, with zinc chloride the first additions of alcohol cause the greatest* 
change. It is important to note that this effect cannot be ascribed to alcohol 
decreasing the degree of dissociation, for by itself this would cause an increase 
in the value of — AF. 

Consider, for simplicity, a binary electrol 3 d}e which is completely dissociated 
in a solvent A, and completely undissociated in a solvent B. Let Fg be the 
partial free energy of the undissociated molecules and Fi the sum of the partial 
free energies of the ions. Then writing, for very dilute solutions, 

Fg == Fg"^ + KT log mg, Fi = Fi"^ + 2ET log mi, (1) 

since it is necessary for internal equilibrium that Fg = Fi, we have 

logWK = (Fg^-.Fi^)/RT, (2) 

and (Fg° — Fi®)/RT = log K, where K is the dissociation constant. Now both 
Fs° and Fi° may be functions of the composition of the solvent. If the salt 
is practically completely dissociated in the solvent A, then (Fg®)^ must be 
considerably greater than {Fi°)^ (or — (F/)^ > — (Fs®)^), and if the salt 
is completely undissociated in the solvent B, then — (Fg°)B > — (Fj®)^. 

The points P, Q' and Q, P' on the axis of A and B, fig. 4, represent values 
of these quantities which are related in this way. Suppose that the values of 
^Fi°, —Fg® in the mixed solvents are represented by the curves PP', QQ'. 
Knowing Jhese curves it would be easy by (1) and (2) to construct the curve 
for F — Fg for a constant value of m. The curve PQ (for m = 1) will be 
obtained from values of Fi°, Fg® which vary approximately as PP', QQ', 
The case of a uni-bivalent electrolyte such as zinc chloride is somewhat more 
complicated, but the relations are of a similar form. The general shape of the 
curves of the free energies of zinc chloride at constant salt concentration can 
thus be accounted for in terms of varying degrees of dissociation. It will, 
however, be observed that in order to obtain the initial rapid fall of — F, it is 
necessary that — Fi® should also faU rapidly with the first additions of alcohol. 

Alternatively, if we know the curve for F, and also the dissociation constants 
in the mixed solvents, it would be possible to deduce the curves PP', QQ', 
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We have determined the conductivities of the zinc chloride solutions, which 
are in accordance with the results of this investigation, but it has proved to be 
impossible, in the present state of knowledge, to determine from them the degrees 



of dissociation. Since at present no close correlation between the free 
and the conductivities is possible, we are reserving the measurements of ilie 
latter for a more extensive study of the variation of conductivity in mixed 
solvents. 

We desire to express our thanks to the Department of Scientific and Industrial 
Eesearch for a maintenance grant awarded to one of us (E. T. H.) which made 
his collaboration possible, and to the Trustees of the Carnegie Universities 
Trust for a Teaching Fellowship held by J. A. V* B. 

Summary. 

(1) The partial free energies of zinc chloride have been determined in a seii^ 
of water-alcohol solvents at coi^centratioiis extending from m — 0*01 to 

(2) The values indicate that zinc chloride is practically completely dis- 
sociated in water and practically undissociated in alcohol, which is in accord- 
ance with the conductivities of the solutions. The form of the free energy 
curves is explained in terms of tMs behaviour. 
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The Passage of Nevirom through Matter. 

By H. S. W. Massey, PLD., Senior 1851 Exhibitioner, Trinity CoUege, 

Cambridge. 

(Communicated by R. H. Fowler, F.R.S. — ^Received August 11, 1932.) 

The discovery of the neutron by Chadwick* is of very great importance to 
the theory of nuclear structure for it is apparently a much aim plft r vuiit than 
the a-particle and so more amenable to mathematical description. It is, 
therefore, very necessary to obtain as much knowledge as possible of the field 
of force surrounding the particle, li this field be known a very strict test of 
any theory of the nature of the particle is provided. 

Kie experimental method used to determine the field of force consists in 
the observation of the collisions of neutrons with nxaterial particles such as 
electrons and protons; The interpretation of these results requires the 
development of a satisfactory theory of such collisions, tortunately, in most 
cases the smallness of the field of interaction between a neutron and a charged 
particle leads to the possibility of applying the simple approximate quantum 
theory of collisions due to Bom.t In this paper we wiU discuss the application 
of the theory to the elastic collisions of neutrons with material particles. A 
neutron model consisting of a hydrogen atom in a nearly zero quantum state 
wffl be considered in particular and the probabihty of disintegration of such a 
model by nuclear impact estimated. It will be shown that the available 
experimental material indicates that the radius of such an atom must be less 
than 2*0 X 10~“ cm. 

1. Properties of the Neutron ard the Atomic Modd. 

The experiments of ChadwickJ and Feather§ have shown that the neutron 
IS a particle with mass M nearly equal to that of the hydrogen atom and no 
appreciable charge. Its velocity of ejection from a beryUium nucleus is 
roughly 3 X 10® cm. per second and experiments carried out by Dee|| have 
established that neutrons of such velocity produce less than 1 pair of ions per 

* ‘ Nature,’ vol. 129, p. 312 (1932). 

t ‘ Z. Phyak,’ vol. 38, p. 803 (1926). 

t ‘ Pioo. Boy. Soo.,’ A, vol. 136, p. 692 (1932). 

§ ‘ Proc. Roy. Soo.,’ A, vol. 136, p. 709 (1932). 

II ‘ Proc. Roy. Soo.,’ A, vol. 136, p. 727 (1932). 
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300 cm. patli in air at N.T.P. Tie number of collisions witi protons corre- 
sponds to a collision radius of the order 10”^® cm., while for heavier nuclei the 
radius effective in collisions is not very different from that of the nucleus 
concerned. It has also been shown that approximately 26 per cent, of the 
collisions with nitrogen atoms are inelastic, resulting in disintegration of the 
nitrogen nucleus. Finally, if one assumes that the neutron is composed of 
two or more particles its mass shows that the energy of binding of the particle 
is probably between 1 and 2 million electron volts. 

In view of these properties it is of interest to examine the most likely model 
or the neutron. The fact that its mass is nearly that of the hydrogen atom at 
once suggests the model of a hydrogen atom in a nearly zero quantum state. 
Such a possibility was discussed by Rutherford* in 1920 and recently Langer 
and Eosenf have discussed such a model in terms of the quantum! theory. In 
its present form quantum mechanics excludes this possibility completely, 
but, since the binding energy involved would be greater than the proper mass 
of the electron, a relativistic theory of the interaction of two bodies is required. 
No such theory exists at present. We are, therefore, justified in disregarding 
the impossibility of the nearly zero quantum state in the present quantum 
theory and will imagine the neutron as an atom in which the electron moves 
in a field of very high effective nuclear charge Z. The field of such an atom 
will be given by 

= + ( 1 ) 

\f 

where is the radius of the first Bohr orbit of hydrogen. The radius of the 
neutron will then be a^jZ. If we assume that the electron and .proton both 
behave as point charges down to very small distances we may represent 
collisions of neutrons with these particles as the scattering of particles by the 
potential field V(r). 

2. Theory of CcUisiom. 

The wave equation for the relative motion of the neutron and nucleus is 
V2^+|i2_«V(r)}<{- = 0, (2) 

wkere M is the reduced mass of the sjstem and the wave-number A = 

V being the relative velocity of the colliding particles. We require a proper 

♦ ‘ Proc. Roy. Soc.,’ A, voL 97, p. 374 (19^). 
t Phys. pSewV 37, p. 1679 (1931). . ; 
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solution of this equation which has the asymptotic form 

The collision cross-section is then given by 

To obtain such a solution we expand in the form 

'f' = S '{'n (r) P„ (cos 6). 

n 

The function tf;„ must then satisfy 

^ + {a® - ^ V (r) - ^ + == 0, (6) 

and will have the asymptotic form 

'f'» ~^sin(fe--J«„ + Sj. (7) 

It has then been shown by Fax4n and Holtsmark* that the collision cross-section 
is given by 

4-r 

Q = pS(2n-f l)sm2S„. (8) 

The problem then reduces to that of calculating the phases S„. If the scatter- 
mg field IS small approximate expressions may be used for these. Thus it has 
been shown by Mottf that S„ is given approximately by 

4:7r^M f°° tr , K r-r 

^ (»■) {Jn + i (At)}2 dr, ( 9 ) 

provided the right-hand side is considerably less than unity. In this case the 
senes (8) for Q may be summed by assuming 

sin 

and we arrive at Bom’s formula 

Q = £ I jv (/) *•» w dv' 


2 

sin 6 dB. (10) 


( 3 ) 

( 4 ) 

(S?) 
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The condition of validity of this formula is that the phases be all considerably 
less than unity. It appears from comparison of exact and approximate 
values of 8^ for the scattering of electrons by atoms that the right-hand side of 
(9) does not need to be much less than 0-5 in order that it shall represent a 
good approximation to 

3, Application to Neutron Collisions. 

{a) With Heavy Nuclei . — If Z' is the nuclear charge, the field of interaction 
between a neutron and the nucleus, on the basis of the assumptions of section (1) 
will be 

/I Z\ 2Zr 

V(r)=Z'e2 (11) 

at distances greater than the -nuclear radius. As the experimental evidence 
shows that the collision diameter is not greater than the nuclear radius we are 
enabled to find a lower limit to the value of Z. 

Using the values of the mass and velocity of the neutron we find 

^; = 4-76 X 10^^cm.~\ 

so the collision cross-section 

Q = 5-5 X lO-^ss (2n + 1) sin^S„. 

n 

The observed cross-section, for lead is 

Tc X (7 X 10-iy = 1-54 X 10-24 
so 

S (2n + 1) sin* = 2-8. 

n 

This immediately sets an upper limit to sin^ which cannot be greater than 
2*8/ {2n + 1.) In effect, this limits the size of the phase itself for, if say, 
is greater than 7r/2, some higher phase will be nearly as great as 7i:/2, and will 
give too large a value for the cross-section. We may then take it that 8^ 
cannot be greater than 0*7, Actually it must be very much less than this 
owing to the additive effect of the other terms and we can assume that all the 
phases except the zero order one must be sufiB.ciently small to be given by the 
approximate form (9). We may then write the expression for the cross-section 

* J, McDougall, ‘ Proc. Roy. Soc.,’ A, vol. 136, p. 549 (1932). 
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in the form 


sin 0 dQ 


f oo 

Y Q^ikr' sin id cos 6' 

0 

- ^ ’• J«+t (^) ^o] , (12) 


where the second term is a correction to the Born formula (10) for the jzero 
order term. 

Substituting the expression (11) for V(r) in the formula (12) we find, on 
carrying out the integrations 


^ iST^ + 72a;2 + 28 



+ 


_JL_ri 

l + cc^J J 


■where 


X == Z/JbaQ. 


+ ^smn,, (13) 


If we neglect, for the moment, the term in sin^ Sq* magnitude of which we 
cannot obtain except by integrating the differential equation (6), we may 
find a value of x which would lead to a value of Q of the right magnitude for 
collisions with lead nuclei. This will give a lower limit to Z* In this way we 
find 

a;> 1-0 
so 

Z > 26,000. (14) 


The approximate expression (9) for Sq becomes equal to 3*5 which shows that 
the correcting term in (12) is important. 

(b) Light Nvdei , — ^Let us now consider the consequences of the lower limit 
obtained above for the size of the neutron. 

For light nuclei we see that Born’s approximation may be used for all the 
phases, for the zero order phase becomes 


^0 = 



where Z' is the nuclear charge. The cross-sections of the light nuclei would 
then be in the ratio of the squares of the nuclear charges. This is in contra- 
diction to the observations which show that the variation -with Z' is much 
slower. It is clear then that the observed collision areas must be determined 
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by the internal nuclear field, the external field of the neutron being of such 
short range that the colliding systems penetrate very closely. 

(c) Protons . — The above considerations become of special importance when 
applied to protons. If the proton behaves as an elementary charge down to 
very small distances of approach the collision area will be given by 

( 15 ) 

where M is the mass of the proton. Using the above lower limit for Z we find 
that the collision radius must be less than 1-4 X cm. All observations 
seem to indicate a much greater value than this. Consistency with the above 
conclusions would then require the introduction of a powerful internal proton 
field coming into play at a distance given roughly by the collision radius 
associated with neutron-proton collisions. 

In view of these conclusions it would seem to be of great interest to obtain 
accurate measurements of collision cross-sections. Although the above 
resixlts have been obtained by the use of a special field it is hkely that, provided 
the interaction of a charge with a neutron is proportional to the magnitude of 
the charge, the results will hold for any field.* 

{i) Electrons . — ^For this case M 2:: m the mass of the electron and the collision 
radius becomes 

and is 2/1850 of that for proton-neutron collisions. For Z = 2»5 X 10^ we 
find that 

%Uo == 7-4 X 10“i7 cm. 

The number of ions produced per centimetre of path by neutrons will thus be 
very small as may be seen from the following considerations. In passing 
through air containing 5*3 X 10^ electrons per cubic centimetre the total 
number of such collisions per centimetre path would be 

7c X 49 X 10“^ X 6*3 X 10^ = 3 X 10”^® per cm. 

The maximum loss of energy by a neutron per collision with an electron is 
where v is the velocity of the neutron. Allowing 30 volts per ion, the 

* As it is unlikely on general grounds that the radius of the proton is nearly as great as 
10*“^® cm. (assuming it to be comparable with the experimental results would 

seem to indicate that it is not the nuclear charge which is important in determining the 
interaction between neutrons and nuclei at large distances. The effective property must 
be one which varies much more slowly than the nuclear charge in passing from element 
to element. 
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total number of ions formed per centimetre path could not be greater than 
3 X 10”^® . = 1 ion per 10^^ cm.,- 

that is to say, practically no ions at all. If any ions are detected with certainty 
then it is clear that Z must be considerably smaller than 25,000. 

The negative results of Dee’s experiments are thus easily explicable. Even 
if an internal electron field must be taken into account the small mass of the 
electron will still reduce the cross-section to a low value unless the field be 
very strong indeed. 


4. Probability of Disintegration of a Neutron by Impact with Protons and Heavy 

Nuclei. 

The probability of ejection of an electron from an atom of mass Mi with 
velocity between v" and v'* -f- dv" by the impact of a charged particle of mass 
Mg and charge Z'e, moving with initial velocity v relative to the atom, is given 
by* 


Q(r)dF 


where 




exp 


\ k" 


arctan 


hZ 


{'(K + + k"f + i? 

27rM'y"an 


K2-.r2 + : 


]c = JJ ^ ^1^2 X./' 


Ml + Mg 


, r 


hZ 


j5.'2 = ^2 StC^McIq^ Jg M 

Z%2 ^ ’ 


(17) 


E is the ionisation energy of the atom and Z is the effective nuclear charge. 
If, now, we assume, as a rough approximation, that the neutron behaves in this 
way as an atom with large effective nuclear charge we may use the above 
formula to estimate the probability of disintegration of a neutron by impact 
with nuclei. 

We take E as corresponding to 1 - 6 X 10® electron volts and -y as 3 X 10^ cm. 
per second. This gives 

^ Q. 3 J _ M ^ heavy nucleus 

m 

M 

= 0*04 — -- for a proton, 

2m ^ 

M being the mass of the neutron. 

* Bethe, ‘ Ann. Physik,’ vol. .5, p. 325 (1930). 



The Passage of Neutrons through Matter. 467 


With these values we may write with suifficient accuracy 


Ci-+ k' 
Jk- k' 


£^ + ^(1+^2) 


K { (K + V'f + 1}* {(K - + 1}» 


ifc { (jk + + If {(Ik - k"f + 1}» 


exp 


^{-1 

H 


arctan ■ 


2k" 




arctaii: 


(K2-r2+i)f 

2k'’ 1 


dK 


'¥-k"^+iy 


(18) 


The total probability of ionisation will be obtained by integrating over all 
possible values of k", i.e., from k" > 0 to ik" = ^ )*• Carry- 


ing this integration out approximately gives for the probability cross-section 
corresponding to disiutegration of the neutron 

A/M _ 22^2'^ + i) ,-4 (ih. .n /p STT^MEao^V . .. 


Taking the valucj 2*5 X 10^, for Z gives 

Q(^) - Tvao^ X 2 X Z'^ (20) 

corresponding to a collision radius u, for disintegration, an 1*70 X 10”^® Z' 
oms. for a heavy nucleus, and a radius of the same order for a proton. 

These collision areas are very small and indicate that it is very unlikely that 
any disintegration of a neutron would be observed in its passage through 
matter,* 


Concluding Remarks. 

It has been shown above that the model assumed for the neutron is capable 
of explaining the experimental results but it is of some interest to examine 
what effects would be expected on other hypotheses. 

Firstly we note that, as long as Born’s formula is valid and the wave-length 
associated with the collision is. long compared with the radius of the neutron, 
collisions with a proton are times as frequent as with an electron. This 

follows from the fact that when the wave-length is long, only the zero order 
cross-section is important and Born’s formula gives for this the form 

(21) 

* Throughout this calculation it has been assumed that the out-going electron is moving 
in the field of a charge Z = 2-6 X 10* but actually the density of the outgoing electron 
near the neutron radius will be less than that which would correspond to such a charge. 
This will result in less overlap of initial and final electron wave functions and a smaller 
probability of disintegration than that calculated above. 
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in the low yelocity limit, M being the reduced mass of the colliding systems. 
As the much greater collision area for proton than for electron collisions is a 
feature of the experimental results the field of the neutron must vary so 
gradually with closeness of approach that Born’s approximation is valid, or, 
if the internal fields of the electron and proton are involved, these cannot be 
so intense that the formula (21) fails to represent the facts approximately. 

A possibility which finds favour in some quarters is that the neutron behaves 
like a dipole. If we assume that the field varies as ae^/r^ we have from (9) 
the condition of validity of Born’s formula, that 


27z^Moce^ ^ -t 

h^n + i)^ • 


( 22 ) 


If, then, the dipole moment is much less than 2*8 X 10~^^c.g.s. units we may 
apply the usual approximation (10). Using this we find for the distribution 
per unit angle of protons struck, the form 

I {(j)) sin 2<^ sec^ ^ sin 2^ (23) 


It should be readily possible to distinguish such a distribution from that which 
would be obtained if the interaction falls off more rapidly than for large r. 
In the latter case the number scattered per unit angle tends to zero as the angle 
tends to zero or to 7r/2, whereas with a dipole the number tends to infinity as 
the angle tends to 7r/2. 

In particular with the field (1) the distribution per unit angle of struck protons 
is given by 


I {<f>) sin 2<f> d^ 


27cm%o^ <i>f 

{Z2+ JkVcos^i)^ 


sin 2<l> d<[>. 


(24) 


Comparison with the results of Wilson Cloud chamber observations should 
help to test the validity of this formula. 


I wish to express my indebtedness to Dr. J. Chadwick for much discussion 
of the observational material. 


Summary. 

The quantum theory of collisions due to Bom and Fax4n and Holtsmark is 
applied to the consideration of the collisions of neutrons with atomic nuclei 
and with electrons. A neutron is represented as an atom in a nearly zero 
quantum state and it is shown that the experimental results indicate that the 
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radius of suck an atom must be less than 2 • 0 X 10“^^ cm. Evidence is deduced 
fckat, either the proton does not behave as a unit charge for distances of 
approach less than 10""^® cm., or the energy of interaction between neutrons 
and nuclei at large distances increases much less rapidly than the nuclear 
charge in passing from element to element. 

Further, it is shown that the probability of disintegration of a neutron by 
nuclear impact is very small if the assumed model is valid. 


The Large Angle Scattering of Electrons in Gases. — II. 

By C. B. 0, Mohr, B.A., M.Sc., Trinity College, Cambridge, 1851 Exhibitioner, 
University of Melbourne, and F. H. Nicoll, B.Sc., M.Sc., Trinity College, 
Cambridge, 1861 Exhibitioner, University of Saskatchewan. 

(Communicated by Lord Rutherford, O.M., F.R.S. — Received August 20, 1932.) 

Introduction. 

The results of the investigation of the angular distributions of electrons 
scattered elastically and inelastically in helium, argon, and mercury vapour 
have been described in a previous paper.* It was found that the inelastic 
angtilar distributions in mercury vapour and argon exhibited difEraotion maxima 
and minima similar to those which appeared in the elastic angular distributions.f 

Recently Tate and Palmer J have investigated the elastic scattering in mercury 
vapour for angles of scattering between 5° and 126°, and the inelastic scattering 
(corresponding to a discrete energy loss) between 5° and 66°. Hughes and 
McMillen§ have measured the angular distributions of the elastic and inelastic 
scattering in hydrogen between 40° and 166°, and the elastic scattering in 
helium between 15° and 150°. These papers are also concerned with the large 
angle scattering of those electrons which make ionising collisions. 

The present paper describes the continuation of our work and gives angular 
distributions for hydrogen, carbon dioxide, methane, nitrogen, neon, phosphine, 
and hydrogen sulphide. The elastic and inelastic scattering curves are again 
found to be similar, and the results taken as a whole greatly clarify the 
interpretation of the phenomena. 

* * Proc Roy, Soo.,’ A, vol. 138, p. 229 (1932), referred to throughout as Paper I. 

f Bullard and Massey, ‘ Proo. Roy. Soc.,* A, vol. 130, p. 579 (1931) ; vol. 133, p. 637 
(1931). Arnot, ‘ Proc, Roy. Soc.,’ A, vol. 130, p. 655 (1931) ; vol, 133, p. 615 (1931). 

J ‘ Phys. Rev.,’ vol. 40, p, 731 (1932). 

§ ' Phys. Rev.,’ vol, 41, pp. 39 and 154 (1932). 
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Method, 

The apparatus used in these experiments was the same as that described in 
Paper I and it will be sufficient to mention briefly the essential parts. The source 
of electrons was a gun consisting of a thoriated tungsten filament enclosed in a 
case containing two slits for defining the electron beam. The case was main- 
tained at a suitable potential for producing electrons of the desired velocity. 
The electron gun could be rotated about the centre of a field-free scattering 
space by means of a ground glass joint, in such a way that the beam of electrons 
crossed the centre of this space. Electrons scattered in a small region near the 
centre passed through two defining slits into an electrostatic analyser, consisting 
of two curved plates, and then into the Faraday cylinder. The potential on 
these plates was adjusted to such a value that only electrons of the desired 
velocity were collected by the Faraday cylinder. The whole system was 
enclosed in a pyrex vessel and with the exception of the ground glass 
joint, could be baked at a temperature of 450° C. The pressure of the gas in 
the apparatus was usually maintained at a steady value of less than 6 X 
mm. Hg by means of a constant flow method, the gas being admitted to the 
apparatus through a fine leak and then pumped away. Liquid air traps on 
the inlet and outlet tubes excluded mercury vapour from the apparatus. All 
the gases used with the exception of phosphine and hydrogen sulphide, were 
obtained from commercial cylinders, and apart from being dried were not 
further purified. The phosphine and hydrogen sulphide were prepared 
chemically as described later. 

Results, 

The curves obtained for the elastic scattering of electrons in hydrogen, 
methane, nitrogen, and neon agree closely in form with those obtained by 
Amot {loc, dt,) for angles of scattering less than 120°. In the present work the 
readings were extended to an angle of about 160°. The elastic scattering was 
also investigated in carbon dioxide, phosphine, and hydrogen sulphide. The 
angular distributions of electrons which have lost energy in exciting the atoms 
or molecules to the first excited level were measured in hydrogen, carbon dioxide, 
nitrogen and neon. The intensity of the inelastic scattering at large angles in 
the first three gases was usually between one-tenth and one-twentieth of the 
intensity of the elastic scattering, while in neon it was about one-fiftieth. 
The ratio was greater at the higher voltages studied and became less at the 
lower voltages ; below about 40 volts the small intensity of the inelastic 
scattering at large angles prevented measurements being taken. For the 
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molecules, methane, phosphine, and hydrogen sulphide, no well-marked dis- 
crete energy losses could be found, although a large amount of ionisation was 
observed. 

(a) Hydrogen . — ^Angular distributions of 63 and 125 volt electrons scattered 
elastically and inelastically are shown in fig. 1. The main discrete energy 



Fia. 1. — Scattering in hydrogen, carbon dioxide, and methane. — Elastic. ... Inelastic. 

loss* is 12-6 volts, and corresponds almost certainly to excitation of the 
molecule to the C state (2^11 level). For 63- volt electrons, the elastic and 
inelastic angular distributions are very similar and both show a slight rise at 
large angles. The results agree with those of Hughes and McMillen for 60-volt 
electrons, although they find a more pronounced rise at large angles. At 
125 volts the elastic curve becomes flat at angles greater than 120®, while the 
inelastic curve falls off very rapidly, the intensity becoming too small to be 
measured beyond 80®. Again, for 100-volt electrons Hughes and McMillen 
obtain a slight rise in the elastic angular distribution at large angles, a feature 
which is not present in our 126-volt curve. As was pointed out in Paper I, 
the apparatus was primarily designed for investigating inelastic scattering at 

* Whiddington, ‘ Phil. Mag.,’ vol. 6, p. 889 (1928) ; Hamwell, ‘ Phys. Rev.,’ vol. 35, p. 
285 (1930) ; Hughes and McMiUen, ‘ Phys. Rev.,’ vol. 36, p. 1034 (1930). 
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large angles where the intensity is very small, and as a result the measurements 
cannot be regarded as very accurate at angles less than about 40®.* 

(6) Carbon Dioxide and Methane . — ^The angular distributions of the elastic 
scattering of 84-volt electrons in carbon dioxide and 30, 62 and 84-volt electrons 
in methane are illustrated in fig. 1. These curves all show a very pronounced 
minimum at about 90®. An energy loss of 12 * 9 volts occurs in carbon dioxide, t 
the interpretation of which is doubtful. The angular distribution of electrons 
having suffered this loss is also illustrated in fig. 1 for incident electrons of 
84 volts energy, the curve being arbitrarily fitted to the corresponding elastic 
curve at the minimum. 



Pig. 2. — ^Scattering in nitrogen and neon. — Elastic. . . . Inelastic. 

* Note added in proof, September 26, 1932.— In Paper I, this reason was advanced to 
explain the unexpected lack of agreement at small angles of the experimental curves or 
the elastic scattering of 100-200 volt electrons in helium, with the theoretical curves 
obtained by the use of the Born formula. The experimental curves, however, agree 
quite well with those recently obtained by Hughes, McMillen and Webb (loc. cit.) for 
helium. The discrepancy with theory is probably due to the neglect of the effect of 
polarisation. 

t Eudberg, ‘ Proc. Boy. Soo.,’ A, vol. 130, p. 182 (1931). 
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(c) Nitrogen and, Neon . — The angular distributions of electrons scattered 
elastically and inelastically in nitrogen and neon are shown in fig. 2, the curves 
being fitted together arbitrarily at the minimum. The nitrogen curves are 
for 50, 84, and 100-volt electrons and the neon curves for 50, 84, and 150-volt 
electrons. The inelastic loss investigated in nitrogen* was the 12-8 volt loss 
corresponding to excitation to the first singlet level of the molecule, while the 
loss investigated in neonf was the 16-6 volt loss due to excitation to the 2^P 
level The elastic and inelastic curves are again seen to be similar as in the 
case of carbon dioxide, while all the curves exhibit the pronounced miniTmim 
which also appears in the curves for carbon dioxide and methane. 

(d) Phosphine^ Hydrogen Sulphide, and Argon . — The angular distributions 
of the elastic scattering in these three gases are compared, in fig. 3, for electrons 



Pig. 3. — ^Elastic scattering in phosphine, hydrogen sulphide and argon. . . .Form of the curve 
IPs (cos B)\K 


* Rudberg, ‘ Proc. Roy. Soc.,’ A, voL 129, p. 628 (1930), 
t Van Atta, ‘ Phys. Rev,,’ voL 38, p. 876 (1931), 
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of 150, 84, and 30 volts energy respectively. Their interest lies both in the 
general similarity of the curves and their gradual change from phosphine to 
hydrogen sulphide, and to argon. The positions of the maxima and minima 
are almost the same in the three gases, but the prominence of the peak at about 
100° increases as one goes from phosphine to argon. Since the scattering at the 
higher voltages by phosphine and hydrogen sulphide is probably mainly due 
to the phosphorus and sulphur atoms, the curves therefore establish the 
similarity of the scattering by elements near each other in the same row of the 
periodic table. 

The phosphine used in these experiments was prepared by dropping a solu- 
tion of potassium hydroxide in methylated spirits on to phosphorus in vacuo. 
The gas obtained in this way was purified by fractional distillation from a 
liquid air trap. The hydrogen sulphide was obtained by dropping sulphuric 
acid on iron sulphide in vacuo. An attempt was made to investigate the scatter- 
ing in hydrogen chloride and chlorine, since chlorine lies between sulphur and 
argon in the periodic table. The results, however, were not considered reliable 
owing to the strongly corrosive action of these gases on the tap grease and 
various parts of the apparatus. 


Discussion. 

A comparison of the elastic and inelastic angular distributions at large 
angles in nitrogen, carbon dioxide and neon shows the same close similarity 
which was shown in Paper I to exist in the case of argon and mercury vapour. 
This similarity was discussed in Paper I, and it was suggested that the results 
provided a clue to certain theoretical difficulties. It was predicted that, 
although the scattering of electrons by atoms is a process involving many 
complicating effects due to polarisation, electron exchange, and the distortion 
of the incident and outgoing electron waves by the field of the atom, the 
observed results might be explained on simple considerations involving only 
the size of the atom. The experimental results given in the present 
paper indicate how all the observed facts can in fact be explained qualitatively 
on the basis of a simple picture. 

Consider first the elastic scattering. For electrons of any given velocity the 
angular distribution may be expressed in the form 

lSa„P„(cose)|2 (1) 

* If the atom is pictured as a spherical hole, then the term “ size ” is considered to 
include not only the vddth of the hole but also its depth. 
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wihere 6 is tte angle of scattering, the a„ are complex numbers depending on 
the velocity of the incident electrons and the atomic field, and where as usual 


Pq (cos 6) = 1 

Pi (cos 6) = cos 6 

Pg (cos 6) = J (3 cos^ 6 — 1), etc. 


I 

f 

J 


( 2 ) 


At sujficiently high velocities, the approximation due to Born’*' can be used, 
in which the incident electron wave is regarded as plane, and this leads to 
values of the coefficients in expression (1) which give merely a monotonic 
fall in the scattered intensity with increasing angle of scattering. At lower 
velocities it is necessary to include, among other things, the ejSect of the dis- 
tortion of the incident and outgoing electron waves by the field of the atom. 
This will have the effect of altering the coefficient of one or more of the spherical 
harmonics in expression (1). Now the scattered intensity given by the Bom 
formula falls away to quite small values at large angles of scattering (except 
at quite low velocities), and if it is the coefficient of the harmonic which is 
mainly affected by the distortion of the electron waves, then the angular 
distribution of the elastic scattering will be given approximately by j (cos 6) p 
at large angles. If we consider the scattering of electrons of a given velocity 
by different atoms, it is easily shown that for the larger atoms it will be the 
harmonics of higher order which will be important, while for the lighter atoms 
only the harmonics of lower order will be important. 

We will now consider the experimental results for the elastic scattering. 
The curves in this paper for hydrogenf and in Paper I for helium are on the 
whole nearly flat at angles greater than about 90®. Eefeiring to the values of 
the spherical harmonics given in (2), we see that for these light elements, it is 
chiefly the harmonic Pq which is effective. When we come to the curves for 
nitrogen and neon, it is seen that the curves are roughly of the form cos^ 0. 
Eeferxing again to (2), this indicates that, for the elements at the end of the 
second row of the periodic table in which the addition of the L shell of electrons 
is being completed, it is chiefly the first order wave which is distorted, involving 
the harmonic P^. 

We now come to the curves given in fig. 3 for phosphine, hydrogen sulphide, 
and argon, and in comparing theta we expect that at the velocities in question 

* ‘ Z. Physik,’ vol. 38, p. 803 (1926). 

•j* The scattering by a homonuclear diatomic molecule has been shown (Massey and 
Mohr, ‘ Proc. Roy. Soc.,’ A, vol. 136, p. 258 (1932) ) to be practically the same as that 
caused by the two separate atoms. 
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the curves for phosphine and hydrogen sulphide are well representative of the 
scattering by the phosphorus and sulphur atoms respectively. Now the curves 
for argon are approximately of the form* jPg (cos 6) [^, so that in the case of 
argon it is the second order wave which is mainly distorted. The curves for 
phosphine and hydrogen sulphide are similar in form, but are intermediate in 
character between the curves for neon and argon, so that in the case of phos- 
phorus and sulphur, the first order wave is being distorted almost as much as 
the second order wave. Actually, of course, some of the other harmonics are 
also affected, and to obtain quantitative agreement with experiment, it is 
necessary to calculate a number of the coefficients of the slowly convergent 
series in (1) using the method of Faxen and Holtsmark.f 

Now in the above discussion it has been assumed that the velocity of the 
incident electrons is sufficiently high for the scattering to be mainly due to the 
inner shells of the atom — ^as is the case with the results given in this paper — 
and not merely to the outer shell of electrons. If this is the case, the precise 
nature of the outer shell is of secondary importance as far as the scattering at 
large angles is concerned. For example, the curves for hydrogen sulphide are 
similar to those for argon, so that the effect of the two hydrogen atoms on the 
scattering is not very great at the voltages considered. Similarly we may expect 
that the scattering by an excited atom in which an outer electron is removed 
to a greater distance from the nucleus will be similar to the scattering by the 
normal atom at not too low velocities.J Hence in the distortion of the out- 
going electron wave which has lost energy in exciting the atom, the same 
harmonic is disturbed as in the distortion of the incident electron wave, pro- 
vided that the velocity of the incident electrons is large compared to the energy 
lost in exciting the atom. Hence we expect the inelastic angular distributions 
to be closely si mil ar to the elastic at large angles and high enough velocities. 
This is in fact what is observed. 

Let us now turn to the effect of the exchange of electrons between the atom 
and the colliding beam. Since the outgoing exchanged electrons have the 
same energy as, and move in the same field as, the outgoing non-exchanged 
electrons, application of the above considerations shows that the exchanged 
electrons will have just the same angular distribution as the non-exchanged 

The form of this function is illustrated by a dotted line in fig. 3 for purposes of com- 
parison. 

t "Z. Physik,’ vol. 45, p, 307 (1927), 

J The foregoing arguments will not apply to the consideration of the total cross sections 
which is mainly due to the scattering at small angles. 
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electrons at large angles of scattering. Tiiis shows why it has been possible 
to explain the angular distributions by entirely neglecting the effect of exchange- 
Also the simple considerations of this section lead one to expect that a knowledge 
of the precise form of the atomic field may not be necessary to obtain good 
agreement with experiment. Thus Morse and Allis* were able to obtain 
quite good. agreement with experiment with the use of a comparatively crude 
model of the atomic field. Again, it has been shown possible! explain the 
observed angular distributions in mercury vapour by using the Fermi field 
together with an approximate method of calculating the coefficients in 
expression (1). We thus see, as was suggested in Paper I, that it is merely 
the “ size ” of the atom which is of fundamental importance in the considera- 
tion of the scattering of electrons by atoms. 

At lower velocities the simple considerations of this section no longer apply. 
For the heavier atoms, only the outer shells will be effective in the scattering, 
and further the wave-lengths of the incident electrons and the inelastically 
scattered electrons will differ by a greater amount, so that the inelastic angular 
distributions will become less similar to the elastic at lower voltages. This was 
seen to be the case for mercury vapour as shown in Paper 1. At lower velocities 
in hydrogen and helium, the effect of exchange must be included in the theory 
to explain the observed angular distributions. This may be a feature peculiar 
to these light elements, but it is possible that the effect of exchange should 
also be included in the calculation of the large angle scattering by heavy atomB 
at low velocities. It is also possible that the effect of exchange may become 
apparent in a careful comparison of accurate theoretical and experimental 
results for the small angle scattering by heavier atoms at moderate velocities. 

In conclusion, we should like to express our thanks to Lord Eutherford 
and Dr. P. M. S, Blackett for their interest in the work, and to Dr. H. S. W. 
Massey for many interesting discussions. 


With an apparatus described in a previous paper the angular distributions 
of scattered electrons have been measured to 160° for 30-150-volt electrons. 
The elastic scattering has been investigated in hydrogen, carbon dioxide, 
nitrogen, neon, methane, hydrogen sulphide, and phosphine, while the inelastic 


* ^ Z. Physik,’ vol. 70, p. 567 (1931). 

t Henneberg, ‘ Natnrwiss.,’ voL 30, p. 561 (1930) ; Massey and Mohr, ‘ Nature,’ vol, 
130, p. 276 (1932). 
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scattering has also been measured for the jBrst four gases. The di&aotion 
maxima and minima which appear in the inelastic angular distributions are 
closely similar to those obtained for the elastic scattering. The curves for the 
elastic scattering show a gradual change in form for successive elements in the 
periodic table. 

With the aid of a simple picture involving merely the sijze ” of the atom, 
the general shape of the experimental curves for the elastic and inelastic 
scattering is qualitatively accounted for. 
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By G. Temple, PI 1 .D., D.Sc., Imperial College of Science and Technology, 
(Communicated by S, Chapman, F.E.S. — ^Received June 25, 1932.) 

The object of this paper is to reformulate the principles of the quantum 
theory as a sequence of propositions which shall be either summary statements 
of standard experimental procedure or hypotheses concerning the results of 
experiment and having an immediate physical interpretation. It is shown that 
the standard process in micro-physics is a generalised spectral analysis, whose 
properties are simply expressible in symbolic form by means of projective or 
‘^dempotent” operators (Einzeloperatoren). It appears that only two 
hypotheses need be made and that these relate to the existence and properties 
of transition probabilities. From these fundamental principles, which have a 
direct physical significance, it is possible to deduce the subsidiary principles 
which form the accepted basis of the mathematical analysis of the quantum 
theory and which deal with the representation of quantum states and physical 
quantities by vectors and linear operators respectively. 

In this paper the emphasis is laid on the experimental process determining 
a state of a system and on the associated operators rather than on the state 
itself or the vector representing it in the system space. Projective operators, 
wMch represent actual processes of measurement, and unitary operators, 
which represent actual transformations of systems of measurement, are given 
priority over the (statistical) operators which represent physical variables. 
This method of representation makes the physical meaning of the theory 
fundamental, instead of leaving it to be extracted from a purely mathematical 
system of non-commutative algebra or differential equations. 

§ 1 . The General Principles of the Quantum Theory. 

The first step in the rational analysis of the principles of the quantum theory 
is the distinction between the “ general principles,” which are valid for any 
physical system, and the “special principles,” which are characteristic of 
particular physical systems. The present paper is concerned only with the 
general principles. The special principles will be considered in a subsequent 
communication. 

The fundamental concepts, in terms of which the general principles are 
formulated, are the concepts of a system^ of the states of a system, of the tran- 
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sitions of a system feom one state to anotter, and of the probability of these 
transitions. The general principles themselves relate exclusively to the 
mathematical representation of these physical concepts. They assert that a 
system is represented by a certain Hilbertian space the states of the system 
by rays or unit vectors, a, p, in the system space ft, and the transitions of 
the system by unitary transformations, U, V, in ft. The probability of 
a transition between two states is taken to be equal to [ (a, P) |^, the squared 
modulus of the scalar product of the two rays a, p representing the states. 

In this scheme a physical quantity or a d 3 mamical variable is a derivative 
concept. It is associated with a group of unitary transformations, {U (s)}, 
depending upon one parameter s, and it is represented by the iniinitesimal 
operator of this group, 

P == lim dTJ{s)lds, 
s->o 

more precisely, by the operator {h/2Tvi) P where h is subsequently identified with 
Planck’s constant. The effective or average value of a physical quantity 
represented by an operator X in a state represented by a unit vector a is taken 
to be equal to (Xa, a), the scalar product of Xa by a. 

The two modes of exposition of the quantum theory, represented by the 
books of Dirac and Weyl, emphasise respectively the representation of states 
by vectors and the representation of quantities by operators. When the 
exposition is restricted to that part of the quantum theory which depends 
exclusively upon the general principles, Weyl’s method is inevitable and it is 
this method— the representation of operators by algebras, groups and matrices 
— ^which is mainly employed here. 

Both modes of exposition are purely deductive systems in which only the 
remote conclusions can be physically interpreted and experimentally proved. 
The principles themselves, as is clear, from the summary above, have no 
immediate physical significance ; the object of this investigation is to analyse 
them into simple assumptions free from this defect. Until this problem is 
solved the quantum theory will present the anomaly of a physical theory 
incapable of giving a physical interpretation of its own principles. 

§ 2. Selective Operators. 

The general interpretation of the quantum theory given by Bohr, Heisen- 
berg and Dirac has stressed the uncertain and unpredictable character of 
experimental observations. It is clearly as impossible to base the quantum 
theory on these negative qualities alone as to ground the theory of relativity 
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solely on the negative results of the Michelson-Morley experiment. On the 
other hand, a precise analysis of the positive characteristics of micro-physical 
measurement does furnish an entirely adequate physical basis for the quantum 
theory. It is argued here that the main experimental process of microscopic 
physics is a generalised form of spectral analysis. The essence of this type of 
process can be expressed quite simply in a symbolic form (§ 3), from which 
the accepted “ general principles ” of the quantum theory can be rigorously 
deduced with the aid of two auxiliary assumptions which are wholly physical 
in content. 

Any physical experiment is an interaction between the system observed 
and the apparatus of observation. The action of the system on the apparatus 
in producing an observable record has its counterpart in the reaction of the 
apparatus on the system in producing an unobserved change of state. Hence 
only two types of experiment can yield unambiguous results — that type in 
which the action of the system on the apparatus is completely determined by 
the initial state of the system and that in which it is determined by the final 
state of the system. The characters of the system which can be inferred in 
these two cases are distinguished by Eddingtonf as “ retrospective and 

contemporaneous ” respectively. In an historical study of individual systems 
only the second type of experiment is efi&cacious. 

In this special type of experiment the inference regardmg the character of 
the observed system is valid precisely because the experiment impresses this 
character upon the system. Hence, if the same system is immediately sub- 
jected again to the same process, it will suffer no further change. If the 
experimental process is represented by the operator P this property of the 
process is symbolised by the equation 

P2 = P.P = P. 

When the system is subjected to some other process, represented by the 
operator Q, the character impressed by Q may be incompatible with the 
character impressed by P, in which case the process Q wiU cause a transition of 
the system from one state to another. Symbolically, the compatibility or 
incompatibility of the characters impressed by P and Q is represented by the 
equations 

PQ = QP or PQ 5 ^ QP 

respectively. 

t “ The Decline of Determinism,” Presidential Address to the Mathematical Association, 
January 4, 1932, 
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I’uxtlierniorej two cliaracters may be exclusive in tbe sense that no system * 
possessing either character can receive the impress of the other character, 
i.e,, the process yields a null result. In symbols, exclusiveness implies that 

PQ == 0 = QP, 

where 0 is the null operator. 

The preced ing concepts have analogies in genetic biology. Here the process 
which impresses a character is selective generation or breeding. The propaga- 
tion of a pure line ” which “ breeds true is analogous to the reproduction 
of the same character by repeated similar processes. In a pure line the deter- 
mining character may be dominant or recessive, but these two kinds of 
characters are mutually exclusive, i.e., recessive offspring caimot be bred from 
dominant parents in the pure line and mce versa. The incompatibility of 
dominant and recessive characters in the ‘‘ mixed line ’’ is illustrated by the 
generation of pure recessives from hybrid dominants. 

In view of this analogy it is convenient to describe a process and its repre- 
sentative operator as “ selective ” if P^ = P. (This avoids the awkward 
adjective “ idempotent,’’ introduced by Sylvester, and the untranslateable 
term Einzeloperator ” due to J. v. Neumann.) The state of a system is 
specified by the set of selective processes which produce no change in the 
system. These processes correspond to the totality of (compatible) characters 
possessed by the system in some state, and they completely describe the 
observable properties of that state. 

§ 3. Sjpeetral Sets of Operators, 

The principles of the preceding section are of wide application. They are 
recognised in biology, and appear to be applicable to the psychology of con- 
ditioned reflexes. In physics, however, these general principles require 
specialisation in view of the quantitative nature of physical characters. More- 
over, the theory has to be framed to include physical quantities which may vary 
either continuously or discretely. Hence the typical physical character is 
taken to be either that some variable ^ (such as a positional co-ordinate) has 
a numerical value not exceeding some prescribed number x, or that it has a 
value greater than a?. The corresponding selective operators are written S^, 
or S/, We have to consider the properties of the sets of selective operators 
{S J, (Sg.'} where x has all possible values. 

These properties can only be known by abstraction from the concrete 
selective processes actually employed in micro-physics. Now the type of 
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process wliich is of primary importance in tins domain is exemplified^in Stern 
and Gerlacli’s analysis of metallic vapours by an inbomogeneous magnetic 
field, in the analysis of positive rays by Aston’s mass-spectrograph, and in the 
magnetic analysis of ^-rays. All these methods present analogies with the 
spectral analysis of radiation. Their essential characteristic is the resolution 
of an inhomogeneous aggregate into (relatively) homogeneous parts. 

In our symbolism the process of separation of a partial relatively homogeneous 
aggregate in which x can be represented only by the operator 

Of com:se, such an aggregate may contain no members, in which case the 
operator is equivalent to the null operator 0 and we say that the region 
^ ^ ^ 2 / is absent from the “ spectrum ” of the variable for the particular 

aggregate subjected to analysis. The spectrum itself is then defined negatively 
as the set of values not excluded as “ absent.” 

In this paper the term spectral analysis will be applied not only to the type 
of process illustrated above but will also be given a still wider significance. In 
the processes just cited, the aggregate to be analysed is composed of systems 
which are simultaneously passed through the analysing field but it is clear that 
no essential feature of the method of analysis would be varied if the individual 
systems were separately and successively subjected to the analytical process. 
Under these circumstances the complete process would consist of a multitude 
of separate experiments upon individual systems. The aggregate of these 
systems would then cease to be an actual collection and would become a mental 
fiction similar to a Gibbsian “ ensemble.” 

From consideration of particular examples we can see that the necessary and 
sufficient conditions that two sets of complementary selective operators, 
{S J and {Saj'} should represent a process of spectral analysis are expressed by 
the following equations : — 

= SySa, =:= Sa., if x<^y ; 

s;s, - SA'. 

s;s, = o=sA' 

S, = I, s,==o, 

if a, b are the upper and lower bounds of the variable ^ and I is the identical 
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operator. Two coraplementary sets of spectral operators are called “ spectral 
sets ’’t if they satisfy these conditions. 

The mathematical analysis is considerably simplified if the continuous set 
of operators {Sa*} is replaced by the finite spectral set {PJ defined by 
, where hJ is a finite set of values of the variable dividing 
the complete domain of ^ into intervals of equal content, (or a 

prim probability^) ; and if the character impressed by P^ is taken to be that 
^ has the value The approximation involved in this substitution can be 
indefinitely sharpened by a subsequent passage to the limit in which the upper 
bound of the length of the intervals — x^ is made to tend to zero. The 
properties of the operators P^ are easily deduced from those of the set {S^}. 
They are 

p 2 p 

P^Pn = 0, if m 5^ n. 

There is an obvious analogy between the set of operators {P„} and the 
geometrical operators which project a vector on to a set of orthogonal axes 
in multi-dimensional space, and this analogy is the guide to the subsequent 
theory of the representation of these operators. In anticipation of the results 
of this theory the operators will be described as ‘‘ projective/’ and two 
projective operators P, Q such that PQ = 0 = QP, will be described as 
orthogonal.” 

This analogy also suggests that the transition probability from the state 
determined by a projective operator P^,^ to the state determined by a projective 
operator should be the square of the cosine of the angle between the axes 
of P^ and Q„, i.e., the characteristic§ (Spur) of the matrix representing the 
product since these quantities satisfy the obvious requirement that 

2 Sp (P»Q„) = 1. 

n, 

Puthermore it suggests that the process represented by a numerical operator 
X should be a change in the number of systems in the aggregate affected in the 
ratio X^ : 1. We shall adopt this last suggestion as a pure convention, obviously 

t This term is due to Reisz. v. Neumann’s expression die Zerlegung der Einlieit,” 
which is translated by M. H. Stone as “ the canonical resolution of the identity.” 

t Two intervals of a variable have equal a priori probability when they can be trans- 
formed into one another by a congruent transformation. 

§ The characteristic of a matrix is the numerical sum of the elements in its principal 
diagonal. 
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not inconsistent with, any physical fact, or the agreed properties of selective 
operators. 

§ 4. Transition Probabilities, 

The preceding section outlines the “ descriptive ” theory of spectral analysis, 
the axioms of which appear to be an immediate induction from the customary 
methods of physical measurement. The metrical’^ theory of spectral 
analysis depends upon two additional assumptions regarding the probabilities 
of transition from one state to another. These assumptions are as follows : — ’ 

{a) There is a definite probability p that a system in the state defined by a 
projective operator A (= say) will pass over into the state defined 
by a projective operator B (= say) as a result of the process of 
spectral analysis defined by the spectral set, {Q,^} to which B belongs. 

(6) This probability is completely determined by the operators A and B, 
and is the same for the transitions B -> A and A->B. 

It follows from these assumptions that the two partial aggregates which 
are separated from any given aggregate by the processes represented by A 
and ABA will consist of systems in the same state, i.c., the state deternodned by 
A, and will differ only in the number of systems which they contain. The 
convention introduced at the end of the last section allows this result to be 
expressed in the form 

ABA == XA, 

where X is a numerical operator. Moreover, X is evidently the probability 
p and is completely determined by the operator ABA, so that it may be 
rewritten in the form 

X = p(ABA). 

Hence 

ABA==p(ABA).A and p (ABA) == p (BAB). 

The theory of the representation of projective operators is an immediate 
corollary to these two assumptions.! If {E„} is a complete set of orthogonal, 
projective operators, the matrix operator with character (E^-, B^j.) of any 
projective operator P is defined to be 

t A purely mathematical investigation is sufficient to deduce the possible irreducible 
representations of a single set of projective operators from the relations = P,i, Pt^P» == 0. 
The two physical assumptions made above are necessary to determine the representation 
of two distinct sets of projective operators {E„ } and {Pn}« They ensure that these two sets 
have the same field of operation, i.e,, that their representative matrices act upon the same 
set of vectors. 
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The two fundamental properties of matrix operators arc : — 

P«PM = EiPE^B^Ei = 0, if j^h; 

and 

P«P,, = E,PE,PE, 

= p(PE,P)E,PE, 

~ f ^ss) Eii- 

In particular the matrix operators of the operator E„ are all null operators 
except the one with character (E„, E„) for which 

En) nn ~ E.;j. 

§ 5. The Matrix Re^esemtation of Operators. 

The fact that the matrix operators of P and of the set {E„}, together with the 
numerical operators, form a field which is closed with respect to multiplication 
implies that these operators can be represented by matrices — ^in fact the 
operators {P^} form the basis of a “ complete matrix ring.”f 
All the irreducible representations of the operators {P<^} are equivalent to a 
representation in which the only non-zero element in the matrix representing 
an operator of character (E^, Ej) is in the row j and the column k Also it is 
possible to choose the representation so that this element has the form 
where {a;*} is a set of complex numbers and {xf^} their conjugates. It is clear 
that 

= P (Pfcfc)) 

so that only the moduli of the numbers {x^ are determinate ; their phases can 
be prescribed arbitrarily. 

Moreover, it can be shown that the representations of the Tnfl. triy operators 
of two distinct projective operators P and Q are simultaneously reducible to 
the canonical form defined above. For, 

, = 0, if j hy 

and 

. E;;. 

= a matrix operator of character (Ej, 

hence the result follows at once. 

It remams to consider the representation of the projective operators them- 
selves. Although the general concept of the svm of two or more operators 

t Van der Waerden, “ Modeme Algebra ” (1931). 
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cannot yet be defined in physical language (see § 9) there is an obvious sense 
in which a projective operator P is the sum of its matrix operators {P^^-}, i.c., 
if (f> denotes any aggregate of systems, the aggregate of systems P<^ is the sum 
of the aggregates Pf/^* This result follows from the fact that the system of 
projective operators {E^-} is “ complete,” i.e., any aggregate is exhaustively 
analysed by the corresponding process of spectral analysis. This is the 
physical significance of the double Peirce reduction ” of P, 

P-SP,,. 

j, * 

This relation shows that a projective operator P can be represented by a 
matrix which is the sum of the matrices representing its matrix operators 
Again, if A and B are two projective operators the definition of the sum 
S AE^B as equal to AB can be similarly justified. Hence, if C = AB, 

' c,.,. = E^AJBE,, = E E^AEi . BiBE,, 

= 2 A^jBjfc. 

Therefore the matrix representing AB is the ordinary matrix product of the 
matrices representing A and B. 

The representation of the operators by matrices implies a simultaneous 
representation of the states of a system by vectors in the space The 
action of the physical processes denoted by the operators upon the states of 
the system is then represented by the transformation of the vectors by the 
matrices. The state which is determined by the projective operator P« is 
represented by the vector which is invariant under the transformation by 
the matrix representing P„. It is convenient to use the same symbols to 
denote the physical process, the corresponding operator and its representative 
matrix ; also to use the same symbols for the state and its representative 
vector. With this convention 

= 0, if m 9 ^ n. 

With the convention that the states determined by the projective operators 
A and B are represented by vectors oc and p, of unit length, it follows that the 
probability of the transitions a p or p a is | (a, p) |^. 

§ 6. Average Values of Individual Variables. 

It is now possible to deduce the result anticipated at the end of § 3, i.e., that 
the probability of the transitions A B or B A equals the characteristic of 
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the matrix representing the operator ABA. The diagonal matrix elements of 
A are the numbers p (A;,,), U, the numbers p (E;^,) which are the prob- 
abilities of the transition A -s- Ej,. Since the set of operators {Ej,} is complete, 
the sum of these numbers is unity, i.e.. 


Now 

whence 


SpA = 1. 

ABA = p (ABA). A, 
Sp(ABA)=p(ABA).SpA 
= 55 (ABA), 


^e required result. This expression for the transition probability is exact, 
whereas the first expression deduced below for the average value of a variable 
IS ^y an approximation, subsequently made exact by a passage to a Hmit. 

e can now obtain a simple expression for the average value of a variable ^ 
in the state specified by the projective operator A. An average value can be 
defined only m terms of the experimental process by which it is actually 
determined. To determine the average value it is necessary to analyse an 
^^gate of systems in the specified state by means of the set of operators 
« /AT> \ probability of the transition A->-P„ is simply 

(AP„). Hence the average value of I is approximately S a:„Sp (A?„). 

If we introduce the matrix S defined by the equation, ” 


theavemge value of the variable ^ in the state determined by A is concisely 
expressible as ^ 

E (?) = Sp (AS).-f- 

tub to the ewtag, yalm of 5 can be shaipenea by incieaBing 

tie nnniba of opeiatoiB in the set «. The eject ™Ine obtained on pro- 
ceedmg to the hmit is given by the Stieltjes’ integral 


p+ 00 

X d(xi (a?), 

J —ao 


where 

oi(a;)=Sp(ASj. 

The main problem of quantum theory is the determination of average values, 
t E( ) is the symbol used by v. Neumann for the « Erwartungswert.” 
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and for this problem the variable \ is represented by the operator S = 2 a;„P„, 

n 

or, accurately by 

r+eo 

xdB^. 

J —CO 


Hence S may be called tbe statistical operator of 5- Conversely, any com- 
plete set of projective operators {QJ togetber with a set of numbers {y^ 
determines a statistical operator, T = S yjin represents some 

n 

variable kj. 

Knally, we note that the average value of /(^), where / is any polynomial 
function of ^ or the limit of a sequence of such function, is given by 


i.e., by 
where 


E(/) = S/(ir„)Sp(APJ, 

n 

Sp(A/(S)), 

/(S)=S/(a,„)P„. 


§ 7. Congruent Transformations and Unitary Operators, 

Further progress in the theory of the representation of operators requires 
the powerful methods of group theory introduced by WeyLf The argument is 
that a group of congruent transformations of a physical quantity ^ induces a 
corresponding group of unitary transformations in the system space and 
that the infinitesimal operator of this group corresponds to the variable 
dynamically conjugate to The sum of two operators can then be defined 
in terms of the product of the finite operators which they generate when 
regarded as infinitesimal operators. 

Congruent transformations arise from the comparison of different methods 
of determining the physical characteristics of the same system. Hence a 
congruent transformation of a variable is simply a permutation of the proper 
states of this variable, i.e,, the states determined by the projective operators 
of Hence the corresponding transformation U in the system space g, 

is unitary, so that 

(Uct„U<tJ-1. 

The matrix operators and matrix elements of a unitary operator U are 
defined as in the case of projective operators. If {E,j} is the spectral set of 

t “ The Theory of Groups and Quantum Mechanics (Eng. trans., 1931), p. 185. 



490 


Gr. Temple. 


projective operators taken as the basis, the matrix operator of character 
(E^, Bj) is 


U,, = E,UE,. 


From the uiutary property of U it follows, by the usual argument, that the 
j, ^-matrix element of U and the k, j-m&txix element of its inverse U”^ are 
conjugate complex numbers. 

When the variable which is the subject of a congruent transformation is the 
time, the corresponding unitary operator U transforms the state of a system 
at any given time into its state at some subsequent time and thus determines 
the historical development of the system. If the initial state of the system is 
a proper state, a^, of some projective operator, A^, belonging to a spectral set 
{Aj}, the final state, of the system is not necessarily a proper state of any 
of these operators. Nevertheless the final state is completely determinate, and 
its properties may be specified by subjecting the systems in this state to the 
process of spectral analysis represented by the set of operators {A^}. The 
double transition, ^ Aj,p^, is determined by the operator A^U. Hence 
the probability of the transition from a proper state of A, to a proper state of 
A, under the influence of U will be zero if 


= 0 , 

= 0 . 


Thus the evanescent matrix elements of U with basis {AJ determine what 
transitions tlie operator U cannot produce. 

In general, the probabffity of the transition is determined by 

Aj and the projective operator specifying the state In the notation 
of § 4 this transition probability is p (Aj^BjAx,). 

Now the transformation 


implies the transformation 
Hence 


a,.-^Ua,. = % 
A^-^UA„U-i = B,.. 


p (A;^A-) = P (AfcUA,U-iA„) 


= p(Ai,UA,.A^U-iAj) 

where is the only surviving matrix element of Ui,. 
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§ 8. Conjugate Variables. 

The set of congruent transformations of a single variable 5 form a group, 
and, since there is isomorphic correspondence between these transformations 
and the unitary transformations which they induce in the system space, these 
latter must also form a group. An individual transformation of this group, 
V (s) will be distinguished by a parameter s which is to be chosen (as is always 
possible) so that 

Y{s)Y{t)=Y{s + t). 

It will be shown in this section that the group of unitary operators {V ( 5 )} 
represents the variable dynamically conjugate to 
Let Q be the projective operator determining a state ^ which is unchanged 
by the group of unitary operators {V (s)}. Then 

Q-v-M5)QV(s), 

for all s. 

Let P^, Pfc be two projective operators determining states gj^ which are 
transformed into one another by the unitary operators V (^), V""^ {t). Then 

Hence 

Sp(P,Q) - SpV-M0P.V(0 . V“^(0QV(0 
= SpV“i(«).P,Q.V(0 
= Sp (P,Q). 

Accordingly there is the same probability of transition from the state deter- 
mined by Q to any proper state of the variable Also, since S Sp (P,Q) = 1, 

3 

these transition probabilities all have the same value, where N is the 
number of projective operators in the complete set {P^}.t 
Accordingly if {Q^.} is the set of projective operators which are invariant 
under the group {V ( 5 )}, then all the transition probabilities P^ are equal. 
Under these circumstances we say that the two sets of operators and the 
corresponding sets of states, are conjugal. 

It follows from standard matrix theory that the totality of projective 
operators {QJ which are invariant under {V{s)} form a complete spectral set, 
and that if those operators are taken as a basis, the unitary operator V(5) 
is represented by a diagonal matrix, in which the diagonal element has the 

I This assumes that the domain of 5 is finite, i.e., ^ is a cyclic variable. Nbn-eyclic 
variables (if such exist) must be treated as limiting cases. 
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form exp (isy^) where is a real number. Hence, for matrices, we have the 
result, 

V(s) = S exp . Q». 

To interpret this noatricial equation, we note that, in accordance with the 
result of § 6 the set of real numbers and the spectral set {Qj.} are associated 
with some variable t] which is represented by the statistical operator 

T = S y^Qjci 

k 

whence 

Y{s) — exp (isT). 

Thus the same variable t) is represented by the statistical operator Q in the 
theory of average values and by the unitary operators {V(s)} in the theory of 
congruent transformations. 

The concept of two dynamically conjugate variables cannot be bodily 
transferred from classical theory to quantum theory, as an exact determination 
of the simultaneous values of a co-ordinate and its momentum is experimentally 
impossible. But the r 61 e of the variable conjugate to ^ is played in the quantum 
theory by the variable 73 defined indirectly above. This identification of the 
nature of ■») is strengthened by the following analogy : — ^in classical theory a 
definite constant value of a momentum implies that it is equally probable that 
the value of the co-ordinate lies in any two intervals of equal length. Similarly 
in quantum theory, for a system in the state defined by Q*. (for which t) has 
the definite value y*,) there is equal probability for all the transitions Qj, 

(j = l, 2, ...). 

§ 9. Average Valws of the Sum or Difference of Two Ya/riahles. 

In quantum theory the concept of average values is subject to severe limita- 
tions, which are imposed by the very nature of the experiments which have to 
be made in order to measure them. Thus, if ^ and 73 are any two variables, 
although we can experimentally define the average values of 5, of 73 and of 
^ + 73 for any prescribed state, we cannot define the average value of ^73 unless 
the statistical operators S and T commute, and even the relation 

E(^)-fE(73) = B(^ + 73) 

is not self-evidently true. 

To establish this relation for variables which are conjugate to co-ordinates 
susceptible of continuous variation it is sufficient to utilise the double repre- 
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sentation of such variables as statistical operators and as unitary operators. 
The variable ^ is represented either by the statistical operator 

or by the group of unitary operators 

U(X) = exp (iXS). 

It is clear that if the variable conjugate to ^ is continuously variable, the 
group {U (X)} is also continuous and that its infinitesimal operator is 

[3U(x)/axh.c> = ^'S. 

Now let 7) be represented by 

T = S2/^Q^, 

and by the group 

V (X) = exp (iXT). 

Although it is not immediately evident what statistical operator will represent 
the sum ^ + t] it is clear that the representative group will be {U (X) V (X)} for 
this represents the joint effect of V (X) followed by U (X). Hence we can deduce 
that the statistical operator of ^ + t) is the infinitesimal operator of the group, 

-i{U(X)V(X)}, 

i.c., 

S + T. 

Hence, if S and T represent the statistical operators of the variables ^ and tj, 
then S + T represents ^ + vj. Similarly ^ — 73 is represented by the group 
{U (X) . V”^(X)} and by the statistical operator S — T, and, in general, the 
statistical operator of + 673 is aS + 6T, where a, h are any two numbers. 

This result completes the theory of the representation of physical quantities 
by operators. From this point the ^‘general” quantum theory can be 
developed as in WeyFs treatise. The exchange relations for conjugate variables 
follow from their representation by unitary operators and the theory of the 
angular momentum and polarisation operators is deducible from the iso- 
morphism of the congruence groups and their associated unitary groups in 
system space. The problems of special ’’ quantum theory, and, particular, 
the theory of the Hamiltonian operator will be discussed in a future paper. 

Sumrmry, 

An analysis of the general nature of physical measurement shows that 
quantum states are defined by certain ‘"selective'' processes, represented 
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by operators whicb satisfy the condition, = P. The general principles of 
the representation of quantum states and physical variables by sectors and 
matrices in Hilbertian space can then be dedticed from two physical 
hypotheses : — 

(а) that (under specified conditions) there is a definite probability for 
the transition from the state represented by P to the state represented by Q. 

(б) that this probability is the same for the transitions P Q and Q P. 

The association of congruent transformations with unitary operators leads 
to the theory of dynamically conjugate variables, and completes the theory 
of the “ effective ’’ value of a variable, averaged over all systems in a definite 
state. 


A Unique Electrode Potential Oka/racteristic of a Metal, and a Theory 
for the Mechanism of Electrode Potential. 

By A. L. MoAxjlay and E. C. R. Spoonee. 

Physics Laboratory, University of Tasmania. 

(Communicated by T. M, Lowry, P.E.S. — ^Received June 29, 1932.) 

1. GeneraL 

Metal electrodes immersed in air free solutions of KOI were found to come to 
a definite reproducible potential. From the Nernst expression, this potential 
corresponds to a certain concentration in the solution of the ion of the electrode 
metal. Chemical analysis showed that the concentration that actually exists 
in the bulk of the solution is much smaller than that deduced from the potential, 
even after electrode and solution have been in contact for weeks. 

It was felt that a knowledge of the cause of this definite potential was 
fundamental to the general investigation of the potentials of metals in solutions 
of varying aeration, and salt concentration, a subject of great practical 
importance which is at present in rather an indefinite and unsatisfactory 
condition. 

Work was undertaken with a view to obtaining information about the 
potentials of metals immersed in air-free solutions containing few of their own 
ions. In most of the experiments cadmium was used as an electrode, but check 
experiments have been made using other metals. 

The results disclose a single potential to which a metal tends to come, and 
leads to a theory for the mechanism which produces this. Further work was 
done on solutions which had been aerated. 
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2. Experimental. 

The apparatus and technique were as described in a paper by McAulay 
and Bastow,* except that oxygen-free hydrogen replaced the atmosphere of 
nitrogen over the solutions, and connection between flask and calomel half-cell 
was made by means of an agar bridge of the same salt concentration as in the 
bulk solution. 

3, A Potential Characteristic of a Metal and Water Alone. 

For concentrations less than a certain sharp minimum the potential of 
cadmium in a solution is unaffected by the concentration of its own ions, in 
contradiction to a direct application of Nemst’s theory. 

Provided the solution is air-free and reasonably dilute, the potential it then 
attains is characteristic of the electrode alone and independent of the nature of 
the solution. The only constituents of the system which have not been varied 
while the potential remained constant are water and the electrode metal; 
and the mechanism of the production of the potential must therefore be con- 
structed from these alone. 


Potentials of a cadmium electrode in various rigidly air-free solutions, 
Table I, illustrate this point. 

Table I. 


Solution. 

Potential at 

18^ G. against 
sat. cal. 
electrode. 

Solution. 

Potential at 
18*’ C. against 
sat. cal. 
electrode. 

1 

M/500 K2SO4 

0*788 

9 

M/600 KCl 

0-784 





M/2 X 10* CdClj 


2 

M/600 K2SO4 

0-787 





M/10‘ CdSO* 


10 

1 

M/10’ CdCls 

0*792 

3 

M/10® CdS04 

0*787 

11 

M/10» CdCIa 

0*786 

4 

M/500 KCl 

I 

0*782 

12 

M/10® CdCli 

0*786 

5 

M/600 KCl 

0*786 

13 

M/10®HC1 

0*787 


M/10’ CdCla 








14 

M/10®HC1 

0*782 

6 

M/500 KCl 

0*786 





M/2-6 X 10® CdCla 


16 

M/10»HC1 

0*784 

7 

M/600 KCl 

0*793 

16 

M/lO'KTaOH 

0*780 


M/5 X 10® CdCla 








17 

M/10*]Sra0H 

0-796 

8 

M/500 KCl 

0*787 





M/IO' CdClj 

1 

18 

M/lO^HgSO^ 

0*790 


Mem potential for all solutions, 0 • 787. 


* MoAulay and Bastow, ‘ J. Chem. Soc.,’ p. 85 (1929). 
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It will be seen that tbe greatest variation from tlie mean value for tbe 18 
different solutions considered is 8 millivolts, and that no system exists among 
the variations. A direct application of Nernst’s theory would predict a 
difference of nearly 80 millivolts between 9 and 10 or 9 and 6. 

4. Theory of the Mechanism which •produces Electrode Potential. 

The usual Nernst theory of electrode potential may be stated in a kinetic 
form as follows. There is an exchange of metal ions between solution and 
electrode, a postulated solution pressure ” forcing a stream of ions out of the 
metal, and their osmotic pressure in the solution urging a stream on to it. 
The electrode takes up a potential such that the supply of ions due to their 
migration under the electric field is equal and opposite to the difference between 
the two streams. The following extension is made to the theory to explain 
the above facts, and further experimental results are examined by its aid. 

It is evident from a consideration of the results given in the last section that 
a theory of the mechanism of the production of electrode potential must 
involve primarily an interaction between metal and water only, the concentra- 
tion of ions in the solution appearing as a secondary factor. The removal 
of the positive ions from the metal is believed to be effected by the forces 
that act between them and the negative ends of the polar water molecules. 
The heat motion of the water molecules brings them in contact with the ions, 
as a result there is an accumulation of metal ions in the immediate neighbour- 
hood of the electrode, and equilibrium is estabhshed when the streams of ions 
due to this cause, to osmotic pressure and to migration under the field set 
up by the escaping ions, balance. 

The ions will be carried a mean distance, t, by the water molecules and will 
migrate back to the electrode. The equilibrium will be practically unaffected 
by the concentration of the ions of the electrode metal in the bulk solution, 
until this bulk concentration reaches a critical value about equal to that due 
to the ions escaping from the electrode. This is in accordance with observa- 
tion. 

5. Co'ncentration of Metal Ions in Layer. 

The concentration of ions in the layer surrounding the electrode can be 
arrived at in two completely independent ways, one of which gives the total 
concentration, and the other the concentration of uncombined ions. The total 
concentration is obtained by finding what concentration of a salt of the electrode 
metal must be added to a solution before the potential changes. This potential 
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change takes place sharply, the potential at higher concentrations following 
the Nemst law. The critical concentration for cadmium is about 4 X 10~*^ M 
and is reproducible under widely varying experimental conditions. 

The concentration of uncombined ions is given directly by the potential of 
the electrode in ion-free bulk solution, as 2-5 X 10"^ M, which is in good 
agreement with the value for total concentration. 

6. Mean Distance from Electrode to which Ions are carried by Water- 

Molecules, 

The theory can be checked immediately by an approximate calculation of 
the thickness of the layer of ions surrounding the metal, or, what amounts 
to the same thing, the mean distance, ^, to which they are carried by the water 
molecules. The approximate assumption will be made that there is a layer of 
ions of uniform concentration, c gm. mols. per litre, and depth, t, m the neigh- 
bourhood of the electrode, and that its capacity is given by that of a parallel 
plate condenser of thickness t]2. 

The following equations then give t for cadmium in terms of the electrode 
potential 

V--- Vo = 0-0288 log^o (Sc) 

and 

ct X 1-59 X 10“!^ X 2 __ y ^ ^ 10“!^^ 

1-66 X 10-24 X 1000 ^ 47ri/2’ 

where V is the absolute electrode potential. 

The value obtained for t is not greatly afEected by the value assumed for the 
absolute zero of electrode potential. If the usual figure —0 • 53 on the saturated 
calomel scale is taken, t is given as about 3 X 10“^ cm., while if a figure as 
positive as + 0-23 is assumed, which recent work suggests may be correct* t is 
given as about 6 X 10“®. Both of these are withm the range of reasonable 
values, as may be seen from the following considerations, t must be fairly large 
compared with the diameter of a molecule, and would for this reason have a 
lower limit of the order of 10“"®, while the observed fact that violent stirring 
does not change the potential in rigidly air-free solutions would set an upper 
limit of the order of 10~^. The calculated values lie within this range. 

7. Effect of Depressing Ionic ConcerUration in Layer, 

The above theory of electrode potential may be tested by experiments in 
which measurements are made of electrode potentials with varying con- 

* Jean Billiter, ‘ Trans, Amer. Eleotroohem. Soe.,’ vol, 57, p. S51 (1930). 

2 M 2 
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centratioas of the metallic ion in a set of air-free solutions having widely 
different concentrations of KCL 

Increasing the concentration of KOI in a solution containing CdCl 2 forces 
the Cd ions into molecular combination with 01 ions, and so changes the ratio 
of the concentrations of combined and uncombined ions. A series of curves 
in which potentials are plotted against the negative logarithm of the total 
uncombined -f- combined) Cd ion concentration in solutions of widely different 
concentration of KOI are shown in fig. 1. From them it is possible to deduce 

0-S50 

0-820 
~ t volts 

0-780 


0-740 


0-700 

-log,p [CdClaJ — concentrations in gm riioU per litre* 

1 .— . M /1 KCL 0 M/lOKa. A M/50 KG. -f M/lOOKCl. x M/500 KOI. 
□ CdCl2 alone. 

the concentration of uncombined Cd ions in the layer, and compare it with the 
total Cd concentration in the layer. It is the variation of these (Quantities 
with the concentration of the anion that is instructive. 

The theory given above predicts that in the absence of Cd ions in the biillc 
solution 

V-Ac 

V — Vq = 0-0288 logio he, 

where c is the total Cd ion concentration in the layer, V the absolute potential, 
he is the ionic concentration and A is a constant. Thus, even if the most 
unfavourable value of the absolute zero of potential is taken, a depression of 
the ionic concentration a hundred-fold by the addition of KCl will only change 
the value of c by about 3 : 4. 
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This prediction is verified by the curves, which show a change of this order 
in ionic concentration (given by the potentials of the hoiizontal portions of the 
curves), while there is no sensible change in the total concentration in the layer 
(given by the abscissa at the point at which a curve changes from a sloping to 
a horizontal line). 

8. The Effect of Exposure tx> Air. 

If the cadmium electrode in its solution is exposed to air, its potential becomes 
unreproducible and takes up a much more positive value than it has in air- 
free solution. 

Although in aerated solutions readings are numerically unreproducible, 
information can be obtained regarding the alteration of potential in the aerated 
state due to selected changes in condition. 

Some experiments were made with the object of obtaining information con- 
cerning the change brought about in the layer of metal ions surrounding an 
electrode in air-free solution when air is allowed access to the electrode. 



Fia. 2. — A reading taken after immersion of electrode for J hour. 

Preliminary experiments showed that it was better to use a solution fairly 
strong in KOI, as a more stable quasi-equilibrium could be obtained in this way 
in aerated conditions. They also showed that with a certain arbitrary standard 
method of aerating, the total Cd ion concentration in the layer was somewhere 
between 10~® and 10“^. 

Pig. 2 shows potentials of Cd electrodes in M/1 KCl at difEerent concentrations 
of CdCl 2 the abscissa giving the negative logarithms of these concentrations. 



500 ' A. L. McAulay and B. 0. B. Spooner. 

Curve A gives the potentials before air is admitted to the solutions, curve B 
the potentials afterwards. 

It will be noticed at once that the potential when it has been made more 
positive by aeration is much less sensitive to change in concentration of Cd 
ions in the bulk solution, but when a sufficiently great concentration is reached 
the potential is determined by this factor as with air-free solutions. The 
significant fact is that the critical Cd ion concentration below which further 
decrease has little effect on the potential comes at a higher concentration than 
with air-free solutions. This must mean that the concentration of ions in the 
layer that surrounds the electrode is greater when an oxide is present than when 
it is not. The more positive potential produced by aeration must therefore 
in this case be due to a freer supply of ions by the oxide than by the metal, and 
not to partial protection of the surface by an impervious film. 


9. Summary. 

If certain limits are not exceeded, experiment shows that the potential of 
cadmium in an aqueous solution is independent of all changes in the character 
and constitution of the solution. It is therefore concluded that the electrode 
potential must have its origin in an interaction between metal and water 
only. 

A theory is advanced for the origin of the electrode potential of a metal 
imm ersed in any aqueous solution, and experiments quoted in support. The 
theory is as follows. Water molecules, which are strongly polar, bombard 
owing to their heat motion the metal ions that exist in a metal. As a result 
of this process a stream of ions is drawn into the solution to a mean distance, % 
from the electrode surface, and equilibrium is reached when their removal is 
balanced by their migration back under the field produced by their abstraction. 
This results in a layer of ions whose thickness is of the order of t surrounding 
the metal. 

The following are consequences of the theory which are verified by experi- 
ment : — 

(i) The electrode potential must be independent of all change in the 
character and constitution of the solution, provided that the con- 
centration of electrode metal ions in the bulk of the solution is less than 
that in the layer, that no kation is present whose solution pressure is 
low compared with that of the electrode metal, and that the anionic 
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concentration in the solution is not high enough to depress greatly the 
ionic concentration of the electrode metal in the layer. 

(ii) The thickness of the layer must lie between 10“^ and cm. 

(iii) Large changes in the ionic concentration in the layer, produced by 
making large changes in the anionic concentration of the solution, and 
so forcing the ions of the layer into undissociated molecules, must leave 
nearly unchanged the total concentration (dissociated + undissociated) 
in the layer. 

In the case of cadmium, experiment gives the thickness of the layer as about 
6 X 10"® cm., and the total concentration in it as about 4 X 10“® gm, mol. per 
litre. The potential of Od in air-free dilute solutions of any kind is 0-787 volt 
against the saturated calomel electrode (temperature 18° 0.). 

When an electrode is exposed to air, the potential becomes more positive 
and unreproducible. Evidence is given for the belief that the layer of positive 
ions which surround the electrode is more concentrated in this case, and that 
this and not the formation of an impervious film is the cause of the change of 
potential in the case of cadmium. 
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Tribodectridty and Friction. VII . — Quantitative Results for 
Metals and other Solid Elements, with Silica. 

By Professor P. B. Shaw, M.A., D.Sc., aoad E. W. L. Leavey, M.Sc., University 

College, Nottingham. 

(Communicated by Sir Wilbam Hardy, P.E.S.— Received July 4, 1932.) 

Bor research in triboelectricity (i.e., frictional electricity), metals and 
silica are pre-eminently suitable ; they are hard, chemically simple, and their 
surfaces can easily be cleansed. Systematic work on these materials is 
described in a previous paper of this series.* We have gone over the ground 
again using improved apparatus and methods ; and the results, which in 
the earlier paper were little better than qualitative, may now claim 
quantitative rank. Comparison of the two sets of results shows that they are 
in substantial qualitative agreement. 

The process throughout this series of papers is to rub one solid on the other 
m a machine which maintains constant pressure and constant length of rub ; 
in the present case a metal or other rod is rubbed on a silica tube. The silica 
is surrounded in part by a metal inductor connected by wire to an electrometer, 
so that the charge produced by friction on the sUica induces' a charge on the 
inductor and electrometer. A reading is taken on the electrometer ; and by 


Bio- 1(a). pia. 1(6). 

calibratmg the system with known voltages, the electrometer readings are 
known m volts. Since the capacity of the charged system remains constant, 
the charges generated vary as the readings in volts. The former method of 
rabbmg the surfaces is shown in fig. 1 (a) where the upper rod A in its stroke 
bears mth one spot on a succession of spots of the lower rod B. Thus the single 
spot in the upper rod rubbed throughout the stroke becomes hotter and more 

Shaw and Jex, ‘ Proc. Roy. Soc.,’ A, vol. 118, p. 97 (1928). 
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strained than any spot on the lower rod.* Such differential treatment of the 
two surfaces with its complicating effect on the physical action of the friction, 
we now avoid, as follows : place the lower rod at 45® to the line of run of the 
upper one, fig. 1 (6), so that when A moves forward, a succession of points on 
it come in contact with a succession of points in B. In this way the treatment 
of the two surfaces is equalised. 

The diagonal method has another advantage. A particle of dust or other 
impurity caught between the rubbing rods may be carried along the whole 
stroke in the old method, producing false values of charge. In the diagonal 
method this trouble is eliminated. 



Pio. 2.— Plan of the rubbing apparatus. SS is tbe silica tube 6 inches in length ; M is the 
metal rod. 

The plan of the rubbing apparatus is shown in fig. 2. The stout-walled tube 
of silica, S, is held horizontal by ebonite plugs E, clamped in uprights U. The 
skew cylindrical inductor I, which partly surrounds the silica, is joined by wire 
to the electrometer, and is insulated by amber blocks, not shown. The metal 
rod M is attached to the rod R, which has two motions : (1) a movement along 
its length under the pull of spring P (2) a rotation on its axis by which the rod 

* Shaw and Jex, Zoc. cit p, 99, (1927) ; Shaw and Hanstock, ‘ Proc. Roy, Soc.,’ A, vol. 
128, pp. 474, 480 (1930). 
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M can be lifted clear of tbe rod S, The length of rub is 30 mm. Length and 
pressure are constant throughout the experiments. Enclosing the two charging 
rods M and S is a brass box B. The sides of the box provide bearings for the 
rod E ; it has large holes through which the silica rod system penetrates at 
each end as shown ; the box is earthed and with its lid it provides a complete 
screen for the charges. The wire from the inductor in the apparatus (A) 

passes to the electrometer L, fig. 3, through an 
earthed tube G- in the usual way. The calibrating 
system 0 is shown, and the high tension battery B 
of 120 volts with switch Sw is on the right. 

The method of operating the apparatus differs 
in some ways from that described in previous 
papers. We now keep the discharging radium in 
a lead box away from the rubbing apparatus 
except when in use. The rods are rubbed together 
only once, and the electrometer is read ; the radium 
is introduced into the apparatus, and, when the 
charges have been eliminated it is replaced in the 
lead box. For the next stroke the sUica tube is 
turned slightly so as to present a new surface for 
the next rub, and the metal rod is well scraped 
again to renew the surface. In this way quite 
fresh surfaces are presented for each stroke. Some 20-30 strokes are taken for 
every pair of solids. We use a string electrometer which proves to be 
sensitive and reliable, and, being deadbeat, is far more convenient for the 
purpose than a quadrant electrometer. 

Materidk . — ^The vitreous silica tubes are from the Thermal Syndicate, Ltd., 
who give the analysis as 99 *8 per cent, pure SiOg- The metals and metalloids 
used may be divided into two classes (a) those of special purity, which we have 
used in previous work,* viz., Au, Bt, Ag, Cu, Fe, Ni, Al, Sn, Cd, Sb, Cr, which 
are all better than 99*7 per cent, pure ; (6) those of commercial purity, Pb, Zn. 
Bi, Co, Tl, Se. We use pure materials for preference but our experience is 
that, in this entirely surface work, body impurity counts little in comparison 
with surface contamination. This matter of surface variability has ever been 
the bugbear of workers in friction and frictional electricity. Solid surfaces are 
prone to oxidation and other chemical action, as well as adsorption of water 

* Shaw and Jex, ‘Proc. Eoy. Soo.,’ A, vol. 118, p. 98 (1928). 



Pig. 3. — Scheme of the whole 
apparatus. A the rubbing 
box is joined to the electro- 
meter L, S is the hi^ 
tension battery with switch 
Sw. 0 is the calibrator 
with potentiometer P. 
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vapour or otker vapour in tlie air. And it may well be that an ordinary, say, 
1 per cent., impurity affects our results only, if at all, by its own special effect 
on oxidation and adsorption. 

All surfaces are cleansed just before use, the silica by heating in a blowpipe 
for a minute or two, the other materials by first heating well in a flame and 
then scraping with a razor or file cleaned in the flame ; a razor blade is pre- 
ferable to a file as it leaves a smooth surface, but the file is necessary for hard 
substances such as Or, Fe, Ni, Oo. It should be observed that the scraping or 
filing leaves the surfaces strained, whereas for standard purposes they ought 
to be annealed. But as annealing involves heating and oxidation, we choose 
the lesser evil of strain. In any case the effect of such strain is slight, and, for 
the same material and method of scraping, is constant. 

The surfaces thus prepared give charges on rubbing which repeat with as 
good consistency as can be expected in the uncertain rough-and-tumble of 
the sliding friction of solids.* 

The uncertainty of the charges found in this subject is an old story ; a solid 
surface is very sensitive to, and retentive of, slight chemical or physical influence, 
and the experimenter, however experienced, is Hable at any time to stumble 
on fresh evidence of this fact. As an example, our practice is to cleanse plati- 
num by roasting it in a blowpipe, and then gently to scrape the precious metal. 
On one occasion some cotton which had been exhaustively cleansedf was 
rubbed on the clean platinum ; immediately the metal surface fell, like Lucifer, 
from its exalted place in the list. Table I, i.e., from the head of the positive 
series, to a negative value. It is vain to enquire whether the change due to the 
cotton was physical or chemical. Probably it was chemical, but the lesson 
is obvious. In the long history of this subject, from the time of Gilbert, 
results have ever proved difiSicult of repetition (or even fortuitous so that 
hitherto nothing better than a qualitative list has been attempted. But such a 
list is unsatisfactory ; it represents merely a gradual descent by steps from positive 
to negative values, but it does not indicate the depth of the successive steps. 
It may be that a particular step in values at one place on the scale may be as 
great as that embracing ten consecutive steps elsewhere. Such disparity in 
the steps can only be revealed by a quantitative list. 

Encouraged by the improved consistency in the apparatus, we have now 
attempted a list of values as in Table I, Here silica stands for the datum level 
so that other materials, all of them elements, give P.D. values, positive or 

♦ Shaw and Leavy, ‘ PM. Mag./ vol. 10, p. 809 (1930). 
t Shaw, ‘ Proo. Roy. Soo.,» A, vol. Ill, p. 341 (1926). 
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Table I.— Present results (see columns 1 and 2), compared with other lists, 
columns 3, 4, 5, 6, 7, the last four of which, are reversed in sign. As 
regards column 3 the usual list has Zn positive, Pt negative, since the first 
metal gives up anions most readily, but throughout the present work 
we consider the charge remaining on the metal ; so we put Zn positive to 
Pt in this column. 
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negative, against silica. We assume that the relation of the elements to silica 
indicates their relation to one another. 

The values appear as volts attained at one stroke on the combined inductor, 
wiring, and attached electrometer. These results are specifically true only 
on this apparatus, used as described ; since they depend on the capacity of 
this apparatus and on the present way of using it. 

Table I, columns 1 and 2 show the noble metals at the head, the positive 
end, the base metals and metalloids at the bottom, the negative end ; and the 
group Fe, Ni, Oo, Or, midway ; the three heaviest elements Bi, Pb, T1 (see 
Table II, column 2) do not seem to fit well in the scheme. The list in Table I 
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Table II. — ^The list of elements in triboelectric order placed against their 


atomic numbers and outer shell electron numbers. 


1. 

2. 
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82 
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Cr 
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27 

2 

T1 
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Al 

13 

3 

Sb 

61 

5 

Zn 

30 
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Sn 

60 

4 
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column 1, suggests comparison with other atomic relations. Consider these 
in turn : — 

I. — ^The relation of the triboelectric series to volta contact series is 
of historical interest ; for, since the time of Helmholtz (1879), and following his 
lead, many physicists have held that the two effects are identical in origin ; 
so that knowing, say, the volta series, the tribo-series follows without further 
trouble. For reasons already given (Shaw and Jex, he. dt. (1926) ) we think this 
theory, while basically true, needs considerable amplification, since a complex 
dynamical and thermal process like friction must, under ordinary conditions, 
contain many factors which do not enter the simple statical volta effect. But 
the present method of rubbing, as explained above, has the merit of avoiding 
certain dynamical and thermal complications ; so we may hope to find some 
correspondence between our list and the well-known volta lists. Unfortunately 
no quantitative values for the volta series exist except for a few elements, as the 
method of exhaustive out-gassing in measuring contact potentials 
has only been applied to a few metals. 

In Table I, column 4, is a volta list taken from Winkehnann’s “ Handbuch ” ; 
in column 5, a contact potential list from the ‘ International Tables,’ vol, 6 ; 
in column 6 a combination list, Shaw and Jex, he. dt. (1926) as shown ; and 
in column 7 a list from one of our former papers. These four lists are grouped 



508 P. B. Staw and E. W. L. Leavey. 

together since they all have negative elements at the head, positive at the 
base. 

Contrasting "with columns 4, 6, 6, 7 there is in column 3 an electrochemical 
list showing the chemical relation of the elements. This list with the tribo- 
list, col umn 1, is alike in having positive at the head, negative at the base. 
Thus we have the extraordinary fact that the six lists are in rough agreement ; 
for the three groups of noble metals, iron group and base metals are in the 
order stated, but four of the lists are one way up, the other two are reversed. 
Consider the two classes. 

Glass I . — ^Base metals positive (columns 4, 6, 6, 7). 

Here the volta static results agree with the triboelectric results, when the 
metals are not rubbed on solids of the glass family and mineral silica com- 
pounds. 

Glass II . — hToble metals positive (columns 1, 3). 

These two lists have this in common : the metals are brought into contact 
with inorganic acids, bases, and salts. For instance, zinc is negatively charged 
as against platinum when these are opposed in a voltaic cell in presence of an 
acid ; and the same relationship holds between zinc and platinum when they 
are compared against silica and its compounds. Some physical chemists hold 
that glass is a solid electrolyte with sluggish anion and active kation (see * 
p. 259). An apparatus is described in which a glass globe, 0-1 mm. thick, 
containing salt solution and STirrounded by another salt solution is used, and 
a P.D. foimd between the glass and the solutions. Bearing this in we 
suggest that in class I the important factor is the simple surrender of electrons 
across the interface of metals, to that metal having the stronger positive field, 
there being no chemical action to complicate the issue. But in 11 the 
decisive factor, as between the noble and base metals, seems to be Nemst’s 
solution pressuref which is greater in base metals than in noble metals, and 
renders the former relatively negative. Glass having free silica or silicates 
seems to simulate, in feeble degree, the action of inorganic acids or salts, 
rendering the base metals (which possess strong solution pressure) negative 
to the nobler ones. 

* R«uadlioli, “ Colloid and Capillary Chemistry ” (Methuen). 

f* The T.X). between two metals placed in the same electrolyte is: 

V* - Vi == RjT log Pi - RjT log P^. 

where P^Pj are solution pressures, osmotic pressures, and Rj and R^ values of the gas 
constant according to valency. To apply this effect with such a subtance as glass involves 
the passage of the metal ions into the glass, a surface affair, and therefore soon completed. 
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In a former paper of this series* we showed that certain materials zinc, silk, 
filter paper, cotton, glass, can be arranged in a closed curve with potentials 
falling all the way. Here the glass acts like acid on the zinc and builds up 
potential as in a voltaic cell. This paradox is in agreement with the reversal 
of metals in Table I. 

If, as we assume, the reversal of our list is attributable to the action of silica 
and its compounds, it might be thought better to avoid silica, and confine 
ourselves to metals and to organic non-conductors, and thus obtain truer 
comparison between the tribo-series and the volta series. But purity of surface 
is the first essential in this work, and it seems hopless, as we have shown before 
(Shaw and Jex, loc, dt, 1926) to try to obtain clean organic surfaces of constant 
action, even in the case of highly purified cotton and silk fabrics. On the 
other hand, members of the glass family, being refractory, can be well cleaned 
in a Bunsen flame ; and being non-conductors they are suitable for rubbing 
against the metals. For these reasons, silica, the simplest member of the glass 
family is selected. 

Leaving aside, for the time being, comparison with the volta series, let us 
turn to certain established data which may throw light on the genesis of our 
charges. 

II. In Table II the series in column 1 is compared with atomic numbers 
in column 2, In general the heavy atoms are high in the list and the light 
ones are lower down (but Tl, Sb, Sn are low compared with other atoms of 
like weight). 

HI. Turning to column 3, which shows the number of electrons in the outer- 
most, incomplete, quantum shell in Bohr^s Table of the elements, we observe 
that small numbers tend to the top, and large ones to the bottom of the column ; 
and this principle is specially noticeable for the shell numbers 1 and 2. (Bi 
and Pb, however, seem out of place on this plan.) This is in accordance with 
the well-known fact that elements like the alkalies with a small number of 
outer shell electrons are prone to share them with atoms like the halogens which 
are rich in electrons, i.e., the atom with few outer shell electrons surrender 
them easily so as to establish a stable ring group. 

IV. The ionisation potentials of the elements might be expected to be 
high for the metals low in our triboelectric list ; but there seems to be on 
relation between the two effects. It must be remembered that ionisation 
potentials apply strictly to free atoms whereas in solid surfaces, such as we use, 


* Shaw and Jex, ‘ Proc. Boy. Soo., A, vol. 118, p. 110 (1928). 
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the atoms are not free ; in the present work we have to deal with unknown 
molecular, as well as known atomic, propefties ; and looking back to our 
remarks on atomic number and shell numbers. Table 11, it may be that the 
lack of correspondence between the lists may be due in part to the fact that 
atomic properties are not the only ones to be considered. 

V. The thermo-electric difierences between metals are well known; but 
they shed no light on our subject, for, as Coehn* says, “ it is not yet possible 
to show any relation between the thermo-electric and other properties of a 
metal.” 

Theory. — ^The simple contact theory of frictional electricity is this. Let 
the area of surface rubbed have length I, breadth b. Of this area (since the 
surface is rough compared with molecular dimensions) only a fraction has 
molecules actually in contact. The true contact area is therefore n . h .1. 
The charge produced Q = C . u = {rMI4iKd)v, where C = capacity of the 
opposed surfaces, v the potential set up by electrical exchanges due to contact 
and rubbing and d = distance between the surfaces. 

"When the surfaces are separated, the capacity falls to c and the P.D. rises 
to V, so {nMj^Kd)v = dV. To use this theory the breadth of contact 6 as well 
as its length I must be the same for aU rods. But the rods vary in diameter 
and material so our experimental values all have to be corrected by Hertz’s 
deformation equation for crossed cylinders.t In this way the column 1, 
Table I, was obtained by correction of the readings. Of these factors b, I, V 
are measurable, d = distance between atoms. In the case of a perfect insulator 
well away from conductors, o might be estimated from the known area bl ; 
but the term n is indeterminate, and it varies according to the >ia.T<lr)e s p and 
roughness of the surfaces and according to their pressure on one another. 
Not knowing n we cannot find v. This is one technical difficulty in the subject. 
There are many others inherent in this surface work as we shall now see. 
Without attempting a mathematical treatment we may point out some of the 
factors which should be included in a full theory. 

In a previous paper (Shaw and Jex, he. dt., 1928) a simple additive expres- 
sion for P.D. obtained is : — 

V = E- P±S-M±A-T, 11 

where each term stands for potential, caused by the effect in question to be 


* ‘ Handbuoh der Physik, ’ vol. 13, p. 334. 
t Shaw, ‘ Phil. Mag.,’ vol. 1, p. 205 (1901). 
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added to the common stock. We will now modify and enlarge the expression 
to: 

V = (E 4* P) + (S + T) + (M + A + 0) + (^ + ^ + ni 

the new terms being in small type, and the addition being strictly algebraical. 
The terms are : — 

B = electron surrender, 

P = solution pressure (Nemst), 

S = surface strain before or during the stroke, 

T = temperature above normal during the stroke, 

M = moisture film, 

A = acid or alkali film, 

0 = organic film, 
n = a fraction (defined above),* 
r = streak, say metal, on silica, left by rubbing, 
p = electric separation, arising when the surfaces part. 

Each term in equation III represents the joint action of the . two opposed 
surfaces. 

The terms in III are arranged in four bracketed groups. The first (E + P) 
stands for the electric separajtion occurring when the pure surfaces meet. 
This bracketed term therefore is the volta contact effect ; and in a great many 
cases P vanishes leaving only E. The last group (n + r + p) includes terms 
which cannot be eliminated by any cleansing of surfaces or by any device for 
rubbing them ; n and p are indeterminate variables ; r shows itself in some 
cases, as when metals leave a trail if rubbed on certain organic or inorganic 
solids ; but it is not apparent, and may not occur, in other cases such as the 
rubbing of cotton on glass. If a streak occurs it becomes involved in p and 
necessarily has a considerable effect on the ultimate charge ; for when the 
surfaces separate the rupture takes place not between, say, metal/silica, but 
between metal/metal-sifica and the potential arising is electrokinetic not 
thermodynamic,* The second bracket term in III includes (S + T). These 
two troubles, S and T, may be reduced to small account by care in method of 
diagonal rubbing. The third group (M + A -f 0) includes films which one 
may hope to remove, or at least reduce to negligible influence, by avoiding 
moist air, chemical treatment of the surfaces and organic dirt, respectively. 

Freunlich, “ Colloid and Capillary Chemistry,” p. 252. 
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If we can remove the second and third bracket terms by the methods, 
suggested, (III) reduces to ‘ 

V-(E + P) + (^ + ^ + J>), IV 

so that we still encounter n, r, f three uaknowable terms ; and even if in some 
cases, r and y are counted out, n remains, an unknown addition to the volta 
effect (E + P), Thus we must expect to find considerable disparity between 
the volta list and the triboelectric list under the most favourable conditions. 

There is another reading to equation IIL Though it applies strictly to 
electric charges, the terms on the right side must influence the force required 
to slide one solid over the other. The tangential force in friction is made up 
of (1) the shearing force in separating two surfaces bound electrically, (2) 
gravity force, the over-riding of lumps, which is increasingly small as the 
surfaces become smoother. The point of this comment is that friction like 
triboelectricity has all the complication involved in equation III. 

Y<mmm Tfori;.— Looking at equation III we see that certain films, especi- 
ally water film, can be eliminated by work in. vacuum, preferably with heat. 
Many attempted experiments in 'oamo have been made.* But to conduct a 
series of rubbing experiments where considerable force is required, and to renew 
and anneal surfaces between the rubs, demands joints and stuflSng boxes which 
would inevitably leak and emit vapours, so that under such conditions high 
vacuum and clean surfaces would be unattainable. Then we have the troubles 
incurred in trying to get good quantitative electrical readings from inside the 
vacuum tube. The technical difficulties appear to us well-nigh insuperable. If 
they could be overcome, and the film troubles avoided, the equation III would 
still contain several disturbing factors ; so the labour of working in a vacuum 
in our opinion would be in vain. 

Recent Research. 

Notable experimental work of the last two decades is to be found in a series 
of papers.f Physicists, so active on other topics, have kept at respectful 

* Shaw and Jex, ‘ Proc. Phys, Soc.,’ voL 39, p. 5 (1927) ; Knobleaoh, * Z. phys. Chem.,’ 
Tol. 39, p. 225 (1902) ; Coehn and Cuss, ‘ Z, Physik,’ voL 29, p. 186 (1924) ; French, ' Phys. 
Bev.,’ vol. 9, p. 151 (1917), 

f Shaw, ^Proc. Phys. Soc.,’ vol. 27, p. 208 (1915) ; ‘Proc. Roy. Soc.,’ A, vol. 94, p. 
16 (1918) ; Shaw and Jex, ‘ Proc. Boy. Soc.,’ A, vol. 118, pp. 97, 108 (1928) ; iUd., vol. 122, 
p. 49 (1929) ; Shaw and Leavey, ^Phil. Mag.,’ vol. 10, p. 809 (1930) ; Richards, * Phys. 
Rev.,’ vol. 16, p. 290 (1920) ; Vieweg, ‘ J. Phys. Chem.,’ vol. 30, p. 865 (1926) ; Coehn 
and Lotz, ‘Z. Physik,’ vol. 5, p. 242 (1921) ; French loc. ciU; McClelland and Power, 
^ Proc. Roy. Irish Acad.,’ A, vol. 34, p. 40 (1918) ; Macky, ‘ Proc. Roy. Soc.,’ A, vol. 119, 
p. 107 (1928). 



Triboelectncity and Friction, 


613 


distance from this subject. Perhaps they are conscious that this, the oldest 
and easiest way to produce electricity, proves on investigation to be the most 
involved. But in any case it can hardly be that such a common, and therefore 
practically important, effect as friction, will much longer suffer from neglect. 

A recent contribution to theory is made by P. W. Burbidge, in “ A tentative 
Theory of Frictional Electricity.”* The theory is based on the principle 
that all solid and liquid surfaces possess reacting fields of force. Two cases 
are considered : — 

(1) A crystal of the cubical system has every particle carrying the same 
charge at equal distance from its neighbours. The charges and spaces are 
inown, so that the field at any distance of atomic dimensions can be calculated. 
When two surfaces are brought into contact, if their materials are different 
their fields also are different. And the forces on electrons on the opposed 
surfaces being different, there will be a greater stream of electrons in one direc- 
tion than in the opposite. The supposition made is that the fields are strong 
enough to detach electrons from the opposed surface across the interface. 

(2) A dielectric consists of polar molecules (Debye). These dipoles, in the 
powerful fields which exist on all free surfaces become oriented and then, 
from these oriented dipoles a transfer of electrons ensues, as in the case of a 
crystal. 

Now Millikan has succeeded in drawing electrons from cold metals by the 
use of fields of 10^ volts/cm. By using Imown data for cases (1) and (2) 
Burbidge calculates that their surface fields are of the same order (10® volts/ 
cm.). Thus this theory provides ris with a quantitative basis for the pro- 
duction of charges by contact, at least as regards simple sujrrender of electrons. 

Summary. 

Experiment reveals the complexity of this subject. There are ten factors, 
at least, concerned in the process of rubbing two solids. These factors operate 
both in the electrical process of producing charge, and in the dynamical 
process of friction, between the solids. If the potential due to each factor be 
taken as a distinct term, we can write for the net potential due to rubbing : 

V=:(E + P) + (S + T) + (M + A + 0) + (^ + r+i>). 

The first bracketed group stands for the electric separation when pure sur- 
faces meet, ie., for the volta contact effect. The second group, which involves 

* ‘ Trans. Proc. N.Z. Inst.,’ v^oL 69, p. 663 (1928). 
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strain and temperature, depends on the method of rubbing. The third group 
includes effects of surface contamination. The last group includes factors 
itiheT ent in the process of rubbing. Unlike groups two and three, these factors 
operate, however carefully or cunningly the rubbing be conducted. Thus it 
comes about that the charges produced by friction are not simply those set 
up by mere coniacst, as in the volta effect. 

This paper is experimental. Working on pure elements and the simple 
refractory material, silica, with improved apparatus and methods, the relation 
is esamined between the volta effect and the triboelectric effect. The two 
effects prove to be somewhat similar, but there are disparities. The con- 
clusion reached is that, of the four groups in the equation the first is, at least in 
the case of these speciaUy chosen and carefully prepared materials, para- 
mount for most elements, but not for all. 


An X-Ray ImestigaMon of Normal Paraffins near tfmr Melting 

Points. 

By Alex Miller. 

(Communicated by Sir William Bragg, F.B.S. — Received July 12, 19.32.) 

[Plate 13] 

Irdroduotion. 

The present paper is a continuation of previous work* on the thermal 
expansion of normal parafSns. It is confined to an investigation of the lattice 
ohanges which take place in the range between room temperature and the 
individual melting points. The observations are rather complex and certain 
dfficulties in the interpretation of the X-ray photographs arise which make 
further investigations necessary. Such work is now in progress. There 
were, however, several unexplained points in the last paper which are now 
clear and dealt with in the present work. 

Range of Materiah. 

The investigation was carried out with 16 specimens ranging from to 

The method of their preparation has been described previously. 

* ‘Proo. Roy. Soc.,’ A, vol. 127, p. 417 (1930). 
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Expenmentah 

Tlie problem of the present research, was to measure the lattice dimensions 
at any given temperature between 20° C. (room temperature) and tbe melting 
point of the individual substance, the highest being about 90° C. The recording 
of the lattice dimensions was obtained with the aid of X-ray photographs. 
It was essential to keep the temperature of the substance constant to a 
fraction of a degree during the exposure to the X-rays, and it was also desirable 
occasionally to vary the temperature in small steps of a few tenths of a degree. 

The investigation of one single specimen involved sometimes 10 to 20 tempera- 
ture steps. It was therefore desirable to reduce the time for the temperature 
adjustment as much as possible. The small thermostat in which the substance 
had to be kept during the X-ray exposure was heated to the required tempera- 
ture by a constant flow of preheated water. The water was heated in a small 
copper tube boiler with a gas burner. There were two ways of adjusting the 
temperature ; one consisted in regulating the gas flame, the other in varying 
the flow of water. There were three thermometers in the circuit. The first 
was between the boiler and the thermostat, the second in the thermostat and 
the third at the outlet. With this arrangement it was possible to estimate 
the maximum temperature drop in the thermostat itself. This drop did not 
exceed 1° at the highest temperature recorded and the actual readings were 
taken at the thermostat thermometer. There were three sets of these used 
with overlapping scales and each reading to 1/10°. 

The thermostat itself was made from a soHd copper rod. It weighed about 
1 kilogram. It had hollow spaces through which the water circulated and 
slots through which the incident and the reflected X-ray beams entered and 
emerged. These slots were either covered with thin nickel foil or cellophane, 
which stopped any air circulation. The specimen itself, spread on a flat 
surface at the end of a copper rod, was in the centre of the thermostat. 
This rod was tapered and fitted tightly in a corresponding seating in the copper 
block. The thermometer bulb was completely surrounded by copper and close 
to the specimen. The whole thermostat was supported by three adjustable 
screws on the table of an X-ray spectrometer. The flat surface on which the 
substance was spread went through the axis of rotation of the spectrometer. 
The layer of substance covered about 1 /2 sq. cm. and was about one to two- 
tenths of a millim etre thick. It was obtained by melting a small quantity of 
the substance on the flat portion of the copper rod. 

The spectrometer table carrying the thermostat was oscillated through 
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about 6° daring the exposure. The flat top of the thermostat had a circular 
scale and the copper rod had a pointer. This made it possible to set the surface 
of the layer at any required angle relative to the X-ray beam, and to obtain a 
certain degree of focussing of the reflected rays for a certain region of the 
spectrum. 

The reflected rays after emerging from the thermostat had to pass through 
a long narrow slot in a shield behind which was a film drum. This drum was 
turned through a small angle after each exposure, and in this way a whole series 
of photographs were recorded on the same film. It was easy to measure the 
shift of any of the recorded lines relative to a reference line, and this was all 
that was required for the measurement of the expansion. The geometrically 
correct focussing was, of course, not obtainable for more than one line, but 
since the actual reflecting range covered only about 10® the lack of correct 
focussing was hardly appreciable. 

The distance between the focus of the X-ray generator and the specimen was 
about 8 cm. and usually 5*95 cm. between the axis of the spectrometer and the 
film. Calibration photographs were sometimes taken at twice this distance. 
A considerable time saving was obtained by the use of an X-ray generator 
with a rotating anode. The generator had a copper anode and ran as a nile 
at about 30 KV, and 120-150 milliamps. The average time of exposure was 
only a few minutes. The temperature adjustment took not more than 5 
minutes. The X-rays were, as a rule, filtered by nickel foil and the wave-length 
used was 1-539 A. 

Results. 

There are three types of paraflSin crystals known so far : — 

(1) The normal form. The chains are packed in a prismatic cell of rectangular 
cross section. The chains are perpendicular to the base of the cell. 

(2) A form of lower symmetry. The cross section is not rectangular and the 

chains may be tilted relative to the base. 

( 3 ) A form which has a rectangular cross section (or at least very nearly 
rectangular cross section) and chains which are tilted relative to the 
base. This form has been found by Piper and Malkin. 

It is found that CisHgg, C2oIl42andC22H4e, when observed at room temperature, 
belong to the least symmetrical form. C19H40 and C2iH44 show the normal 
structure and from C23H48 up to C34H70 both odd and even numbered sub- 
stances exist in the normal form provided they have previously been molten. 
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The third form is, as a rule, only observable when the crystals are obtained 
directly from a solvent. Exceptions to these rules are observed most fre- 
quently with substances above C 3 oHg 2 . The exact conditions for the occurrence 
and the stability range of these crystal forms are a subject for further investi- 
gations ; their study is outside the scope of this paper. 

Previous work on the expansion of normal paraffins has shown that the 
length of the chain axis depends much less upon the temperature than the 
length of the two other axes. These observations have been confirmed in the 
present work. The expansion of the c axis (chain axis) is too small to be 
measured with the apparatus used in the present work. The investigation is 
essentially confined to the expansion of the two axes which are in a plane 
perpendicular to the chain axes, and the discussion of the numerical data will 
mainly deal with those obtained from the normal form. 

The planes which are used in this paper for the determination of the “ a ’’ 
and ‘‘ b ’’ axis, i.c., the two axes which are perpendicular to the chain axis, 
are all in a 2 :one which contains this chain axis. The actual planes are: 110, 
200, 210, 020 and 310, the first two being by far the strongest. These two 
spaoings are indicated in the diagram fig. 1. 



a axis 

Fig, 1. — Cross section* of unit cell (normal form). 


The equation connecting the spacings with the axes and indices is 


1 


( 1 ) 


There are essentially two unknown quantities which have to he calculated 
from the observations, namely, “ a ” and “ 6 ” ; the indices being known from 
previous work. Observations were, as a rule, made on the five spaciugs mentioned 
above. The method of the least squares was applied in the following form : 


W 


s 


_i 


= minimum. 


( 2 ) 
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The choice of this expression is arbitrary to a certain extent. It has the 
advantage of making the calculations simple and to give comparatively higher 
weight to the more accurate observations at large deflecting angles. 

The following table gives the result of measurements on a number of paraffins 
at room temperature. The axes are calculated with the aid of equation (1) 
and (2) from direct measurements of the five spacings. 


Table I. 


Number 
of carbon 
atoms. 

Temperature. 

a. 

6. 

06 / 2 . 

(tan ^/2 

sas hja)^ 


®C. 

A. 

A. 

sq[. cm. 

0 

/ 

19 

19-6 

7-65 

501 

18-9 X 10-^« 

67 

10 

23 

18-4 

7-435 

4-97 

18-2 X lO-i® 

67 

28 

24 

18-7 

7-41 

4*94 

18*3 X 10-i« 

67 

20 

25 

18-7 

7-41 

4*96 

18*4 X 10~i« 

67 

32 

26 

19-1 

7-416 

4-94 

18*3 X 10-w 

67 

22 

27 

19*6 

7-40 

4*93 

18^2 X 10"W 

67 

22 

29 

19-6 

7-42 

4-94 

18*3 X 10~« 

67 

16 

30 

19*6 

7-33 

4-92 

18-2 X 10-« 

67 

44 

31 

19*6 

7-40 

4-93 

18*2 X 10-« 

67 

16 

34 

19-3 

7*40 

4-96 

18*3 X 10*^« 

67 

30 

44 

20-2 

7-33 

4-93 

18*1 X 10-^« 

67 

62 


(These measurements were taken with specimen enclosed in thin-walled 
glass tubes of about J millimetre diameter. The glass tubes were centred 
in the axis of the thermostat.) 

a . 6/2 is the cross section area occupied by one molecule. Since the chain 
axis is treated as independent of the temperature in this work, the cross section 
is proportional to the molecular volume at any given temperature. 

The following table shows typical expansion data from a specimen of C 28 H 4 g. 
The data in this table are calculated from the five observed spacings at each 
of the given temperatures. The cross section of the specimen at room tempera- 
ture is taken as a standard. The actual photographs are reproduced on 
Plate 13. The 110 and the 200 reflection draw closer and closer together and 
become indistinguishable from each other as the temperature approaches the 
melting point. The angle ^ between the diagonals, fig. 1, becomes 60°, showing 
that the structure changes into hexagonal close packing. 

The numerical data of Table II are shown in the following graphs. 

The transition from the less symmetrical form into the hexagonal close packing 
is a continuous function of the temperature. 
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Table II. n ~ CgsH^s- 


Temperature. 

Aa. 

Ab. 



0 

22 

dbO 

±0 

0 / 

66 52 


25 

- 0-1 

0-63 

67 10 


30 

+ 2*6 

1-2 

66 0 

af observed length of a 

32 

34 

3-4 

6*3 

2-0 

65 58 
! 64 48 

axis at temperature L 

36 

6*4 

1-4 

64 10 

observed length of b 

37 

38 

6*9 

7-6 

1*06 

0-7 

63 48 

63 20 

axis at temperature L 

45*3 

10*9 

- 1*8 

60 0 



Aa =■ 

— hft 

®a 2 632 

. 100 . 



^21^44 behaves in the same way as OjsH^g. differs from the two in 

SO far that the substance melts before the sjmunetrical state is reached, Plate 13 . 
The even numbers O13, and G^z room temperature have a different 
structure compared with the odd numbers. O^g and O20 do not reach the state 
of hexagonal packing at the melting point, whereas O22 does. 

A new phenomenon is observed with O24H50. The “ a ” and b axes alter 
their length as the temperature increases, but this change seems to be much 
smaller at first. When a certain temperature is reached there is a sudden 
change in the structure. This is easily seen on the photographs, Plate 13 . 
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The appearance of the photographs alters. Out of the Jive lines there are 
only two left, the stronger of the two being only very slightly displaced relative 
to the 110 line before the transition. The second and weaker of the two shifts 
into a position about half way between the original 110 and 200 reflection. 
Occasionally it is found that the original 200 line still persists after the transition, 
but it is always much fainter than before the transition. Sometimes a number 
of faint lines are observed. These lines appear to be stronger if a glass tube 
specimen is used instead of a layer. On one of these photographs as many 
as six lines are present. All these lines are close to the original 110 and 200 
reflection, their spacing being between 3*5 and 4*6 A. The lines with larger 
reflecting angles seem to vanish. It is only after long exposures — over an 
hour — and at increased distance, that faint traces of large-angle reflections 
appear. The existing data are not complete enough to give a picture of the 
structure change which takes place at the transformation point. 



1^0. 3. — ^Angle ^ (obs.) between diagonals of cross section (Table II). 

The photographs become simpler as the temperature increases. The faint 
lines vanish very soon and the two remaining stronger lines draw together 
and behave in the same way as those observed with Cgi and C23. Near the 
melting point there is only one line left in the same position as the corresponding 
lines of Cgi and C23. 

This fact seems to suggest that whatever the structure of the material may 
be near the transformation point, the final arrangement is again the hexagonal 
packing. The following table gives the observed spacings corresponding to 
that single line, which incidentally has already been observed in previous 
work (Zoc. cit). The two last columns contain the cross section and also the 
distance of nearest approach measured between chain axes. The angle ^ 
is now 60° for all the specimens in the table. 
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Table HI. — ^Data on Hydiocarbons in the Solid State near their Melting Point. 


Number of 
carbon 
atoms. 

t 

Melting 

points. 

Observed 

spacings. 

1 

Cross section 
per 

molecule. 

Distance of 
nearest 
approach. 


0 

A. 

sq. cm. 

A. 

22 

44 

4-11 

19*6 X 10-1® 

4*76 

23 

46 I 

4-17 

20-1 X 10“is 

4*81 

24 

61 1 

4-12 

19*6 X 10“« 

4-76 

26 

68 1 

4-10 

19*4 X 10-i« 

4*73 

27 

61 j 

4-06 

19-0 X 10-w 

I 4-69 

29 

64 

/4‘10\* 

\4-03/ 

19-2 X 10-1® 

4-68 


* Nearly hexagonal. 


Photographs of the substances in the molten state show a diffuse band instead 
of the well-defined lines characteristic of the solid. A few of the observed 
spacings of molten substances are tabulated below. 


Table IV. — Data on Hydrocarbons in Liquid State at their Melting Point. 


Number of 

Observed 

carbon atoms. 

spacing. 


1 

A. 

IS 

4-6 

19 

4«6 

20 

4*6 

24 

4-6 

30 

4‘6 


The range of substances which actually go into the hexagonal form seems 
to be limited. This state of highest symmetry is observed for the numbers 
21 , 22 , 23, 24, 26, 26, 27. 29 begins to show a slight deviation. In the 
two lines are clearly separated at the melting point, and the same holds with 
the still higher members so far as they have been observed- The same phenome- 
non is observed with Cgo aind the lower members of the series. 

The abrupt transition which occurs with C 24 is also found for all the higher 
members. The transition temperature gets closer and closer to the melting 
point and is almost indistinguishable from it with 
The following table contains the transition temperatures. They were 
obtained by examining the X-ray photographs taken at different temperatures. 
No attempt has been made to determine all the transition points very accurately. 
In the case of the temperature steps were narrowed down to fractions of a 
degree and corresponding X-ray photographs were taken. It was found that 
the change of the X-ray photograph took place within a few tenths of a degree. 
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Table V. — ^Tcausition temperatures. 


Number of 
oarbon atoms. 

l?ransition 

temperatures between 

Melting 

points. 

BiSerenoo. 

i 

u 1 

0 

0 

o 


40-41 

51*2 

10 

26 1 

45*5-46 

58*0 

12 

27 

48*5-49*3 

61 

12 

29 

66-7-67-1 

64*4 

7 

30 

58-0-58-3 

66*6 

9 

31 

60-64 

68*4 

6 

34 

67-68*9 

72*8 

5 

44 

86 * 6-86 

86*4 

i 


These transition temperatures have been measured by Gamer* and more 
recently by Piperf and his collaborators. The present data, for which less 
accuracy is claimed, agree within the limits of experimental error. 

It has been mentioned that the exact interpretation of the X-ray photographs 
obtained with specimens at the transformation point is not feasible at this 
stage of development. The large number of lines suggests that the material 
consists of a mixture of several crystal forms, most of which, however, seem to 
be stable over only a small range of temperatures. The fact that two of the 
lines are predonainant and behave at higher temperatures like those of 
and C 23 leaves room for the following speculation. 

Assuming that the bulk of the material has essentially the same flTra.TigftmATit 
as that before the transition has taken place, we may tentatively give the two 
lines the indices 110 and 200 . The new structure difiers from the old, in 
that the axes have difEerent lengths. The data calculated from observations 
made with 039 and C 24 are : 


Table VI. — 029Hgo Melting Point 63°. Expansion Measurements. 


Temperature. 

Aa, 

Ab. 


0 

19*0 

±0 

±0 

0 / 

67 15 

30 

0*2 1 

0*4 

67 20 

40 

0-6 i 

0-65 

67 20 

51 

1*2 

0*7 

67 0 

66*7\trans- 

1-6 

0*75 

60 50 

57*1/ formation 

6*7 

±0 

64 20 

63 

10*5 

- 0*2 

61 20 


jita = . 100 Ab = ~ . lOO. 

®18 


* ‘ J. Chem. Soc.,’ p. 1533 (1931). 
t ‘ BiocHem. J.,’ vol. 25, pp. 2072-2074 (1931). 
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The table for €2^ is arranged identically with that of C23* Up to the tran- 
sition point the above hypothesis is not involved. The data of this table are 
plotted in the following graph. 





Fio. 4. — ^Percentage expansion (obs.) of a and b axis (Table VI)*’ 



5.— Angle ^ (obs.) between diagonals of cross section (Table VI). 


The following table gives the observed spacings of the two strong lines which 
remain after the substance has gone through the transition. 
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Table 'VIL— CmHso Melting point: 51*2° C. Observed Spacinge of the two 

Strong Lines. 


Temperature. 

1 d strong. 

d weak- 

I 

o 

A. 

A. 

40-0 

4*12 

3*71 

41-45 

4*16 

3*91 

41-8, 

4*14 

3*93 

42*5 

4*12 

3*94 

42 *95 

4*12 

3*97 

43*45 

4*11 

4*01 

43*9a 1 

4*09 

4*08 


' „ 

j 

45*4 

4*10 

47*9 

4*11 

49*3 

4*125 


Using the above-mentioned hypothesis, which assumes that the two lines 
are the 110 and 200 of the normal structure, the following data are calculated 


from Table VII. 


Table VIII. — Lattice Dimensions of the Hypothetical Structmre of C 2 j|,H 5 o 
above the Transition Temperature. 


Temperature. 

a. 

6. 


o6/2. 

O 1 

A. 

A. 

o 


SO. cm. 

18-4 X 10-^« 

Transition/ 

7*43 

4-96 

67 

26 

7*82 

4-92 

64 

16 

19*2 X 10-i« 

Al-S, 

7*86 

4*87 

63 

34 

19*15 X 10-w 

42*6 

7*88 

4*83 

63 

0 

19*05 X 10 -^^ 

42*95 

7*95 

4-82 

62 

30 

19*15 X 10-1® 

43 -4b 

8*03 

4*79 

61 

40 

19*25 X 10~i« 

43*92 

8*16 

4-72 

60 

0 

19*25 X lO-i** 

45*4 

8*20 

4*73 

60 

0 

19*4 X 10“i« 

47*9 

8*22 j 

4-74 

60 

0 

19*5 X 10-w 

49*3 

8*25 

4*76 

60 

0 

19*6 X 10~i« 


It is interesting to note the slight contraction of the “ b ” axis, which is 
also found in Table II for 023- 


Discussion of Results. 

The data of the last chapter show that the normal parafiBns tend to become 
hexagonal at the melting points. In the range of to Cjg this state of higli 
S 3 nnmetry is actually reached. Substances outside this range melt before 
becoming hexagonal. 
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X-ray iavestigation has showja that the CH^ groups in the parafiSn molecule 
are arranged in a zig-zag chain, and that the chains have only two planes of 
symmetry intersecting in the chain axis. This is found from’ measurements 
made at room temperature. The present work shows that the molecules 
hehave as if they were more symmetrical at the melting point. 

The inert character of the paraflSn molecule, its heat resisting properties 
and the fact that the chain length does not depend appreciably upon the 
temperature, suggests a considerable rigidity of the molecular structure. It 
seems therefore unlikely that the temperature should produce a radical change 
of the configuration of the carbon skeleton of the molecule. 

The carbon chain is surrounded by hydrogen atoms. This hydrogen shell 
is more likely to be afiected by temperature. It is almost certain that the 
temperature motion of the hydrogens tends to make the molecule more 
symmetrical at higher temperatures, but it is impossible to tell at the present 
stage whether the temperature agitation of the hydrogen molecules accounts 
for the observed increase of S3rmmetry, or whether the zig-zag structure of 
the carbon chain is still predominant. 

The molecule as a whole must perform oscillations under the influence of 
the temperature. These oscillations also tend to make the crystal more 
symmetrical. The moment of inertia of the chain molecule is smallest relative 
to the chain axis. The amplitudes of the oscillations round this axis may 
become very large at higher temperatures and the molecules may even perform 
complete rotations. They wotdd then, on the average, have the symmetry of 
a circular cylinder and the hexagonal close packing would foUow quite naturally. 

It must, however, be borne in mind that there are limits to the rigidity of 
the molecule. The frictional forces increase with the chain length and there 
must be a state when torsional vibration sets in. How this distortion affects 
the structure, and at which chain length it becomes appreciable, is again 
impossible to predict from the existing data. 

The crude model of a rotating molecule gives at least a qualitative explana- 
tion of the phenomena observed with C21 and O23. It fails, however, to explain 
the transitions which are observed with the higher members of the series. 

These sudden transitions may appear surprising at first sight. Considering 
the similarity of the structure, the continuity of the melting points and other 
physical properties, it does not seem obvious why with two consecutive members 
of the series, like Cga and one should have a transition point and the other 
not. A qualitative explanation of a similar case has already been given in a 
previous paper (Zoo. dt). The argument is this. 
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The forces which keep the molecules ia these crystals together can be divided 
into two parts. One part of the cohesion can be ascribed to an interaction 
between the chains, the other between the molecules which form the end groups. 
These two forces are in equilibrium in the crystal, and the first of the two must 
depend upon the length of the molecule. The sudden appearance of a transition 
indicates that the balance of the two forces is sensitive to a small alteration of 
the chain length at this particular point. 

Some of the statements in the last section may be put in a more definite 
form. • Let us consider a chain molecule “ A ” surrounded by its neighbours. 
The centres of the circles in the diagram are the intersections of the two rows 
of carbon atoms in the molecule. The chain axes are in the middle between 


QrO 

01® O® 

GkQ 

I; ®0 


... 

0|©-k-,:-er® 

Oq 

G~q 


0® 0® 
Fig. 6* 


the two rows and are perpendicular to the plane of the paper. Let us further 
assume that the molecule is a rigid body of infinite lengtL The position of 
this body is then fixed relative to the crystal lattice by the anglA to. The 
average position of equilibrium may be called coq. 

We now introduce the end groups. They are assumed to be so far apart 
from each other that their interaction is confined to pairs of adjacent layers. 
It is further assumed that these end groups produce only a sTnall change in 
the original lattice, and that they are strongly linked to the chains. Supposing 
the chain forces were eliminated, the end groups would then arrange them- 
selves in their own position of equilibrium — say ag. 

A combination of the two forces is therefore likely to introduce two positions 
of equilibrium of the chain. The potential energy of the molecule plotted 
against the angle to would have a shape as indicated in the dia, grfl,m According 
to the temperature, the molecules would be found more frequently in one or 
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tlie other potential valley^ This representation, which is not meant to he 
more than a very crude picture, seems to he the most rational way to account 
for the observations made in the present work. 


666666666 


I End groups 


Chains 


I End groups 


b — Chains 




I End groups 


Fig, 7. 


Angle 0) 


Fig. 8. 


Further work is in progress which deals with a more detailed investigation 
of the disturbing effect of the end-groups, and the effect which is produced 
when atoms of different kinds are introduced into the chain lattice. It has 
already been found that oxygen atoms produce a contraction of the mferder 
lattice. These questions will be dealt with in a separate paper. 


voiu oxxxvm.— A. 
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In connection with the last section it is of interest to use the data which 
Grarner (loc. cit.) has published in his most interesting paper on the heat of 
crj^tallisation — ^and transition of several hydrocarbons. The following table 
gives the heat of crystallisation and transition of two hydrocarbons for which 
the changes in the lattice dimensions are known from the present investigation. 


Table IX. 



^24^50* 

C„H,o. 

Change of cross section area at transition point 
cm.) 

0-8 X 10-“ 

2-1 X 10-“ 

7-6 

12-8 

0-7 X 10-1* 

2-8 X 10-“ 

9-8 

16-7 

Change of cross section area at melting point 
fsa. cm.) 

Heat of transition (kg. cal./gr. mol.) 

Heat of crystallisation (kg. cal./gr. mol.) 


The figures for the energy changes are not those directly measured by Garner 
but they are obtained by interpolation feom his measurements. The change in 
cross section at the transition points are taken from Tables VI and I and 
Table VIII of the present work. The change of the cross section at the melting 
points will be discussed in the next paragraph. 

The point wliich these data are meant to illustrate is more clearly seen if 
the data of the last table are reduced to the chain elementj i.e., the OHg group. 
This is done by dividing the figures for the energy changes by the number of 
carbon atoms of the molecules. The average of C24 and are used in the 
next table. 

Table X. 


Eirans. 

iilTraiis. 

ETrana. 

^Trails. 

Distance of nearest approach 
varies at transition point : 

0-34 

0-75 

, 4-3 

Erom 4-5 to 4*6 A. 

Elusion 

i^riision 

Eb'usion 

•^Fusion 

At the melting point : 

0-54 

2*2 

2-2 

From 4*7 to 5*0 A. 


Errans. = heat of transition • 1 , , . /ntt 

Elusion = „ orystaJlisation kg. cal./gr. mol. CH,. 

j^Trans. = change in cross section p. mol. at transition point 1 le 

Jpasion= „ „ „ melting poL j-m 10-«sq. cm. 
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This table gives an indication of the energy-changes involved at the tran- 
sition — and melting point. The two ratios show the rapid decrease of the 
internal energy with increasiog distance of the molecules (2 ‘2 against 4* 3). 

The cross sections of the molecules in the liquid state which are used in the 
previous section are calculated from density measurements. These densities 
are taken from the International Critical Tables and show that the density 


n = number of 

Density at 

carbon atoms. 

melting point. 

15 

0*7761 

16 

0*7767 

17 

0*7766 

IS 

0*7770 

20 

0*7778 


at the melting point alters very little with the number of carbon atoms. The 
cross sections are calculated with the aid of the following espression : 


Cross section = 


1-66 X 10-^(12-00 X w-f l-008[2ro-4-2]) 
(1-253 X n-1-2-30) X lO"® x 0-778 


The numerator is the weight of the molecule and the denominator is the length 
of the molecule multiplied by the density (0 - 778). The length of the molecule 
is derived from earlier measurements on the long spadngs of these hydro- 
carbons.* 

The calculation gives the following result : The cross section area of a mole- 
cule in the liquid state at the melting point is 22-0 X 10““ sq. cm. (average 
Cao to Cgo). The distance of nearest approach between two chain axes, calcu- 
lated under the assumption that the chains are hexagonally close packed in 
the liquid, is 



cross section 

V3 


5-0 A., 


And the largest spacing in this hexagonal structure : 

"^cross section X VS ^ ^ 


a/" 


The observed spacings of the liquid at the melting point are all about 4*6 A, 
according to Table IV. 


* These measurements .were made on substances in the solid state. Owing to the 
negligible expansion of the chain axes and the comparatively small gaps at their ends, 
the use of these data is not introducing an appreciable error. 


2o 2 
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We therefore find : 

Distance of nearest 

Observed spacing 

Spacing calculated 

approach of 

liquid at melting 

from density 

bexagonaUy packed 

point 

(hexagonally 

chains (calculated 


packed chains) 

from density of 
liquid) 

5*0 A. 

4-6 A. 

4-3 A. 


The distance of nearest approach is measured from chain axis to chain axis. 
The observed X-ray spacing lies about half way between the distance of 
nearest approach and the spacing calculated from the density of the liquid. 

The writer wishes to express his appreciation to Sir William Bragg, O.M., 
F.E.S., and the Managers of the Eoyal Institution for their kind interest in 
the work. 

Sumomry. 

( 1 ) The lattice dimensions of a number of hydrocarbons are measured at 
different temperatures between 20® and the individual melting points, 

( 2 ) It is found that C23LII44, ^ 28 ^^ 48 " C24H50, OgjHsj, 

and CgjHsQ change from a state of lower symmetry into hexagonal symmetry. 
This state is reached when the substances are solid and near the melting point. 

( 3 ) The lower members of the series, i.e., Cjs, Cj, and O20, and also those above 
C20, tend to approach hexagonal symmetry, but melt before they reach this 
state. 

( 4 ) €21 and C23 show a continuous change of the “ a ” and “ b ” axes with 
increasing temperature up to the melting point. C21, C26, C28, C27, C29, C30, 
C31, C34 and C44 show abrupt transitions between room temperature and the 
individual melting points. 

( 5 ) Using Gamer’s data on the heat of crystallisation and transition, and 
the lattice changes measured in this work, it is found that the lattice energy 
decreases very rapidly with increasmg molecular distance. 

(6) Attention is drawn to the fact that paraffins of moderate ftTiflin length 
may be regarded as rigid rotators. Attempts are made to explain the tran- 
sitions from general principles. 
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Investigations in the Infra-red Region of the Spectrum, Part VII. — 
An Infra-red Grating Spectrometer as a Double Monochomator. 

By A. B. D. Oassie, and C. R. Bailey, tke Sir William Ramsay Laboratories 
of Inorganic and Physical Chemistry, University College, London. 

(Communicated by F. G. Donnan, F.B.S. — Received July 13, 1932.) 

Part IV of the present series’** describes a monochromator method for use 
in the infra-red region of the spectrum. The monochromator consisted of a 
single prism spectrometer with the absorption tubes placed between the telescope 
slit and the thermopiles, instead of the more usual disposition with the tubes 
between the Nernst filament and the collimator slit. The advantages of the 
method over the ordinary lay out are : — (i) double absorption tubes can be 
used and left permanently in position; (ii) the introduction of stops can 
considerably reduce the quantity of scattered radiation of shorter wave-length 
reaching the thermopiles ; and (iii) only a small range of infra-red radiation 
traverses the gas under examination. The apparent disadvantage of the method 
is an increase in the number of reflections suffered by the infra-red beam, and 
a resultant loss in intensity ; in practice, however, it is found that this loss is 
small, and at shorter wave-lengths the same slit width was used as in the older 
method. As a consequence we decided to design a grating spectrometer for 
use as a double monochromator, and the present paper describes the instru- 
ment, with the method of use. 


The Spectrometer. 

The final arrangement is shown in %. 1. The essential departure from the 
grating spectrometer constructed by Sleatorf lies in the use of two mirrors in 
the spectrometer proper, instead of one. As was pointed out by Ozemy,J 
in the simpler case, the error introduced in the image of the collimator slit on 
coUimation of the beam will be approximately doubled when the reflected 
parallel beam is converged by the collimating mirror to form an image near 
the collimator slit ; if, however, two mirrors are used with the collimator slit 
on one side of the grating, and the telescope slit on the other, then the error 
introduced on coUimation of the beam is approximately reduced to zero when 

♦ ‘ Proc. Roy. Soc.,’ A, vol. 132, p. 252 (1931). 
t ‘ Astropliys. J.,’ vol. 48, p. 125 (1918). 
t ‘ Z. Physik/ vol, 61, p. 792 (1930). 
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the reflected parallel beam is converged on the telescope slit by the second 
mirror. Czerny showed experimentally that this was so, and that con- 
siderably improved images are obtained by using separate coUimator and 
telescope mirrors. In fig. 1, and Mg are the collimator and telescope mirrors 
respectively, and Sg and S 3 their accompanying slits. The image of 83 at S 3 
obtained with the two-mirror system proved to be very good over even long 



slit lengths, and the BSlger symmetrical slits were opened to their full aperture, 
0-8 inch, instead of the usual 0'4-inch aperture. 

The fore prism spectrometer has a focal length one half that of the grating 
spectrometer (16 inches and 32 inches respectively), so that the side of the 
prism need only be one-half the length of the rulings on the grating. We are 
indebted to Professor E. 0, Salant, of New York University, for suggesting 
the focal lengths and mirror apertures used. The latter are of stainless steel, 
and of aperture 4 inches diameter ; they were made by Zeiss. 

The general design is straightforward ; radiation from a Nemst filament, N, 
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is reflected in tlie mirror and converged on to the collimator slit of the fore 
prism spectrometer by M2. M serves as a backing mirror that increases the 
solid angle of radiation passing from the filament to the first slit of the spectro- 
meter. It is the image of N in M^, instead of N itself, which is converged on 
the first slit ; this device increases the available distance between N and Mg, 
and facilitates orientation of the backing mirror to give a cone of radiation 
coincident with that failing on Mg and converging on from bT. 

The radiation diverges from to M3, and is there collimated and reflected 
towards an 18"^ rocksalt prism, P. The back surface of this prism is platinum 
sputtered, and this mirror reflects the radiation through the prism to M35 which 
now converges it to Sg, the collimator slit of the grating spectrometer. The 
prism was obtained from Messrs. Steeg & Eeuter, of Bad Homburg, Germany ; 
it is mounted on a theodolite circle readable to 30 seconds of arc. From Sg 
the radiation diverges to M^, which collimates it and reflects it towards the 
grating, G. The only grating available was an echelette of 3600 lines per inch 
reflecting in the direction of the first order spectrum between 3*5 and 4 pt ; 
it was ruled by R. W. Wood on a chromium-plated copper blank, the rulings 
being approximately 3 inches in length and extending over 4 inches. It is 
mounted on another theodolite circle readable to 1 second of arc ; it is a stand- 
ard circle of Messrs. E. R. Watts & Son, London, and we are much indebted to 
this firm for redesigning the mountings to suit this spectrometer. From the 
grating the parallel beam passes towards M5, and is converged towards Mg, 
which reflects it to the telescope tubing which slides in a second tube firmly 
fixed to the spectrometer casing. This helps the focussing of the image of 
Sg on S3. 

Absorption Tubes and their Mirrors. 

From S3 the radiation diverges to the mirror M7, which is the nairror M3 of 
the monochromator described in Part IV (Zoc. cit). One important modifica- 
tion of the apparatus described in that paper was found necessary ; the grating 
spectrometer has slits 0*8 inch long, as compared with slits of 0-4 inch used 
in the prism spectrometer ; hence radiation diverging from the image F filled 
much more than the l|-inch aperture of the end plates of the absorption tube ; 
this diSiculty was overcome by bringing the image, F, to a point near this end 
plate, and using a larger aperture mirror, Mg, to converge the radiation on to 
the thermopile. The rapid divergence of the extreme rays is shown in fig. 2. 
0 is an object illuminated by a cone of radiation whose solid angle is defined 
by the extreme rays intersecting a ruirror, R, at A and B ; these converge 



534 


A. B. D. Cassie and C. E. Bailey, 


towards I as shown, one extreme ray crossing the axis at C, and the other 
passing directly to one end of I ; the solid angle of radiation diverging from I 
is therefore defined by the lines drawn from 0 to either extremity of I, and the 
angle may be considerable. The position of I is accordingly adjusted so that 
the absorption tubes occupy a position EiLMN relative to I. 



Spectrometer Casing and Mounting. 

, The fore prism spectrometer and grating spectrometer are mounted on a 
steel base J inch thick, which is screwed to brick piers at either end and has four 
rigid supports near the centre. The brick piers are in turn screwed to a firm 
table on which the circles stand. The various mirrors and S 2 are in mounts 
screwed to the steel base ; these moimts are provided with adjustments for 
rotation of the mirrors about vertical and horizontal axes, and Sj may be 
rotated through a small angle about a horizontal axis passing through the 
centre of Sj. The prism and grating tables have the usual adjustments. The 
axle supporting the grating spectrometer table passes through the centre of 
a rubber ring, making the joint air-tight, and avoiding the imposition of any 
strains on the circle due to uneven expansion of the spectrometer case, the 
bearing for the spectrometer table is screwed to the steel base plate ; this again 
gives a roughly air-tight joint, and afiords the necessary bearing for the axle 
of the theodolite circle ; no great accuracy is required of this circle provided 
it has a reasonably good fine adjustment. 

A pressed steel casing encloses the spectrometer, and carries the first slit 
Si ; the casing is screwed to the base plate, and angle brackets give it rigidity 
where the telescopic tube, T, is welded to it. A lid is fitted and gives an 
approximately air-tight joint. Nozzles are fitted to either end of the casing 
so that a stream of air freed from carbon dioxide and water vapour can be 
passed tlirougli the instrument. 

Method of Use, 

The grating table is fitted with a micrometer screw and drum, D, aimilnr- to 
those supplied with the Hilger direct reading spectroscopes. The drum is 
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urdforroly graduated througliout tlie length, of tiie spiral groove in wldcli the 
index, J, moves. The end of this drum is fitted with a disc in which two slots 
are cut ; two pins from a disc, rotated by worm motion from a distance, engage 
in the slots and so rotate the drum. It is read from a distance by means of a 
telescope. The disc with its two pins cannot remain fixed when the table is 
3 :otated through more than one degree, and this is allowed for by mounting the 
•disc and its worm motion on a slide rest cut in a circle concentric with the axis 
of the table. The slide rest can be clamped in any position, with the pins 
passing through the slots in the end of D. Thus, when investigating a band 
the turntable is rotated to approximately the calculated position of the band 
and the pins are engaged in the slots of the drum ; the band is then located by 
rotating D from a distance (actually at the galvanometer scale), and then finally 
carefully investigated by a rotation of D through the successive graduations 
•on its surface. The band is plotted with readings of D as abscissse, and the 
angles of required points are obtained by setting D at the corresponding 
graduations. The drum must, of course, be rotated in one direction when 
investigating the band, and in the same direction when determining the angles 
corresponding to given graduations on the drum, otherwise errors due to 
backlash of the micrometer screw may become considerable. This method of 
operating the spectrometer enables all the observations to be made by one 
person from one position in the room. 

Setting-up the Spectrometer. 

The mounts for the mirrors and slits were designed so that the centres of 
these parts were at one height above the base plate. The remaining adjust- 
ments were made with monochromatic light obtained by focussing a mercury 
arc on ; with Mg approximately adjusted, the various mercury lines were 
observed near Sg, and Mg could then be accurately adjusted for parallel light, 
and the slit Sg rendered parallel to the image of S^. M4 was correctly focussed 
by reflecting light back towards it from the grating table by means of a plane 
mirror at the grating surface ; Mg was then set approximately at the correct 
position, and the final focussing of the image of Sg on Sg was made by the tele- 
scopic adjustment. An alternative to the use of monochromatic radiation 
is to focus the image of the Nernst filament on S^, and to replace P and Gr with 
plane mirrors ; this gives more intense illumination and was used in the 
preliminary work. The mir rors Mg and Mg were actually adjusted by first 
viewing (from Sg) Mg in Mg, and then G in both Mg and Mg. A similar method 
was adopted for setting up mirrors M7 to Mg, as the visible light traversing this 
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system is rather weak. The mirrors were removed from the prism and grating 
tables, and the grating was rotated until the most intense red spectrum fell on 
S 3 ; looking along the axis of the absorption tube the observer can see M, in 
Mg, and S 3 in the image of M 7 in Mg ; finally Mg was similarly adjusted and the 
thermopile placed at the image of S 3 formed by Mg. 

Procedure. 

When the various components of the spectrometer have been correctly 
adjusted, there remains to be determined the correct setting of the prism and 
grating to obtain radiation of given wave-length traversing S3. The calibration 
of the prism need only be approximate, for so long as the wave-lengths 2 and 
4 fi can be distinctly separated, the final setting of P can be made by means 
of the fine adjustment. Thus, if the grating be set so that wave-lengths of 
4 {i in the first order spectrum traverse Sg, then on rotating P, from the position 
where visible wave-lengths traverse Sg towards longer wave-lengths, the 
observed galvanometer deflections pass through one maximum, corresponding 
to the wave-lengths near 2 (jt. in the second order, and then a second maxiTmiTn 
appears due to the wave-lengths near 4 ^ in the first order ; the second 
maximum gives the correct setting of P. A maximum may appear of wave- 
length between 2 p, and the visible corresponding to a third order spectrum, 
but a circle readable to 30 seconds of arc is sufliciently accurate to avoid any 
confusion of the maxima, and the final setting of the prism can be made by 
means of the fine adjustment while observing the galvanometer deflection at 
each setting. 

The grating can be set approximately by means of the diSerent orders of 
visible spectra, but final settings and any observations of a band require calcu- 
lation by means of the usual dispersion formula. Thus for a spectrum of the 
nth order we have 



Fig. 3. 

where a is the grating constant, 6 is the angle of incidence, and 4 , is the angle 
of reflection. The grating as actually used is shown in fig. 3 ; AGCi is the 
angle 0, and BGOj the angle 4>- The position of the grating when the zero 
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order appears in S 3 is GGr 2 , and the normal occupies a position GCg, If d/ he 
the angle turned through by the grating from the zero order to the wave-length 
X in the ^th order, then 4 ^ is equal to CgGCi ; hence 6 is (ij/ + a), and ((> is 
( 4 ^ — a), where 2 ot is the angle between the incident and diffracted rays. 
Formula (1) therefore assumes the simple form 

= 2 a sin 4 * cos a. ( 2 ) 

The grating accordingly is set by observing the zero order in S 3 , and rotating 
the turntable through an angle 4 determined from (2). Conversely, the wave- 
length corresponding to any setting of the turntable is determined from ( 2 ); 
on insertion of 4 - 

Errors. 

Errors in working the spectrometer arise from errors in 4 and a. Differenti- 
ating ( 2 ) for the first order spectrum, we have 

Ax = 2a (cos 4 cos a A 4 — sin 4 sin a Aa). (3) 

Since both 4 sind a are small, error in 4 is '^te larger factor in the error, AX, 
occurring in X. Determination of 4 involves reading two angles, that of tho 
zero order spectrum and that of the table setting. The first point is the 
accuracy with which these readings can be made, and this involves the accuracy 
of the grating circle ; this can be read to 1 second of arc, but the turntable aa 
originally supplied had two micrometer eyepieces, one at each end of a diameter, 
and one of these had to be removed as it projected into the Nemst filament 
housing. The accuracy of the circle was tested with the two eyepieces in 
position, and readings on the two coincided to within 3 seconds of arc and we 
shall assume this to be the accuracy of the circle, and the error in setting the 
grating table. The greatest error arises in determining the position of the 
zero order spectrum ; the position of S 3 renders impossible observations by an 
eyepiece, but a method which is quite as accurate is the following : the slit is 
covered with thin paper, and D is rotated until the edge of the image of Sg. 
is just visible ; the corresponding setting of the circle is noted, and D is again 
rotated until the other edge of the image is visible, and the circle again read. 
The mean of these two readings then gives the position of the zero order. The 
method is as accurate as that involving an eyepiece, but observations to within 
much less than 7 seconds of arc appear impossible. Hence the total possible 
error in 4 is 10 seconds of arc ; inserting this value in (3), and taking 4 
17® and a as 6®, we obtain an error in X equal to 0-0007 jr. 
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The permissible error in cc must be determined : inserting AX = 0*0001 
in ( 3 ), we find Aot approximately 1 minute, and a must be known accurately 
to within this value ; this is easily attained by rotating G so that the zero order 
falls firstly on S 2 , and secondly on 83 . 

Wave-lengths determined with this instrument should therefore be accurate 
to 0*001 Whilst the spectrometer was in use, a possible somce of error was 
recognised ; the reading of the zero order spectrum does not, unfortunately, 
remain constant over intervals of time of the order of 1 day, probably because 
of uneven e^qpansion of the casing due to the heating lamps used to maintain 
the rocksalt parts at a slightly higher temperature than the surroundings ; 
this involves rotation of the telescope tube carrying S 3 . The error can be 
eliminated by observing the position of the zero order spectrum before and 
after determining the contour of a band. Reproducible results were obtained 
by this method. 

Resolving Power. 

This is also determined from formula (3). Inserting 1 minute of arc for the 
value of Ai{/, we obtain AX equal to 0 • 004 ^ ; but since the direction of incidence 
is constant, the difEracted wave-lengths must spread at the rate 2^^, i.e., two 
diffracted wave-lengths separated by an angle of 1 minute must difEer in wave- 
length by 0*002 p. Again, a slit width of 0*01 second subtends an angle of 
approximately 0*6 minute at the grating ; hence slit widths of 0*01 second, or 
10 divisions, contain a wave-length range of 12 A, or 0*8 wave-numbers, near 
4 p. Between 3*5 and 4 jx, galvanometer deflections of 1*6 cm. were obtained 
with this slit width, and if the variations in percentage absorption are marked, 
this deflection is large enough to obtain reliable observations. 

The bands actually observed all lay beyond 4 {x, and the least slit widths used 
were 20 divisions, or 24 A for the 4*003 |x band of SO 2 . Other bands near 
4*35 and 4*6 pi required 40 divisions or approximately 50 A. 

Elimination of Walter Vapour and CO^. 

The spectrometer was ultimately to be used over regions where carbon 
dioxide and water vapour have considerable absorptive powers, and the 
instrument was therefore designed to be roughly air-tight. The method adopted 
to eliminate these impurities consisted in displacing the air in the case by dry 
purified air, and maintaining a slight excess pressure inside by means of a 
stream of gas from evaporating liquid air in a Dewar vessel. As the longer 
wave-length band of SOg overlaps the 4*25 fx band of COg, the further pre- 
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caution was taken of covering the slits Sj and S3 with rocksalt windows, and 
placing sticks of caustic soda in the case. When the contents of the small 
Dewar vessel were allowed to evaporate overnight, it was found that the CO2. 
absorption was reduced approximately to that observed with the prism spectro- 
meter ; this residual absorption was presumably due to absorption in the path 
outside the casing ; we hope eventually to enclose the total path length. When 
the spectrometer as treated was left over the week-end without liquid air 
evaporating into it, no appreciable increase in the absorption due to OOg was 
observed. 

Before the impure air was removed from the case, it was not possible to obtain 
measurable deflections in the neighbourhood of the maximum of the CO2 band 
at 4*25 {X ; after purification readings were obtained throughout this region, 
and the setting of the spectrometer was checked against Barker’s values for 
the band in questi6n.* 

Our acknowledgments are due to Professor E. G. Donnan, C.B.E., E.R.S.,. 
for his continued interest and encouragement ; to Imperial Chemical Industries,, 
Ltd., fromVhose grant to these laboratories certain portions of the apparatus 
were purchased ; to Mr. G, W. AUiss, of this Department, who designed and 
made many of the parts ; and to the Department of Scientific and Industrial 
Research for a Senior Award to A. B. D. C. 


Summary. 

(1) The construction of an infra-red gating spectrometer for use as a double 
monochromator is described. 

(2) The method of working such a spectrometer is fully e3q>lauied. 

(3) The experimental errors and the resolving power are calculated. 


* ' Astrophys. J.,’ vol. 66, p. 391 (1922). 
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The Resonance Spectrum of Hydrogen. 

By K. E. Eao, D.Sc., Science College, Andhxa University, Waltair, India, and 
J. S. Badami, PI 1 .D., PhysikalisclL Technisclie Eeichsanstalt, Berlin. 

(Commnnicated by A. Fowler, F.E.S. — ^Received July 16, 1932.) 

[PliATE 14.] 

Introductory. 

The success of the hollow cathode discharge in helium in exciting the spectra 
of various metals suggested that a similar method might be applied to excite 
the spectrum of arsenic. It was in the course of this work that plates were 
obtained which revealed with remarkable intensity the Lyman series of hydro- 
gen, extending down to the 15th member. The most interesting feature of 
the series, however, is the anomalous distribution of intensity among its 
members. Instead of the intensity gradually falling off as we go to higher 
members, a sudden enhancement is observed in the intensity of the 10th and 
11th members and then an abrupt fall so that the remaining members are 
only just observable. The appearance of the series is such as immediately 
to suggest the occurrence of a kind of resonance effect. The experiments were 
therefore repeated under various conditions in order to investigate the cause 
of this observed anomalous intensity and to discover, if possible, the type of 
impact involved in the production of stmh a phenomenon. In two preliminary 
notes,* the main conclusions which have been obtained have been reported 
and it is the purpose of this paper to describe these investigations and the 
conclusions reached. 

Experimental. 

The experimental use of the hollow cathode source is well known and has 
been described previously by various writersf but on account of the importance 
of the phenomenon that has been observed, it is considered worth while to 
present details of the method employed. Some metals, like aluminium, are 
generally used directly as the cathode, but PaschenJ has found that the source 
can be adapted also for metals of low melting points or those which vaporize 

* ‘ Nature,’ vol. 128, p. 685 (1931), and vol. 129, p. 869 (1932). 

t Pascben, ‘ Ann. Pbysik,’ vol. 71, p. 637 (1923), and Sawyer and Paschen, ‘ Ann, 
Pbysik,’ vol, 84, p. 1 (1927). 

t Paschen, ' SitzBer. preuss. Akad. Wiss. Berl.,’ vol. 29, p. 207 (1927). 
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rapidly, in whicli case the metal in question may be placed in a carbon (or 
tungsten) hollow cathode. The cathode in these experiments, was a thin 
hollow cylinder of carbon, 0, fig. 1, of length 3*5 cm. and diameter about 1-5 
om. The cylinder was closed at one end N, which terminated in a kind of box 
of length 0*5 cm., the inner wall W of which was perforated. This box served 
:as a reservoir to contain metallic arsenic, whose vapour entered the cathode 


A 

i 

n| 



c 

D 

w 


Fig. 1. — ^Hollow cathode source. 

through the perforated wall. A similar cathode was used by Takahashi* in 
his experiments qn Zn and Gd. 

The anode A, made of thin sheet steel, was a co-axial cylinder of length 
13 cm. surrounding the cathode and just fitting into the discharge tube, which 
consisted of a double-walled quartz tube having an overall length of 36 cm. 
and internal diameter of about 4 cm. One side (that which was away from 
the closed end of the cathode) of the quartz tube was ground and fitted exactly 
over the ground cone of the vacuum spectrograph carrying the slit, while the 
other end was closed with a plate glass or quartz window. A diagram of all 
the parts of the apparatus is shown in fig. 2. 

E is a helium reservoir ; G is a 4-litre globe into which any desired quantity 
of the gas may be admitted for circulation through the apparatus. A, B, C 
are liquid-air cooled traps, 0 containing charcoal. These served to absorb 
Hg vapour and other impurities. The tube D containing copper oxide could, 
if necessary, be heated to absorb hydrogen. To start with, the whole system 
was exhausted to a hard vacuum ; helium was then admitted into the globe G, 
the pressure in it being registered by the manometer M. The mercury vapour 
pump P was then set in action and it kept the admitted quantity of helium 
in circulation in the whole system, including the spectrograph. This process 
of circulation was continued throughout the experiment ; exposures were 
begun only after the impurities were all absorbed, which took some hours, 


* ‘ Aon. Plxysik,’ vol. 3, p. 27 (1929). 
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partiodarly wiih a freshly made cathode of carbon Such a cathode 
was also preliminarily treated with NaOH, washed and heated to bright 
redness before it was inserted into the discharge tube. Traces of neon con- 
tained in helium, always appeared as an impurity. A constant D.O. potential 
of 800 volts was applied to the electrodes and by a suitable resistance a current 
of about 250 m. amps, was maintained throughout the exposure. The spectrum 
was photographed by a vacuum spectrograph of 1 metre radius, giving a 



dispersion of about 17 A. per millimetre. Exposures varying from 6 to 8 
hours were found necessary and the entire region of the spectrum between 
X 2800 and X 600 was obtained on a single plate. 

It should be stated that in aU these experiments hydrogen was not introduced 
into the tube from any external source, but that the faint traces of the gas, 
present as an impurity in the helium supply and in the various parts of the 
apparatus, served to exhibit the phenomena described here. The tube of 
oxide which was intended to absorb the hydrogen, was not heated, 
except in those experiments where a strong spectrum of arsenic was mainly 
required. When the container in the cathode was once filled with arsenic 
metal, the metal lasted for about five or six exposures but the relative intensity 
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Fig. 3. — Lyman series of hydrogen In a 
hollow cathode in helium, (a) Shows 
intensity anomaly. 



Fig. 4a. 

Fig. 4. — Microphotometer curves of the Lyman hydrogen series. 

(a) Shows the anomalous intensity. 

(b) Shows the normal intensity. 
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of the resonance lines of As I, X 1972, X 1937, and X 1890 due to the com- 
bination 42>^S — 5s gradually di m inished with successive exposures till, 

when all, the arsenic had evaporated (or had been sublimed) these lines were 
absent altogether. The relative strength of these fundamental lines were 
used as a rough indication of the pressure of arsenic in the tube. For varying 
the pressure of helium, diSerent quantities of the gas were admitted into the 
globe G for circulation. No attempts were made at measuring the exact 
pressure of the gas in the discharge tube but the difference of pressure indicated 
by the manometer M, during the progress of the experiment, was taken as an 
index. This pressure was varied from 20 mm. to 2 mm. in the esperiments. 
Plates were taken of the discharge, in the absence of arsenic, with varying 
pressures of helium and also with various amounts of arsenic in the tube, 
while admitting the same amount of helium into the globe. 

A few experiments were also made with neon instead of helium in the dis- 
charge tube, the results obtained with this gas being identical with those for 
helium. 


Results and Discussion. 

Two very significant results emerged from these experiments. 

(1) Only the first three members of the Lyman series of hydrogen had 
previously been photographed. However, the authors have been informed, 
that on various occasions, while experimenting with this source, Professor 
Paschen and other workers in his laboratory have observed, although extremely 
faintly, a few more members. In this work the series has been photographed, 
for the first time, as far as the 16th member. All other conditions of the 
discharge being maintained the same, an increase in the pressure of helium 
alone (up to the maximum employed) was found to favour the excitation of the 
higher members of the series. The absence of the ultra-violet secondary 
spectrum of hydrogen on any of these plates is worth noting. It is plausible 
to assume that transfer of energy might have taken place through collisions of 
the second kind frequently occurring between the atoms of helium in the 
metastable state and the hydrogen molecules, resulting in an abundance of 
hydrogen in the atomic state. This would account for the excitation of the 
primary and the suppression of the secondary spectrum of hydrogen. 

It may be interesting to recall here the investigations made to extend the 
Balmer series of hydrogen. Besides Wood^s classical method* of using long 

♦ ‘ Proc. Roy. Soc.,’ A, vol. 97, p, 465 (1021). 
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vactnim tubes and of Herzberg’s metbod* of sending an electrodeless discharge 
of high frequency through hydrogen at suitable pressure, Whiddingtonf has 
reported a method of photographing the Balmer series as far as the 20th 
member by utilising a hydrogen tube having a hot cathode of tungsten wire ; 
the significant observation was made that near the cathode, within the dark 
space, the secondary spectrum was absent entirely, only the primary Balmer 
series appearing. The phenomenon looight be due, as it was suggested, to 
direct electronic bombardment, as the space near the cathode is rich in 
electrons, a condition closely akin to that resulting in the emission of the com- 
plete Balmer series in stellar spectra. The fact that Balmer lines are better 
developed when the hydrogen is mixed with rare gases seems also to have long 
been known. Merton and NicholsonJ obtained to H 14 , by using a trace of 
hydrogen mixed with helium at about 41 mm. of pressure. Of particular 
importance is the observation made by Takamine and Suga§ of the Balmer 
series down to H 25 in a neon discharge tube in which hydrogen was present 
only as a trace of an impurity. The production of the series to such a high 
member has been ascribed to the presence of hydrogen very richly in the atomic 
state, formed by second collisions with metastable neon atoms. With argon, 
the series was not so well developed but observed only to These results 
are obviously similar to those observed in the present experiments. 

The following table gives the wave-lengths of the lines of the Lyman series, 
as directly measured on the present plates. The first three lines, X1215, 
X 1026, X 972, are too broad for accurate measurement ; the eight lines, H 4 
to Hu, have been measured in the second order by interpolation between the 
first order carbon line X 1930*94 and the third order helium line X 584*38 ; 
and the last four Hues, Hi 2 to Hjg are first order measures. Owing to the 
faintness of these latter, the error in the wave-lengths is likely to be large. 


Line. 

Wave-length. 

Line. 

Wave-length, 

Line. 

Wave-length, 

H* 

949-74 


923-17 

Hu 

917*16 

Hs 

937-81 

H. 

920-99 

H„ 

916-42 

H. 

930-76 

Hi. 

919-38 

®-14 

916-80 


926-24 

Hu 

918-12 

H„ 

916-30 


* ‘ Ann. PKysik,’ vol. 84, p. 563 (1927). 
t ‘ PM. Mag.,’ vol. 46, p. 604 (1923). 

X ‘ PM. Trans.,’ vol. 217, p. 237 (1916). 

§ ‘ Sci. Pap. Inst. Phys., Chora. Res. Tokyo,’ vol. 14, p. 117 (1930). 
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(2) The second and more important result that has been obtained is the 
anomalous intensity exhibited by the members of the series. Fig. 3 (a), 
Plate 14, is a photograph of the discharge with arsenic in the cathode and it is 
clearly seen that there is a considerable enhancement in the intensity of the 
10th and the 11th members. After the 11th line the intensity diminishes so 
rapidly that the next four members could be traced only with difi&culty on 
the negative and are not capable of reproduction. Fig. 3 (6), Plate 14, is a 
picture of the discharge under the same conditions except that arsenic was not 
present. The anomaly disappears altogether; all the above members are 
distinctly seen, with the intensity diminishing gradually as we proceed to the 
higher members, as in the case of a normal series. With a cathode freshly 
filled up with the metal, the enhancement of the 10th and 11th lines is very 
marked ; the intensity of these lines approaches that of even the third or second 
member of the series. Figs. 4 (a) and (6) Plate 14 are microphotometer curves 
taken of the plates reproduced in figs. 3 (a) and (6) respectively, indicating the 
relative intensity of the members in each of these two cases and the anomalous 
feature is obvious from the first curve. It is therefore inferred that this pheno- 
menon occurs only in the presence of arsenic, becoming more prominent with 
greater pressure of arsenic vapour in the discharge tube. Care has been taken to 
establish that there are no arsenic or associated impurity lines that could 
account for the observed anomalous intensities of the two lines in question. 

Such phenomena of enhanced intensities of certain lines in similar discharges 
have often been mentioned. Beutler and Josephy* showed that when a 
mixture of mercury and sodium vapours was excited by Hg X 2637, a nciaximum 
of excitation was observed for the Na doublet at X 4420 corresponding to 
{2P— -78), whose excitation energy agrees most closely with that of the state 
2 ^Pi of mercury. Addition of a foreign gas caused the appearance of a second 
maximum at 2P— 5S of Na, corresponding to the energy of the metastable 
state 2 ®Po of mercury. These same maxima of intensity were observed also 
by Webb and Wangt who, by controlling the experimental conditions, so 
arranged that collisions of the atoms of sodium took place more effectively with 
excited mercury atoms than with mercury ions. The processes occurring in 
these experiments may be represented by the reaction equation 

Hg' (2 ®Pi) + Na (normal) ~^Na' (7 ^S) + Hg (normal), 
in which the dash against the symbol represents that the atom is excited to 

* Beutler and Josephy, ' Naturwifis,,’ vol. 15, p. 540 (1927). 
t ‘ PkyB. Eev.,’ vol. 33, p. 329 (1929). 
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a state, the designation of wliicli is indicated within the brackets. It must b(‘ 
noted that, in these cases, a close resonance ’’ is of great importance for the 
transfer of energy between the colliding partners to take place with the greatest 
probability. 

It is considered that the present phenomenon is analogous to these observa- 
tions of the sensitised fluorescence ’’ of sodium vapour, the requisite energy for 
the enhanced members of the Lyman series being transferred to the hydrogen 
atom, by impacts of the second kind, from the atoms of arsenic. It might be 
suggested that, instead, of the atomic states of arsenic being involved in the 
transfer, the molecular energy states of some compound of As and H are 
responsible for the production of the phenomenon. Apart from the indefinite- 
ness of this supposition, the possibility of it seems to be precluded, as there is 
no evidence on the plates of any trace of bands characteristic of As-H. It may 
be worth while mentioning that besides the hydrogen series, the arc spectrum 
of carbon was also strongly developed ; but, so far as the writers could judge, 
no intensity anomaly was observable in the lines of this element. It is thought 
that in the production of the phenomenon, the following reaction had taken 
place, 

As*^' (4;p^^So) + H (normal) + (llj)) + As (normal), 

in which As"^' represents an ionised atom of arsenic in an excited state, this 
excited state being here supposed, on account of the considerations to be 
presently put forward, to be the metastable state which is indicated in 

brackets ; “ e ” represents an electron involved in the collision. The formation 
of these ionised and excited atoms of arsenic might take place by one of many 
processes. The excitation of metallic spectra by discharges in a hoUow 
cathode in a rare gas atmosphere was discussed by Paschen,* who was the 
first to use it as a spectroscopic source, and also by Prerichs,t TakahashiJ and 
Sawyer.§ There is not entire agreement as to the exact nature of the processes 
involved, i.e., whether the collisions of the excited or ionised rare gas atoms take 
place with neutral or with excited or ionised atoms of the metal is not quite clear. 
As Sawyer has concluded, any of these collisions may occur under suitable 
conditions. The process would be complicated in the case of molecular gases 
which involve the additional factor of the dissociation energy to be taken into 
consideration. However, we are not much concerned with the exact type of 

* ‘ SitzBer. preuss. Akad. Wiss.,’ vol. 29, p, 207 (1927). 
t ‘ Aim. Physik,’ vol. 85, p. 362 (1928). 
f ‘ Aon. Pkysik,’ vol. 3, p. 49 (1928). 

§ ‘ Pkys. Rev.,’ vol. 36, p. 44 (1930). 
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these impacts, but only with the final result ; namely, the formation of the 
atoms of the metallic vapour in an ionised and excited state, regarding which 
there is general agreement. The available energy for the excitation of the 
metallic atoms is limited only by the energy of ionisation of the rare gas atoms. 
Assuming then the presence, in the hollow cathode source, of a large number of 
atoms of arsenic in the metastable state 4p®^So of As II, the reaction stated 
above is capable of explaining the observed phenomenon of the enhancement 
of the intensity of the 11th member of the Lyman series. That there also 
really exists a close resonance between the colliding atoms, which is of impor- 
tance for the transference of energy between the two and which makes the 
reaction to proceed with the greatest probability, is evident from the following 


equality. 

volts. 

1 

i 

> 

(A) Excitation energy of the 11th member of the 
Lyman series of hydrogen 

13-M 

= 108916 

(B) First ionisation potential of arsenic 

10*5 

= 85000 

(0) Energy required to excite the ionised atom 
of arsenic from the normal state to the 

metastable state ^So 

2*79 

= 22599 

Tte data for the items (B) and (0) are taken from two 

papers by Mr. A. S. 


Eao which are in the course of publication.* A discussion regarding the 
value (B) of the first ionisation potential of arsenic, in which the suggested 
probable error is 2000 cm.""^, is given in one of the above papers. It is clear 
that the excitation energy (A) is equal to (B) + (0), within the limits of error 
involved in the estimate of (B). 

The explanation of the phenomenon is then, that the arsenic atoms in the 
metastable state of As II, in returning to the normal state of As I, 

transfers this total energy of exdtcution and ionisation to the hydrogen atoms by 
collisions of the second land. This would also eaplam the necessity, in these 
experiments, of absorbing all the hydrogen in order to photograph the spectrum 
of arsenic intensely. That the phenomenon cannot be explained as due either 
to direct electronic impacts or to impacts of the second with only the excited 
rare gas atoms, is evident from the observed experimental fact of the necessity 
of the presence of arsenic for the occurrence of the phenomenon. 

* ‘ Proc. Phys. Soo.,’ vol. 44, p. 343 (1932) ; ‘ Proc. Phys. Soc.," [in course of publication). 
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A 'Nm Type of OolKsmi. 

If the above interpretation is accepted, we meet here with a type of collision 
which, so far as the authors are aware, has not been observed in any of the 
previous experiments in this field. Since Franck* * * § has generalised the theoretical 
conclusions of Klein and Rosseland,t a large number of investigations have 
been carried out demonstrating energy transfers in a variety of processes 
between electrons, atoms and molecules4 We have ample evidence of a direct 
electronic impact producing excitation or ionisation, or simultaneous ionisa- 
tion and excitation in atoms and molecules. And these methods have led to 
the direct experimental determination of the critical potentials of atoms and 
molecules. There is yet another class of experiments dealing with the so-called 
collisions of the second kind in which this excitation or ionisation is produced 
by transference of the requisite energy from an excited or ionised atom. The 
reaction in these cases, may be represented generally by the equation 

(A' or A+) + B ^ A + (B' or B+), 

in which A' denotes the excited and A*^, the ionised atom A. Of particular 
interest are the experiments of Duffendack and Smith, § who demonstrated the 
production of simultaneous ionisation and excitation in molecules by impacts 
with excited rare gas atoms, the equation of the reaction being, 

A'+B-^A + B'-'. 

And the usual excitation of metallic spectra in a hollow cathode source, indicates 
the occurrence of this process in the case of collisions between two atoms. 

The present experiments, on the other hand, demonstrate the occurrence of 
a type of collision in which the reverse process is involved, which is represented 
thus, 

A + B+'->A' + B. 

The writers believe that this is the first time that the occurrence of such a 
reverse process has been demonstrated, apart from its importance in being 
associated with the excitation of the most elementary of all known spectra, 
namely, the Lyman series of hydrogen. 

* ‘Z. Pbysik," vol 9, p. 259 (1922). 

t ' Z, Physik,’ vol. 4, p. 46 (1921). 

t Pranck and Jordan, “ Anregung von Quantensprunge duroh Stosse ” (Julius Springer). 

§ ‘Phys. Rev.,’ vol. 34, p. 68 (1929). 
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In the light of these erperiments, it may be suggested that it would be 
interesting to see if a similar phenomenon could be observed with antimony 
or bismuth ; the intensity anomaly might be shifted in either of these cases 
to other members of the Lyman series. Experiments should also be possible 
with other properly chosen elements, in which the enhanced intensity might 
occur among the members of the Balmer series. 

We take this opportunity of expressing our thanks to Professor M, N, Saha, 
F.R.S., for his valuable advice and suggestions in the preparation of the paper. 
The experiments were performed at the Physikalisch-Technische Eeichsanstalt, 
and it is a pleasure to acknowledge our gratitude to Professor E. Paschen for 
helpful advice and several discussions during their progress. To Dr. A. L. 
KTarayan we are indebted for the curves taken on the Cambridge microphoto- 
meter recently set up by him at the Solar Physics Observatory, Kodaikanal. 

Summary. 

In the course of experiments on the spectrum of arsenic with the Paschen 
hollow cathode discharge, photographs have been obtained showing the Lyman 
series of Hydrogen very strongly developed ; the series is traceable down to the 
15th member. The peculiar feature has been noticed that the intensity, 
instead of diminishing with successive members as in the case of a normal 
series, is enhanced markedly at the 10th and the 11th members, and then falls 
off abruptly, indicating the occurrence of a kind of resonance phenomenon. 
Further experiments have shown that this anomalous feature disappears in 
the absence of arsenic in the discharge tube but appears more markedly with 
increasing pressure of arsenic vapour. The explanation is suggested that the 
phenomenon is caused by a transfer of energy by collisions of the second Mnd 
between the arsenic atoms in the metastable state of As II and the atoms 
of hydrogen. This explanation is supported by the equality of the excitation 
energies involved. A new type of impact is thus demonstrated in the occur- 
rence of this phenomenon, for the energies of ionisa^don and excitation of one. 
atom are simvltanemsly transferred to another atom by a single act of collision. 
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The Calmlation of the Terms of the Optical Spectrum of an Atom 
with one Series Electron, 

By J. MoDougall, Pembroke College, Cambridge. 

(Communicated by R. li. Fowler, F.R.S. — Received July 19, 1932.) 

1. The theoretical determination of the energies of the stationary vstates of 
an atomic system is bound up with the solution of the many-body problem — 
in particular, with the determination of wave functions of many-electron atoms. 
An exact solution is not known, but approximations to it have been made by 
Hartree,* Slater, f Fockj: and Lennard-Jones.§ The method adopted is to 
replace the physical problem by an artificial one which admits of a solution, 
e,g.y Hartree replaces the actual many-body problem by a one-body problem 
with a central field for each electron. Generally, the Schrodinger equation 
for an atom of nuclear charge N is 

s 1 -e}t = o. (1.1) 

using atomic unitsU and the usual notation. The artificial system replacing 

(1.1) has the equation 

{ I {-iv,®_v,)-E}Y = 0, (1.2) 

1 J 

% being a function of the co-ordinates of the ith electron only. Equation 

(1.2) is separable, and reduces to equations of the type 

= (1.3) 

in the space co-ordinates of the ith electron alone. If the solutions of equations 

(1.3) are (ajl), ('Jtip), where the Grieek letter is the label of the wave 
function, and the numeral or Roman letter indicates the electron whose 
co-ordinates are substituted, then a solution of (1.2) is 

T = ^(a|l)4;(|3|2) ... t|;(7t|p). (1.4) 

* ‘ Proc. Camb. Phil. Soc.,’ vol. 24, p. 89 (1928). 
t ‘ Phys. Rev.,’ vol. 34, p. 1293 (1929). 
t ‘ Z. Physik,’ vol. 61, p. 126 (1930). 

§ ‘ Proc. Camb. Phil. Soo.,’ vol. 27, p. 469 (1931). 

i| Unit of length, the first Bohr hydrogen radius ; unit of charge, the magnitude of the 
charge on the electron; unit of mass, that of the electron ; unit of action, A/ 27 r; unit 
of energy, 2kcB>, t,e., twice the ionisation energy of the hydrogen atom with fixed nucleus ; 
unit of time, l/47rcR. 
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The form of wave function which must be assumed in order to satisfy Pauli’s 
Exclusion Principle and be antisymmetric in the co-ordinates of all pairs of 
electrons, is the determinantal form 



<{/(a|2) . . 

• («b) 

<KPI1) 

i>m - ■ 

• , (1.5) 

4»(7r|l) 




which is the sum of the expressions obtained by permuting the co-ordinates 
1, 2, p in the product (1.4) and taking account of the signs of the permuta- 
tions. Thus we obtain an approximate wave function for the whole atom in 
terms of the one-electron wave functions. 

Hartree’s method for determining energies of optical terms will be outlined, 
and then Slater’s approximation to the many-body problem will be used to 
obtain more accurate expressions for these terms, and the equations will be 
solved by numerical methods. 

2. Hartree's Method. 

In atomic units, the wave equation for a stationary state of an electron 
with total energy B, in a field in which its potential energy is V, is 

+ (21) 

Bor an attractive field V is negative, and E is negative for optical and X-ray 
terms ; so it is convenient to write V = -— 'y, and E == — Js ; s is then the 
energy expressed as a multiple of the ionisation energy of the hydrogen atom. 
The relation between wave number and energy is now 

s = v/R, (2.2) 

and the wave equation becomes 

V2^ + (2t?-e)i = 0. (2.3) 

When the field is spherically symmetrical, i.e., v=^v{r), a solution of the 
type 

4^=.R(r).S(e, ^), (2.4) 

may be found, S being a spherical harmonic. The differential equation for 

the radial part of 4^ is simplified by writing 


P = rR, 


(2.5) 
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when the equation reduces to the form 

P" + |2« - s - + P = 0, (2.6) 

which, is more convenient for numerical work, as there is no term in P'. I is 
the order of the spherical harmonic, and on Schrodinger’s interpretation, P^ 
is the radial density of charge, when P is normalised. 

{a) The Self-consistent Field . — The self-consistent field for an atom or ion 
is such that the wave functions for the electrons in that field give a distribution 
of charge, which, with the nucleus, reproduces the field. An initial field v 
is assumed, and the equation (2.6) is solved for each core electron (9^, 1). This 
equation has one solution which is zero at the origin, and one which is zero at 
infinity, for each value of s ; but for certain values of s these are the same and 
the solutions of the equation found by integrating outwards from the origin, 
and inwards from large r, will join smoothly at intermediate radii. The 
approximate characteristic s value is found by trial and error methods, and the 
corresponding charge density is found from the wave functions P, the solutions 
of (2.6) with this value of s. The sum of the charge distributions for all electrons 
but one is found, and the potential of the resulting charge is calculated, and 
compared with the assumed field for the one electron. Further approximations 
are made until the assumed and calculated fields agree sufficiently well. Then 
the sum of the density distributions of all the electrons is taken to bo the real 
density distribution in the atom, and the corresponding potential gives the 
self-consistent ’’ field. The self-consistent field so found is characteristic 
of the particular atom in the particular state of ionisation considered, and 
involves no arbitrary functions or constants. The characteristic numbers c 
of the various central field problems lie close to the energy values of the 
corresponding terms of the spectrum. 

The self-consistent field is usually expressed in terms of Z, Z^. Z, the 
effective nuclear charge,’’ is the point charge which, placed at the nucleus 
would give the same field at radius r as the actual field. Z^ is the effective 
nuclear charge for potential,” i.e., the point charge which, placed at the nucleus, 
would give the same potential at radius r as that of the actxial field. These are 
related by the equations. 

Z, = -rrZr-2dr 

Jr 

r 


d7^ 

dr 


r 


(2.7) 
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and may be dejfined as the contributions to Z, from the 

spherically averaged distribution of charge of one n, I electron and one unit 
of positive charge on the nucleus, and then 

[Z]„,^ = (2.8) 

if P is normalised. \Z'\n,i are related by equations similar to 

(2.7). The self-consistent field for has been calculated, and is given in 
Table I. Approximations were made until the initial and final values of 
2 (2!! + l)\Z\i, the contribution to Z from the whole n, I group, agreed 
within 0*001 for each group. The table* gives the normalised core wave 
functions, the contributions to Z from the 1^, 2^, 2p groups, and the values 
for the Si"^^ ion. 

Table I. — Self-Consistent Field for Si"^^. 

(a) Normalised Core Wave Functions, P(a|r).f 


r. 


^(Sslr). 

Pmr). 

r. 

P(l«|r). 

P(2a|r). 

•P (%!»•)• 

0-00 

0 1 

0 

0 

0*6 

0-021- 

-1-246* 

1*116 

0*01 

0*886- i 

0*229 

0*007* 

0*7 

0*007 

-1*083 

0*968 

0*02 

1*542- I 

0*396 

0*028* 

0*8 

0*002 

-0*905 

0*819 


2*013 ! 

0*611- 

0*060* 

0*9 

0*000* 

-0*736 

0*680 


2*336- 

0*684 

0*100* 

1*0 

0 

-0-686* 

0*667 


2*661' 

0*629- 

0*198- 

1*2 


-0*356' 

0*361* 

0*08 i 

2*698 

0*579 

0*311 

1*4 


-0*209 

0*227 

0*10 ! 

2*666 

0*467 

0-429 

1*6 


-0*118* 

0-139 


2*347 

0*317 

0*647 

1*8 


-0*066* 

0*083- 

0*14 

2*088 

0*147 

0*660 

2*0 


-0*036* 

0*049* 

0*16 

1*823 

-0*031 

0*766- 

2*2 


-0*019 

! 0*029 

0*18 

1*667 

-0*208 

0*864 

2*4 


-0*010 

0*017 

0*20 

1*331 

-0*377- 

0*960* 

2*6 


-0*005* 

0*009* 





2*8 


-0*003 

0*006* 

0*25 

0*864 

-0*748 

1-122* 

3*0 


-0*001- 

0*003 

0*30 

0*528 

-1*024* 

1*231 

3*2 


-0*001 

0*001* 

0*35 

0*319 

-1*209 

1*286 

3*4 


-0*000* 

0*001 

0*40 

0*189 

-1*313- 

1*300 

3*6 


0 

0*000- 





3*8 



1 0*000* 

0*5 j 

0*064* 

-1*349' 

1*240 

4*0 



0 


(6) Hartree's Method for Optical Terms , — ^We now have to evaluate the 
wave functions and s numbers for the series electrons. Strictly, we should 


* Throughout the tables given in this paper, the dot * signifies that the digit following 
the last digit printed lies between 3 and 7, e,g., 14' 13* is a number lying between 14*133 
and 14*137. This makes for neater printing than the use of such an alternative form as 
14 *134. 

f The core wave functions are drawn in fig. 1, a. 





654 J. MoDougalL 


(6) Contributions to tke Effective Nuclear Charge Z from tbe ISy 2$^ 2p groups, 
and the Effective Nuclear Charge for Potential, for the Ion. 


r. 

Contributions to Z. j 

Zj). 

for ion. 


Contributions to Z. 

for ion. 

group, 

i 

2$ group. 

2p group. 

1.9 group. 

2s group. 

2jp group. 

0-00 

2‘000 

2-000 

6-000 

14-000 

0-35 

0-008' 

1-692’ 

1 

4-437* 

6-409 

0-01 

1-994' 

1-999' 

6-000 

13-535 

0-40 

0-002 

1-531* 

3-933 

5-922 

0*02 

1-963 

1-997* 

6-000 

13-086- 






0‘03 

1-899 

1-993' 

6-000 

12-663 

0-6 

0 

M69 

2 -964 

5-192' 

0‘04 

1-803 

1-987 

6-000 

12-268 

0-6 


0-827* 

2-114' 

4-721 






0-7 


0*654 

1-462 

4*427 

o*oe 

i-5ir 

1-972' 

5-997 

11-562 

0-8 


0-356* 

0-981' 

4-249 

0-08 

1-257 

1-967 

5*989 

10-956* 

0-9 


0-221 

0-044- 

4-143* 

0-10 

0-977' 

1-946 

5-973' 1 

10-431 

1-0 


0-133* 

0-415 

4-081' 

0‘12 

0-736 

1*940 

5-945 1 

9-964 






0‘14 

0-537* 

1-937 

5-901 

9-541* 

1-2 


1 0*046 

0-164 

4-026 

0-16 

0-384' 

1-937 

5-840 

9-151' 

1-4 


1 0-016 

0-061' 

4-008 

0'18 

0-269 

1-936 

5-758' 

8-787 

1-6 


0-004* 

0-022 1 

4-002 

0-20 

0-185* 

1-933 

5-661 

8-444 

1-8 


0-001* 

1 0-008 ^ 

4-000' 






2-0 


0 

0-002' , 

4-000 

0-26 

0-067 

1-899- 

5-333' 

7-665* 

2-2 



0-001 ! 

4-000 

0-30 

0-020' 

1-818' 

4-915' 

6-989 

2-4 



0 

4-000 

i_ 


€ values l3 141 ‘2 — Sva — 

28 14* 13- 

2p 11 ‘23 

the potential at the nucleus of the negative distribution of charge due to the outer electrons. 


work out a self-consistent field problem for each state 33 , 4j}, etc., of the series 
electron, and so obtain the wave functions and s values corresponding to that 
state by the method indicated above, but this would be too laborious. The 
self-consistent field of the whole atom with the series electron is not calculated, 
but good approximations to the wave functions of the series electron are obtained 
by solving the equation (2.6) for each state of the series electron, in the field 
of the unperturbed core. Thus, for the optical terms of Si’*’^, instead of 
carrying out separate self-consistent field calculations for the configurations 
(l3)^(2s)^(2;p)®(33), (ls)2(2s)2(2jp)®(4j?), etc., we solve the equations for the 
electrons 3s, 4p, etc., in the undisturbed field of the core (ls)^(2s)^(2y)®, i.e,, 
in the field of the ion Si"^^. The appropriate I values for the series electron are 
substituted (Z == 0 for s, Z = 1 for p terms, etc.), and the s values for which the 
solutions of the equation (2.6) : (i) zero at the origin, (u) zero at infinity, join 
smoothly at intermediate radii, are found. The corresponding P functions 
are the wave functions of the central field problems used in section 4 ; some of 
these are drawn in figs. 1, b and 1, c. Fig. 1, 6, gives wave functions for the 
range of nuclear distance r = 0 to ^' = 4, which is the effective range of integra- 
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Pig. 1, a and 6, — ^Tlie normalised radial waTe functions P(ajr) of the various central field 
problems. The range of nuclear distance r is the efiective range of integration for the 
integrals calculated in this paper. Pig. 1, a shows the core wave functions^ and the 
series electron wave functions are given in fig. 1, b. The scale of the ordinates in 1, 
is half that in 1, 6. 
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tion of tlxe integrals calculated in tMs paper. In fig. 1, c is shown the extent 
of the wave functions with quantum number ^ = 4. 

A comparison of the observed and calculated z values for 13 optical terms 
of is made in Table II.* The calculated values of s diSer from the observed 


Table II. — Optical Terms of Si"^^. 
R = 109737. j = 4/ Vs. 


Term. 

Observed 

V* 

Observed 
€ = v/R. 

Calc. €. 

€ obs. — 

€ calc. 

q obs. 

q calc. 

q obs. — 
q calc. 

3s 

364092 

3-318 

3-096* 

0-221' 

0-804 

0-726* 

0-077‘ 

4^ 

170114 

1*5502 

1-4847 

0-0655 

0-787- 

0-717 

0-070’ 

5s 

98675 

0-8992 

0-8710 

0-0282 

0-782 

0-714 

0-068 

3pt 

292340 

2-6640 

2*496 

0-1680 

0-549 

0-468 

0-081 


292804 

2-6682 


0-1722 

0-651 


0-083 

4jjj 

146664 

1-3274 

1-2728 

0*0546 

0-628 

0-464 

0-074 


145826 

1-3288* 


0-0560* 

0-530 


0-076 

3pa 

87613-9 

0-7975 

0-7727* 

0-0247* 

0-521 

0-450 

0-071 

Spi 

87589-4 

0-7982 


0-0254* 

0-523 


0-073 

6i>. 

58409 

0-6322* 

0-5189 

0-0133* 

0*517* 

0-447 

0-070- 

6pi 

68462 

0-5326* 


0-0137* 

0-519* 


0-072- 


Observed 







Term. 


Observed 

€. 

Calc. €. 

€ obs. — 

€ calc. 

q obs. 

q calc. 

q obs. — 
q calc. 

3d 

8631 

1-8664* 

1-8039 

0-0626* 

0-064 2* 

0-021 8 

0-042 4* 

4d 

4348 

1-0396 

1-0146 

0-0250 

0-076 9* 

0-028 9 

0-048 0* 

U 

2371-3 

0-6616 

0-6483* 

0-0132* 

0-082 3* 

0-032 3 

0-060 0* 

4 / 

230-0 

1-0021 

1-0002* 

0-0018* 

0-004 2 

0-000 4* 

0 

1 

Sg 

25-5 

0-6402* 

0*6400 

0-0002* 

0-000 9 

0 

0-000 9 


5-0 

0-4444 9 

0-4444* 

0-0000* 

0-000 3 

0 

0-000 3 


* I am indebted to Professor A. Fowler for allowiag me to use some of bis unpublished 
results of observations on the spectrum Si IV (second column of the table). 
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values by from 3 to 7 per cent, for tbe s and p terms, and up to 3 per cent, for 
the d terms. For the if term, the values agree within one-fifth per cent., and 
for the 6g and 6h terms the agreement is very close indeed. 

The values of the quantum defect, q = n — n*, i.e., the difference between 
the principal and effective quantum numbers, are included in the table. (The. 
quantum defect q and the energy parameter e are related by the equation 
C* — (w — qf s, where 0 is the core charge.) The principal reason for using 
this quantity is that it gives a measure of the departure of a tcrmfeom hydrogen- 
likeness. The wave mechanics give results in agreement with experiment for 
a hydrogen-like atom, and the deviations of the observed terms of a many- 
eleotron atom from hydrogen-likeness are due to the interactions of the electrons 
of the atom, so that a proper test of the adequacy of any treatment of the 
many-electron problem is not a comparison of calculated and observed terms, 
but a comparison of the departures from hydrogen-likeness of the calculated 
and observed terms, and this departure is conveniently measured by the quantum 
defect. The difference between observed and calculated values of the mmgy may 
give an unduly favourable view of the accuracy of the approximation used for the 
noany-electron problem. We observe from the table that the q values decrease 
as n increases for the s and p terms, but increase with w for the d, etc., terms, 
i.e., the s and p terms are more hydrogen-like for increasing n, but the other 
terms diverge more from the hydrogen type as n increases. 

The following points are worthy of note : (i) For any sequence of terms with 
the same I, the e values vary greatly, while the q values are all of the same order 
of magnitude, e.g., for the p terms taken, the s values He between 2-496 and 
0-5189, while the q values are between 0-651 and O-SIT'. (H) The differences 
of energy for the members of the p doublets vary from 0-0042 to 0-0004, 
while the q differences are aU 0-002 (actuaUy 0-0020 or 0-0019‘). (iff) The 
values of q obs. - q calc, for a sequence of terms are of the same order, e.g., for 
the p terms, the range is 0-070- to 0-083. This assists when one is estimating 
the s values. When the Bp calculation has been made, and its value of 
q obs. — 3 calc, obtained, an estimate of the 4p value of the q difference, and 
so of 3 calc, is made and the corresponding s value is found. The number of 
approximations to find the required e value is reduced in this way. 

Hartree identified the calculated e’s for the optical electrons with the optical 
terms, and attributed the discrepancies to a polarisation of the core by the 
senes electron. Strictly, these e numbers are only parameters in the central 
field problems of the series electrons, namely, the energies of one electron in 
an artificial static field, and are not the energies required to remove this electron 



Calculation of Terms of Optical Spectrum. 


560 


from the actual atom, whose core is not a static field and can only approxi- 
mately be represented by one. 

The accuracy of the wave functions of the series electrons is determined by 
the approximations which have been made. The first is the approximation 
involved in expressing the wave function of the atom in terms of the one-electron 
wave functions at all ; both the forms (1.4) and (1.5) are ouiy approximations 
to the true wave function of the atom. Further, the self-consistent field method 
effectively assumes the wave function for an atom to be of the form of a simple 
product such as (1.4), which is not nearly so good an approximation as the 
determinantal form (1.5). The use of the determinantal form leads to the 
Fock* equations, to which the Hartree equations may be considered to be 
first approximations, but the Hartree equations have been used rather than 
the more exact Fock equations on account of the technical di£S.culties involved 
in the solution of the latter. Further, the effect of the series electron in 
perturbing the core wave functions is neglected entirely. These approxi- 
mations in the determination of core wave functions affect the series electrou- 
wave functions and s values as calculated from the Hartree equations, and 
further changes would be introduced by the use of the Fook equations in the 
determination of the series electron wave functions and associated energy 
parameters. 

We shall use some results of Slater, f who adopts the determinantal form of 
the atomic wave function, to express the energies of the whole atom in terms 
of the parameters s of the central field problems and the corresponding onei- 
electron wave functions. 

3. Slater's Method for Atorrm Energies. 

The energy values are the diagonal terms of the matrix of the energy com- 
puted with respect to the wave function T of the whole atom. If H is the. 
energy operator, the diagonal term is 

fTHTdr, (3.1) 


assuming Y is normalised. Now the approximation to Y which we assume 
has the determinantal form 


!{;(a|l) . 

• • 'l'(ab) 




* Loc. cit. 
t Loc. ciU 


VOL. OXXXVIII. — ^A. 
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wkere the individual functions solutions of Schrodinger’s equation 

for an electron in a central field, found by separation into spherical co-ordinates, 
viz., 

^ L Wak/J h) = ^ S (^-3) 

with the usual notation.’}’ Slater follows Pauli in describing the spin, and sets 
up wave functions including space and spin co-ordinates alike, rather than a 
function involving these co-ordinates separately, thus 

(w„ la, {mi)a, {m,)a I r^, % <(>}, = R K, L 1 S {L, (mi)a | Qj, ^j) 

X a((m,).l{m,)^). (3.4) 

The determinant T is the sum of the expressions obtained by permutation 
of the co-ordinates of the electrons 1, 2, ... p in the product ^ (a 1 1) . . * , k), 

and so the integral J YHT dx can be expressed in double sums. Slater 

assumes the one-electron wave functions are orthogonal^ and so simplifies the 
integral, obtaining eventually the form 

S I (%, Za) + S J (mx)^ Z^, — S K (n^, 

« pairs pairs 

a, IS \\l Rpliw 

a. (3 

or shortly 

S I (a) + S J {« ;P) - S K (« ;p), (3.6) 

a a, i3 ||« spins 

a, 

the suBomations being taken over the wave functions (a), (a, P), The J and K 
integrals come from the interaction terms Ijr^^ in the energy operator, and 
the I integrals from lie sums of terms involving the co-ordinates of one electron 
only. The integrals K only exist for pairs of electrons with parallel spins, 
and all the three types of integrals are expressed in terms of the central field 
wave functions. The l/r^j factors in J and K are expanded in surface har- 
monics ; then these integrals may be written 

J (w, I, Ml ;n', V, Wj.) = S a* (i!, mj ;J', m^.) Fj, (n, I ;n', V), (3.6) 

k 

K (n, I, m-i ;n', I'., %,) =2 6^ {I, mi ;V, mi,) 6*. {n, I ;n', V), (3.7) 

k 

* The Greek letter is the label of the wave function, and the numeral or Roman letter 
indicates the electron whose co-ordinates are substituted. 

f The vertical stroke, in R (w-a? is used to separate the symbols which are part 

of the label of the wave function from those which indicate the current co-ordinates of 
which R is a function. The semicolon is used to separate two sets of labelling numbers, 
t,g., in J (?^a^ la, (W 2 )a ;Wj8, h, (mh), and later in S (a ;p). 
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where the coefficients bj^ are certain definite integrals involving Legendre 
functions (see Table IV). By putting rR la\r) = P (^a? la\r) = P (oc|r),* 
where R is the radial part of the wave function ^ (oclr), the integrals Qtj^ 
may be written 

F;,(a;|3) = !-,{«„ I,) = rrp2(«lr)P2(pjri)-^(?^ dr^, (3.8) 

Gji (« ; P) = {n„ ;n^, l^) 

= rrP(alr)P(plr)P(«K)P((3K)^(i.(if„ (3.9) 
J 0 J 0 

where is the smaller and the greater of r and r^. The corresponding 
expression for I is 

I (.) _ I" P (. |r) {_ i ^ _ 1 - i '1^} P (« |,) *. (S.10) 

Thus the energy for the whole atom is 

E = S I (a) -(- S J (a jP) — S K (a ;j3)j (3.11) 

pairs pairs 

I|i spins 

where I 5 J, K are integrals involving the one-electron wave functions. 

4. The Calculation of Energies of Optical Terms using Slater’s Results. 

The calculation of energy values may be divided into (i) the calculation of 
the approximate one-electron wave functions, and (ii) the calculation of energy 

values for the whole atom from these wave functions. The integral j THT^t 

for the energy is stationary for small variations of the wave function used 
from the true wave function, and so we hope to get a good approximation 
to the energy from a fair approximation to the wave function. We obtain 
fair approximations to the one-electron wave functions, and so to the wave 
function for the atom, from the self-consistent field calculations. The one- 
electron wave functions are found by the methods of section 2 , and are repre- 
sented by such symbols as P (3s jr). 

The difference between the energies (as given by the equation ( 3 . 11 ) ), for 
the configurations Si*^® and Si"^^ represents the work done in removing an 
electron from the Si"^^ atom. This enables us to write the optical terms of 
Si+®: 

* Gf. equation (2.5). Tke symbol P is used to distinguish the orihogmal wave functions 
from the non-orthogonal wave functions P of § 2. 


2 Q 2 
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Energy of optical term 1, 

lx = I(X)+S J(a;X)- S K(a;X), (4.1) 

a a 

11 * Spin 

where X is the label of a series electron wave fonction, and the snms are 
taken over the core wave functions. This equation holds only if the 
perturbation of the core by the series electron is neglected, but this is an 
approximation we are making (see §2, 6). The double sums in (3.11) 
reduce to single sums over the core wave functions, as aU the terms in this 
equation not involving the wave function of the series electron cancel out. 
We shall now investigate the methods for evaluating the integrals which 
occur in this expression. 

(a) (Mlagcmiliiy of the WoAie Fmctiom. — Slater works with one-electron 
wave functions which are orthogonal, and the wave functions P of the self- 
consistent field do not satisfy this condition. Those of different I are ortho- 
gonal through the surface harmonic functions, and we make those of difierent 
n but the same I orthogonal by taking linear combinations. There is no need 
to oithogonalise the wave functions, but we can do so without altering the 
determinant T, since taking linear combinations of rows or columns makes a 
determinant which is a multiple of the first, and we ensure the initial and final 
determinants are the same by normalising the new wave functions ; but, by 

using the orthogonal wave functions, the evaluation of the integral | YETdv 

is greatly simplified, and we are able to use Slater’s results immediately. Thus 
the possibility of orthogonalising is a property of the wave function of an atom 
in its determinant form, and we take advantage of this to simplify the work, 
not of necessity. 

The normalised non-orthogonal wave functions are written P, and the 
normal and orthogonal functions, P. For the s terms, we choose 

P(lslr)=P(ls|r). 

and we set 

P (2s |f) = AjP (2s \t) - A^P (Is |r), 

and choose Aj, Aj so as to make P (2s |r) orthogonal to P (Is [r), and normalised. 
This requires 

P (2s Ir) = {P (2s |r) — AP (Is |f)}/(l — A*)*, 
where A= P(2s|r)P(ls[r).dlr. The wave functions P(ns|f), where 
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n> 2, must be orthogonal to both P (2s |r) and P (Isjr). This is satisfied by 
P (ns Ir) = {P (ns jr) - AP (2s \r) ~ BP (Is |f)}/(l A^ - B^)^, 

where 

A = f P (ns |r) P (2s [r) dr^ and B = [ P (ns |r) P (Is |r) dr. 

Jo Jo 


Bor the p 'terms, we set P (2y |r) = P (2^ |r), and make P (np |r), for n > 2, 
orthogonal to P (^p\r). The d, f, g wave functions are already orthogonal to 
the core wave functions through the surface harmonics. Thus, we may write 
the new wave functions in the form 


P (ns \r) = aP (ns |r) — • pP (2s jr) — yP (Is |r) 
P(np\r) = aLP(np\r) — pP (2j}|r) 


(4.2) 


P(nd|r)= P (nd\r)y etc. j 

poo 

The orthogonalising integrals S(a;P) = J P(oc|r)P (P|r)dr, are given in 


Table III, and the coej0fi.cients p, y are found in Table VII. Some of the 
normalised and orthogonal radial wave functions P (a[r) are graphed in fig. 2, 
where the core wave functions are drawn in the same figure as the series electron 
wave functions so that comparisons may be made more easily. The broken 
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ns. 

S {ns ;ls). 

S(n«;25). 

np. 

8{wp;2p). 

28 

0*0288 


Zp 

0*0664* 

Zs 

0*0047* 

0*0396 

4p 

0*0310 

4« 

0*0032* 

0*0172* 

* 6p 

0*0190* 

68 

0*0017* 

0*0102* 

6p 

0*0136 


curves show the core wave functions, Is and 2p being the same as in fig. 1, a ; 
but the 2s orthogonal curve is difierent from the non-oithogonal graph. This 
is easily seen in comparing the figures as the height of the maximum in the 
orthogonal curve is less than that in the corresponding P curve. The portion 
of the curve with positive ordinate is flatter than the corresponding portion 
of the fig. 1, a curve, and the zero has shifted slightly. Beyond r = 0-6, the 
non-orthogonal and orthogonal curves are identical. The changes in the series 
electron wave functions due to orthogonalisation are quite marked, in 
the Zp curve, the maximum falls to about three-quarters of the value in the P 
curve, and the zero shifts appreciably. The curves differ Until a point just 
beyond the minimum is reached (about r = 2*3), when they become identical. 
Similar differences will be noticed on comparing other corresponding curves in 
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Fia. 2.—* The orthogonal and normalised radial wave functions p(a| r). The broken curves 
show the core wave functions, and the series electron wave functions are indicated 
by full curves. The scale of the ordinates of the broken curves is indicated in paren- 
theses. A comparison of figs.^1, a and h and fig. 2 shows the effect of orthogonalising. 
The d,f, g curves are not affected by orthogonalising, and are not repeated in fig, 2. 

figs. 1 , 1 and 2. The d,/, g wave functions are not drawn in fig. 2 as they arc 
identical with those in fig. 1, 6. 

The I, J, K integrals are expressed in terms of the P’s, but some simplifica- 
tion is obtained by using the equation (2.6) for the P’s from which the ortho- 
gonal P functions are constructed. 

(6) The Interaction Integrals , — ^The interaction integrals J, K have b(Hur 
written in terms of F and G integrals : 

J (oc ; p) = S a* Pj, (a ; P), (4.3) 

k 

K (a ; p) = S 6;i, Gfc (« ;P). (4.4) 

h 

Por tlie optical terms, we require S J (a ;X), i.e., the sum of the right- 

a 

hand side of (4.3) over the wave functions of the core (and similarly for K). 
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The coefficients a^, 6^ depend upon the quantum numbers I, mj of the series 
electron and cote wave functions, and Slater {he. cit.) has tabulated some of 
them. Those relating to interactions between/, g electrons and s, p electrons 
have been calculated for this work, and are given in Table IV. For the work 
on Si”^®, the summation is over the core con%uration (ls)®(2s)®(22))*, and the 
total interactions of a series electron with these three shells have been collected 
in Table V. The functions there have been abbreviated as it is clear from the 
table to which wave functions they refer. The terms from J reduce to the Fq’s 
only since the series electron is outside complete shells. 


Table IV. — {I, mi ;Z', mO and b,,. {I, mi mj.) values for sf, sg, pf and pg 

interactions. 


ajeih mi;l', mi) = 


(i) a,,{l,mi;V,mi). 

(21 + 1) {I - Kl) 1 (21' + 1) {V - \mA ) ! 

(J+KI)! (J'+K-|)! 

X f' (cos 6)p [PfcO (cos 6)] . d0 

Jo 2 

X r [Pi''”**'' (cos 6')]*[Ps® (cos 0')] . d^. 

Jo 2 


For sf and sg interactions — 

{a) ^ — 1- 

(6) ajf (0, 0 ;2', mi) — 0, for all 


For pf and pg interactions — 

{a) fflo (*> = 1- 

(h) aj, (Z, mi ;l', mi) = 0, except when A = 0 or 2. 

Values of (I, mi ;l', mi) are given by the table below. 

Where there are two ± signs, the two may be combined in any of the four 


possible ways. 


i 

pf- 


1 


V. 

mi,. 

ttg. 

V. 

mi,. 

a,. 

1 

±l 




4 

db4 

4/66 

.1 

±l 

,3 

Jr3 

1/15 

4 

±3 

1/55 

1 

'dbl 

3 

±2 

0 

4 

±2 

- 8/385 

1 


3 

±1 

-1/25 

4 

±1 

-17/385 

1 

±l 

3 

0 

-4/75 

4 

0 


1 

i ^ 



4 

d=4 

- 8/66 

1 

0 

3 

±3 

-2/15 

4 

±3 

- 2/66 

1 

1 0 

^ i 

i2 

0 

4 

±2 

16/386 

1 

0 

3 ' 


2/25 

4 

±1 

34/386 

1 

0 

3 

0 

8/75 

4 


Si’ll 


Any sequence aj. witli Wj fixed and ohangii^ by 1, has constant second older difieiences. 
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(ii) 


(h- 1 

mi — mi' 1) ! (2? -f- 1) (I — |mi|) 1 (21' + 1) — l»Wi' ) ! 

(*+i 

»Wi — mi'j)! (?+ %[) 1 (r+|«»i'l)! 


X 


Pil*”?! (cos 6) (cos 0) (cos 0) . 




■por sf and sg interactions — 

bt, (0, 0 ;l', mj-) = 


Por pf interactions — 

W) = 


0 , otB.erwise. 

0 , except when ^ = 2 or 4. 


Por pg interactions — 


6j (!!, mi ;J', m/) = 0 , except when & = 3 or 6. 


Where there are two i; signs, the two upper or the two lower signs must be 

taken together. 



Pi 

pg- 

1 


m 

IQIII 

bf 


V. 

mi,. 

b,. 

6.- 

1 

±1 





4 

±4 

4/21 

1/363 

1 

dbl 

3 

±3 

9/36 

1/189 

4 

±3 

1/7 

1/121 

1 

±1 

3 

±2 

6/35 

1/63 

4 

d:2 

6/49 

2/121 

. 1 

±1 

3 

il 

18/176 

2/63 

4 

±1 

10/147 

10/363 

1 

±1 

3 


91175 

10/189 

4 

0 

2/49 

r>im 

1 

±1 

3 


3/176 

6/63 

4 

=F1 

1/49 

iim 

1 

±1 

3 

=F2 

VH 

1/9 

4 

q=2 

1/147 

28/363 

1 

±1 

3 

=F3 


4:121 

4 

=f3 

0 

12/121 

1 

±1 





4 


0 

16/121 

1 

0 





4 

±4 

0 

3/121 

1 

0 

3 

±3 


1/27 

4 

±3 

1/21 

16/363 

1 

0 

3 

±2 

ZjZ^ 

4/63 

4 

d:2 

4/49 

1/m 

1 

0 

3 

±l 

24/176 

6/63 

4 

±1 

6/49 

8/121 

1 

0 

3 

0 

27/176 

16/189 

4 

0 

U/Ul 

26/363 


2? for giren Z, V, mi, is mdependcEt of 

mi 

Any sequence with fixed and changing by 1, has constant second order differences. 
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Table V. — ^Interactions of series electron mth. the configuration (ls)^2s)*(%?)® 
in terms of the P, G integrals. 


Series 
electron 
n> 2. 

Interaction with — 

Is shell. 

2^ shell. 

2p shell. 

ns 

2Po- Go 

2Po- Go 

6P0 - Gi 

np 

2Fo-^Gi 

2F0 — “5 

6F0- Go- I G, 

nd 

2P,-iGo 

2Po-iGo 

6P„-^ Gi-,%Go 

nf 

2I'o — f Gj 

2Po-l-G, 

6P.-%Go- A Go 

ng 

2Po - G. 

2Po-iGo 

1 

6l?o •“ “iTT Go — Go 


(c) Evaluaiim of the P, G Itiiegrals . — ^The calculation of these integrals is 
reduced to the solution of linear difEerential equations and quadratures.* 
We have 



poo 

Jo . 

r[P(«lr)P[P(PK)?jfe 

Jo 

dr dfi, 

(4.6) 



'OO nt 

P (a|r) P (p [»•) P (alrj) P (p [fi) ^ dr dr^, 

0 “ft 

(4.6) 

K and ^ are labels 

of wave functions ; and rj, are 

respectively the smaller 

and greater of r, r^, 

, Put 




p(a,plr) = P(alr)P(Plr), 


(4.7) 


“f 

1 ^ 

(a,p|ri)r/a!ri + r*+i j" p 




maT 


(4.8) 

and 





Z, (a, p|r) = »•-*] 

T 

1 P' 

[a,p|ri)ri^dri. 


(4.9) 

Then 





Y»(«,|3|r) . 
r 

=L 




= 


^ & 



Hence 







P)=r Y,(a.a|r)Pi^’ 

J T 

' dr, 

(4.10) 

and 







P)=[" Y,(«,p|r)Pi^^) 

Jr=0 r 

dr, 

(4.11) 


* I am indebted to Professor Hartree for this method of evaluating the double integrals. 
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and so we can evaluate tliese integrals wlien p and Yj. are Imown. A table of 
p values is prepared from tables of P, but it is not convenient to evaluate Yj, 
directly, particularly for tbe larger values of It, as tbe powers of and r 
occurring in tbe Y*. integral make tbe calculation very tedious for small r. 
In tbe evaluation of tbe first integral in (4.8), tbe number of decimal places to 
be retained changes so rapidly on account of tbe power of outside tbe integral 
and of r in tbe integrand. Tbe powers of in tbe second integral make tbe 
integrand vary very quickly, and small intervals of integration would bo 
necessary in order to evaluate tbe integral at all accurately. Tbe integral is 
then to be multiplied by a power of r, wHcb will have a small value. Tbe 
calculation of Yj. by tbis method is clearly very troublesome. The method 
adopted is to obtain a differential equation between Yj, and Z* : 

{{h + 1) Y, - {2h + 1) Z^). (4.12). 


Tbe procedure is: Evaluate tbe table of Zjj.(a,p|r) values using equation 
(4.9), by integration outwards, and then calculate tbe Yj (a,p|r) table by 
numerical integration of tbe differential equation (4.12) inwards. Ej and G* 
are then obtained by quadrature. Tbe inwards integration of (4.12) is started 
where r is so large that p is negligible ; then tbe initial conditions are 



(4.13> 


Tbe powers of r inside tbe integral (4.9) for Z^,, and of outside, make tbe 
calculation of Zj. rather troublesome for small r as tbe number of decimal 
places to be retained changes so rapidly (especially for tbe larger values of h). 
We overcome this diBSlculty by finding a differential equation : 


obtained by differentiating equation (4.9). Outwards integration of this, 
equation is a practicable method and much more convenient than the 
direct evaluation of tbe Zj, integral for small r. For tbe larger values of hr 
it is convenient to use tbis method of finding Zj for tbe whole range of integra- 
tion. 

Tbis procedure has been adopted in tbe evaluation of tbe G integrals, but 
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it was not necessary to work out tlie IP’s as only Fq’s appear, and they cancel 
with part of the I integrals. 

(d) The I and Fq Integrals . — The calculation of the I integrals is simpli&ed 
by expressing the P functions which occur in them in terms of the P% and 
substituting the expressions for d^Pjdr^ from the equation (2.6), which is 
satisfied by the P’s. The treatment of these integrals is shown in the following 
example : 

I(3s) = I P (3s Ir) {- i ^ - 5 + I ^J^)| p (3s- \r) dr, (4.15} 

where 

P (3s |r) = oP (3s (r) - pP (2s !»•) - yP (Is \r), (4.2> 

and N is the atomic number, which is 14 here. Now P (2s |r) is a linear com- 
bination of P (2s |r) and P (ls|r), [i.e., P (ls|r)], and may be written 

P (2s |r) = a'P (2s |r) - y'P (Is |r). 

Thus 

P (3slr) = aP (3slr) - p«'P (2sl»-) - (y - py') P (Isjr), 

= AP (3s |r) - BP (2s \r) - CP (Is [r), say. (4.16> 

The wave function P (a|r) satisfies the eq^uation 

where v, is the potential of the field for which the fimction P(a |r) was calcu- 
lated. {Of. equations (1.3) and (2.6).] On substituting the expression (4.16) 
in equation (4.16), and using the relation (4.1Y) we obtain 

I (3s) = - i j P (3s|r) - 2 «; 3 , + s,,')aP (Ssjr) 

- - 21^2, + ^ 2 s) BP (2slr) -(f- 2v„ + e.^'jCP (Islr)} dr. 

By noaldng the AP (3s \r) factor of the first round bracket up to P (3s |f), this 
equation becomes 

I (3s) = - 1 - 2 i; 3, eg,) P ^(Sslr) dr 

- [(« 2 * - ^ 3 .) P {3s \r) BP (2s \r)dr - |(,;i. - v„) P (3s jr) OP (ls|r) dr 
+ i|(s 2 * - ^3.) P (3slr) BP (2slr) dr+^^ P(3s 1^) CP(ls|r) dr. 



Table VI.— gi+» G Integrals and Contributions from them to Energies of Optical Terms. 
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Now B = Pa', and by taking out tbe factor P and making tbe a'P (2s ]r) 
factors up to P (2s |r) and using tbe ortbogonabty properties, we obtain 

I (3s) = — P2 (3s \r) dr — p I (wg. — %,) P (3s jr) P (2s ]»•) dr 

~ Y j {Vu - v^,)P (3s \r) P (Is \r) dr - Py' j {v,, - oj P (3s |r) P (Is \r) dr. 


Writing {Z^)a, with round brackets, for tbe “ effective nuclear charge for 
potential ” for tbe field iised in calculating tbe wave function P(a |r), we 
bave 

I (3s) = - isg. - P2 (3s |r) dr - p I p (3s, 2s jr) dr 

— Y j" p (3s, Is |r) dr 

_ py' I p (3s,ls )r) dr, (4.18) 


Tbe first integral in (4.18) cancels with part of tbe Fq integrals ; tbe contri- 
butions from these integrals will be called (Fg & I) integrals. Tbe remaining 
integrals with coefficients p, y, etc., are called tbe (Eeroainder of I) Integrals. 
For a p wave function, y and y' are zero, and 

I (3p) * - isg, - j pa (3^ |r) dr - p j p (3p,2p |r) dr. 

(4.19) 

For tbe d,/, g functions, p, y, and y' are all zero. 

(d) (i) (Remainder of I) Integrals . — Tbe difference (ZJg, — (Zp)g, is tbe 
difference of tbe values of Zj, actually used in tbe self-consistent field equations 
for P (2s |r) and P (3s |r). Using [Zj,]„, j, with square brackets, to indicate tbe 
contributions to Zj, from one n, I electron, as in § 2 (a), and similarly [ZJion* 
to indicate tbe contribution from tbe whole ion Si+*, we bave for P(3s|r), 


For P (2s jr), we bave 
thus 




lion. 


(Z,)g, = [Z,].o„-|-l-[ZJg.; 


(Z,)g.~(Z,)g, = l-[ZJg, 


Tbe (Eemainder of I) Integrals, such as 

p j (Zy)g» ~ (Zpk p (3g^2s |r) dr. 


(4.20) 
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are now found by quadrature, using equation (4.20) and tbe p values wMcb 
were tabulated in tbe evaluation of tbe G- integrals, and tbe values obtained 
for tbe s and <p terms are given in Table VII. These mtegrals do not occur for 
tbe neady-bydrogen like terms as tbe wave functions have not been changed 
by ortbogonabsation, i.e., tbe coefficients p, y, etc., are zero. 


Table VII. — Si"^®. (Remainder of I) Integrals. 


(wa ;la). 


{%B ;2a). 


Py' integral. 




In- 

tegral 


Contri- In- 
bution. tegral. 




3a 

4a 

da 


0-266 

0-154 

0-106* 


0-0047* 

0-0032* 

0-0017* 


0 * 0012 * 

0-0005 

0-0002 


0*169* 

0-084* 

0-065 


0-0396* 

0-0172* 

0 - 0102 * 


Sum of 


Contri- In- 
bution. tegral. 


i?/. 


Contri- 


contdbutiom. 


bution. 


0-0063 

0-0014* 

0-0006* 


-0-261 

-0*146 

-0-097 


0 - 0011 * 

0-0006 

0-0003 


-0*0003 

- 0-0001 

0 


0-0072* 

0-0018* 

0-0007* 


i 

{W ;2^). 

Contribution. 

Integral. 

jS. 

3p 

0-176 

1 

0-0666 

0-0116* 

4jp 

0-100 

0-0310 

0-0031 

6j7 

0-068 

0-0190* 

0-0013 

6^? 

0-049' 

0-0136 

0-0006* 


(d) (ii) (Fq I) Integrals . — Tbe F^ integrals are of the form 

B'o (a :P) = r I r P® (Piri) dri + f" L (p|ri) dr, 

Jo r Jr,-r h j 

= r^^)Yo(PP|r)dr, 

Jo r 

= j Yj (oca |r) dr, on integration by parts. (4.21) 

For a series electron wave function X, tbe contribution from tbe Fo integrals 

to tbe energy (see Table IV) is 

2Fo (X ;ls) + 2Fo (X ;2s) + 6Fo(X ;2p) 

= j" {2 Yq( Is, Is |r) + 2Y()( 2s,2s |r) -|- 6 Yq (2p,2p |r)} — ^^ 1 ^ ) dr. (4.22) 
Jo f 

Tbe part of tbe I integral to be calculated with the Fo’s is 


f 


- N 


PM?t|»-)dr; 


r 




Calculation of Terms of Optical Spectrum. 


573 


l)Ut 

(Z,)x = {ZXn = 2 [Z,]i. + 2 IT^X + 6 [Z,],, + 4. 

f or a series electron X of Si"*"®. (The 4 is the net positive charge on the Si"*" 
ion.) Thus the contribution from I is 

f" {2 [Z + 2 [ZX + 6 - 10} (4-23) 

-Now when an exact solution of the self-consistent field problem has been 
■obtained, 

1 - [Z,L = r P® (a|rx) dr^ + f" L P® (ajrO (4.24) 

■so that {1 — [ZJ4 bears the same relation to P(a|ri) as Yo(aa|ri) does to 
P (air,). Hence 

l-CZJu = Yo(ls.lslr), 
l-[Zj2, = Yo( 2 p, 23 ,|r), 

‘Since P(ls|r) = P (ls|r), and P (2p|r) = P (2p|r). The expression (4.23) 
becomes 

r {- 2Y„ (ls,ls|r) + 2 [ZX - 6Yo (2p,2^)|r) - 2}?!^ Ar, 

iind the sum of the contributions from the and I integrals is 

(Fo & I). - f" {2 [ZJa. - 2 -f 2Yo (2s, 2s \r)) dr. (4.25) 

Jo ^ 

The (Fq & I) integrals may be calculated from this formula, or may be 
expressed entirely in terms of Yo functions or Fq integrals : 

From (4.24) 

l-[ZJa,= r P®(2sK)<^»-i+r fPM2ski)dri. (4.26) 

Jr, -0 Jr, 

Now P (2s |r) is a linear combination of P (2s |r) and P (Is |r), since § 4 (a) gives 
P (2s |r) = «P (2s |r) — pP (Is |r), 

where 

a = 1 /^(l _ p = S/-v/(l - S®), S = (“ P (2s Ir) P (Is |r) dr. 

Jo 

a®P® (2s 1 r) = P® (2s [ r) + p®P® (Is ] r). 


Thus 
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and equation (4.26) becomes 

1 - = h Y„ ( 2 s, 2 sl r) + 1 * Yo {ls,ls\r)- 

a oc* 

By usmg tke relation a? — = 1, and the equation (4.21), the (Fo & I) 

integrals may new be written 

(Fo & I), = 2S2 f " {Yo (2s, 2s [ r) - Yo (ls,ls | r)} ir 

Jo r 

= 2S2{Fo (2s ;X) - Fo (Is ■,!)}. (4.27) 

The (Fo & I) integrals are small and negative, and arise from the fact that 
we orthogonalised the wave functions. The magnitudes of these integrals 
ajte given in Table VIII. 


Table Vlll.-^i+s. (Fo & I) Integrals. 


na. 

Integral. 

i 

Integral. 

Term. 

Integral, 

i 

3a 

0-0006‘ 

Zp 

0-0003- 

nd 

0 

4a 

0-0002 

4jp 

0-0001* 


0 

5a 

0-0001 


0-0001 

ng 

0 



Qp 

0-0000* 




In equation (4.1) we have expressed the energy of an optical term X in the 

form 

Ex = I (X) -f" S J (oc ;X) 2 B (oc jX.), (4.1) 

a a 

tbe sum being over tbe core wave functions, supposed unperturbed by tbe 
presence of tbe series electron. For an atom with one electron outside complete 
shells, this Las been reduced to 

E,==I(X) + {SaoFo}.~{S6A}A, 

and in this section (4), the terms on the right-hand side have been written in 
a form involving the energy parameter of the associated central field problem 
and certain integrals : 

E^ = — — {(E. of I) integrals}^ — (Fo «fc I)^ integral — {S G integrals}^. 

(4.28) 

We have evaluated all the integrals occurring in equation (4.28) for Ex, and 
are now able to apply the necessary corrections to the Hartree values — |ex 
(Table II), and so find the real energies of the optical terms, to the 
approximations (3.2), (3.4) to the real wave function T for the whole atom. 
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6* The Real Energies of Optical Terms, Results and Discussion, 

In Table IX are collected the contributions to the real energies from the 
several integrals, for the 12 optical terms of Si"^® for which the calculations 
have been carried out. The initial ” E values of the table are those found 
in § 2 by the Hartree method (the calculated s values are given in Table IT, 
and E = — ; and the “ final ” values of E are those found by applying 

the corrections to the initial E’s in accordance with equation (4.28). The 
improvement in the E values is very satisfactory, as the final values agree with 
the observed values to within 1 per cent, for terms with principal quantum 
number 3, | per cent, for n = 4, and ^ per cent, for w = 6. 

The values of the quantum defect q are included in the table, as they provide 
the fairest test of the improvements effected by the methods of this paper (as 
already pointed out in § 2 (6)). The general improvement in the quantum 
defect values is very satisfactory, and there is an appreciable improvement in 
the variation of in a sequence of terms with the same 1, as well as in the 
absolute values. The values of q obs. — q calc, are reduced by factors of 7 
or 8 or more for the $ and p terms’** ; but the improvements for the nearly 
hydrogen-like terms are not so good, the q difference values for the d terms 
being reduced by a factor of 4 or 6 only, while the / and g terms are hardly 
affected. The reasons arc to be found by recalling the corrections to the 
Hartree method which have not been taken into account. 

In the determination of the self consistent field, the wave function for the 
atom was taken in the form of a simple product, and the effect of the series 
electron in perturbing the core — ^both the alteration of the core wave functions 

which appear in Y in jTHT dr, and the perturbation of the series electron 

wave functions, which would be affected by the perturbation of the core, thus 
giving a polarisation effect on the series electron — ^was neglected entirely. 
Instead of using the Fock equations for the calculation of both core and series 

*** It may be pointed out that this shows that a better approxirpation to the wave 
function of the series electron outside the core is obtained by taking the calculated 
wave function in the self-consistent field of the core, than by taking the wave function 
with the observed e (either in the coulomb field of the core joined up to the wave 
function inside, or in a field chosen to give the observed e values, if possible) ; for the G 
integrals, etc., would be almost the same for both approximations, so that the properly 
calculated energy (which is the only test of the accuracy of the wave function adopted) 
would be much worse for the wave function with the observed s than for the wave 
function calculated in the self-consistent field of the core. 
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electron wave functions, Hartree’s equations, whicli are first approximations 
to the Eock equations, have been used throughout. The result is that the 
wave functions (figs. 1 and 2) are slightly displaced (not uniformly) from the 
more exact Fock functions. The maxima and nadnima and zeros of the Fock 
wave functions will occur at values of r differing slightly from those shown in 
the drawings and this will change the r values at which the p functions are 
stationary or change sign and lead to modifications in the values of the integrals 
found in § 4.* For the $ and p wave functions, the changes in the G integrak, 
say, are not likely to be large, as the P and p functions have comparatively 
large numerical values throughout most of the effective range of integration 
(up to y = 4),t and a slight shift in the p curves will not greatly change the 
comparatively large G integrals. For the nearly hydrogen-like terms, one 
would expect the modifications due to using the more exact wave functions 
would be greater proportionally, and more so for the / and g than for the d 
functions. The values of the G functions for the / and g terms are very small 
because the / and g wave functions do not differ appreciably from zero until 
such large values of r have been reached that the core wave functions are small 
(figs. 1 and 2), and so the p, Y and Z functions are very small throughout the 
range of integration. The effect of taking the more exact approximations 
indicated above would be to modify the core wave functions and the wave 
functions for the series electrons, and would probably increase the p functions 
and G integrals, due to the modified wave functions having larger values in 
the regions where they overlap. 

To the final — E calc, values of Table IX, corrections should be made for 
spin and relativity, for which formulae in atomic units have been given by 
Hartree.J These calculations have not been made for this paper, but for the 
doublet p terms, the — E obs. values have been corrected for spin, and the 
centre of gravity values have been inserted in Table IX. (The doublet values 
are given in Table 11.) The spin energy§ is A{j (j -f 1) — Z ( Z -f 1) — s (s + 1)}, 
and has the vahres — 2A and A for Z = 1, j == J and Z = 1, j = 3 respectively. 

^ The changes will not be large as the integral JtHWt is stationary for small depar- 
tures from the correct wave function, so presumably small changes will be obtained for 
small departures from an approximate wave function. 

f This is the range for which the radial wave ftmotions are drawn in figs. 1, a and h, 
and fig. 2. 

t ‘ Proc. Camb. Phil. Soo.,’ voL 24, p. 89 (1928). 

§ Or A[J (J -f 1) — L(L H- 1) — S (S + 1)] for an atom with several electrons in incom- 
plete groups, Goudsmit, ‘ Phys, Rev.,’ vol. 31, p. 946 (1928). 
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Now the term of smaller j lies deeper* * * § , i.e., has the greater negative energy or 
greater term value, so that the term corrected for spin lies nearer the lesser 
term, the value being lesser term + ^ diSerence. Thus, instead of correcting 
the calculated — E value, we find the centre of gravity of the observed doublet 
for comparison with the calculated term value. To the — E calc, values, a 
relativity correction should be made ; this is of the same order of magnitude 
as the spin separations. 

The calculations for the energies of optical terms given in this paper give 
results agreeing very well with the observed values, the discrepancies aU being 
within 1 per cent. To account for the small residual differences, we have 
suggested certain inadequacies in our approximations, including a polarisa- 
tion effect which we have neglected. It appears that the polarisation of the 
core by the series electron was not the true explanation of the discrepancies 
between the observed optical terms and the calculated s values, such as was 
suggested by Hartree, as we have accounted for 6/7 of this diSerence for the 
3s term, e.g., vrithout taMng any account of a polarisation effect. 

The idea of the polarisibility of atom cores was used by Born and Heison- 
bergf and SwirlesJ to explain the values of optical terms on the orbital quantum 
theory, and on this model, Hartree§ showed that an additional field with an 
inverse fourth power potential «.r~\ will give energy values for any one soquonoo 
of nearly hydrogen-like terms of lithium-like and sodium-like atoms in close 
agreement with the observed values, but that the a value varied considerably 
■with 1. This is the type of field which would bo produced by the polarisation 
of the core by the series electron. On the wave mechanics, Wallor|l has 
calculated the nearly hydrogen-like terms of helium, by treating the inter- 
action of the series electron and the core electron as a polarisation of the 
hydrogen-like He"'" core by the series electron. 

The -writer made some calculations of the self consistent field of Na+ and of 
the optical terms of Na by the methods of § 2 and attempted to account for the 
discrepancies in the energy values by superposing on the self consistent field a 
“ polarisation ” field -with an inverse fourth power potential at largo distances. 
For small distances from the nucleus, this form of the potential was not osqKicted 
as the field of the series electron is not uniform over the core, and the porturba- 

* See Htmd, ‘ Lmienspektxen,’ pp. 74, 104. 

t ‘ Z. Physik,’ vol. 23, p. 388 (1924). 

t ‘ Proc. Camb. PhH. Soc.,’ vol. 23, p. 403 (1026). 

§ ‘ Proo. Roy. Soo.,’ A, vol. 106, p. 562 (1924). 

II ‘ Z. Physik,’ vol. 38, p. 636 (1926). 
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tion of the core can probably not be represented by a doublet at the centre. 
It was necessary to use an empirical perturbing field of potential ar”^ with a 
having a constant value for large r, but its behaviour for small r being chosen 
to give in combination with the self consistent field, the best fit for the observed 
terms. Some information as to the dependence of a on r was given by the 
nearly hydrogen-like terms, but it was not found possible to reconcile the 
observed and calculated values by the addition of such a field. 

On the other hand, Guillemin and Zener* have made calculations on the 
normal state of lithium on wave mechanics, and have obtained good approxi- 
mations without the explicit use of polarisation, but by using the proper form 
for the interaction between the series electron and the core. In this paper, 
we have obtained good approximations to the energies of the optical terms of 
an atom without the use of polarisation, and it appears that the magnitude of 
the polarisation effect must be very small. Of the points mentioned above 
which might account for the outstanding discrepancies, the use of the Fock 
equations is probably the most important, as it is a first order effect, whilst the 
polarisation effect is of the second order — and any further improvement in 
the results of this paper is likely to follow from the knowledge of a scheme for' 
solving Fock’s systems of cquatioits by nximerical methods. 

I wish to thank Professor D. R. Hartree for his interest and encouragement 
throughout the course of this work, and the Department of Scientific and 
Industrial Research for a grant. 

Summry. 

Hartree’s method of self consistent fields gives good energy values for the- 
X-ray levels, but not for the optical terms, and this discrepancy has been 
attributed to a polarisation effect caused by the interaction of the series electron 
with the core. Some of Slater’s results for atomic energies have been used to 
obtain corrections to the values found by the Hartree method. Numerical 
calculations for some optical terms of Si"^^ have been made, and the agreement 
between observed and calculated energy values has been greatly improved.' 
Inadequacies in the approximations made, which may account for the small 
residual differences, are discussed. 


* ‘ Z. Physik,’ voU 61, p. 19» (1930). 
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Botational Uncoupling, with application to the Singlet Hydrogen 

Bands. 

By Dr. P. M. DAvrosoN, Senior I^ecturer in Physios, University (Jollogo, 

Swansea. 

(Communicated by 0. W. Richardson, P.R.8. — Received -Tuly 28, 1982.) 

The general theory of uncoupling has been discussed by Kronig and Fujioka, 
and by MacDonald,* but before considering the hydrogen bands it will bo 
convenient to establish some general results. Wo consider first the integral 

I Pbka . B . PrtCA' • P* dp, (1) 

which appears in the formulae, and which may be called Bwaa'- the 
hydrogen levels we shall only consider the first one or two values of v and the 
first four or five values of K ; thus the unperturbed levels can bo written as 

W^o = C(„,A + B(.)a (K +1)2 - D(b)a (K + i)« + P(b,a (K + 4)0 (2> 

The P term is exceedingly small at our K’s. 

We'consider first the value of (1) in the hypothetical case whore tho U„ (p)*« 
of the two states concerned differ only by a constant, so that the two 1’ eigen- 
functions are identical, and in (2) it is only the C’s which differ. Tho ordinary 
vibrational equation (MacDonald’s (5) for example) may be regarded as con- 
taining K (K + 1) or (K + 4)2 as a parameter ; calling either of thorn e we 
have the general formula 

(W A®).+A. = (Wa®). + (3Wa®/9s), Ae + term in ( As)2 + . . . (3) 

But the perturbation theory (for variation of a parameter) shows at once that 
in the ease we are considering the coefficient of As in (3) is exactly tho integral 
(1), whose value is thus found by differentiating (2). It is 

B„> - 2D(,> (K + 4)2 + 3P„> (K + 4)*-. (4) 

Suppose now there are other differences between the two Ua’s ; suppose, in 

Poll references wiH be found in MacDonald’s paper, ‘ Proc. Roy. Soc.,’ A, vol. 138, 
p. 183 (1932). Symbols which I have not explained will be found in these papers, or in 
Kronig’s book. 
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other words, that the constants y (see footnote ***) and the b in the U 
series are somewhat different in the two states. Using any general type of U 
curve, and assuming that none of the above constants differ by more than about 
10 per cent, in the two states, I find, that at our v’s (say 0 and 1), the integral 
isf 

B,„ - 2D<,, (K + - 1 + i) + (6) 

Here a bar denotes tbe average value for tbe two states. Substituting tbe 
approsdmate B(*) and of tbe states that we shall consider, it is found that 
if ABq (the difference of the Bq’s) is BJIO, the last term in (5) is about 8 per 
cent, of the whole at y = 1. At y = 0 it is less than 3 per cent. If the con- 
stants only differ by about 1 per cent, this last term may be onoitted ; in other 
words, the constants in (4) have simply to be replaced by their average values. 

We consider next the behaviour of the perturbed levels. As before we assume 
at first that the unperturbed energies (2) differ only in their CTs. The five 
perturbed levels at a given K are determined by the quadratic and cubioj in 
the paper by Kronig and Fujioka. Inserting the expression (4) above, we 
find that as K increases the roots tend at first towards 

C -h B,„ (Kxx -f- D® - (KXX -f i)* + ... (6) 

Hero 0 has one value for 11 g, one for S and A^, and one for 0^ and A^ ; but 
the important point is that K^x has the values K — 2, K — 1, K, K -f I, K -}- 2, 
in the five states S, Hj, Hj, Aj, (The physical meaning is well known.) 
The expression (6) is approached when the co’s become fairly large compared 
with the C intervals. Using approximate values for the 4(P^ states (which have 
smaller C intervals than the Sd^ states) it is found that at about K = 6 the 
roots agree with (6) to within about 20 wave-numbers. It is stOl better to 
replace Kxx by K^, defined by 

KX(Kx-f l) = i:(K-|-l)-ha, (7) 

* If desired, B(„) may be written as B# -)- 3Boy (1 + o) (« *f J) -h S (» •+• J)* 4- ; y is 
2Bo/v«; a is the coefficient in Un(p) = const. 4- -h -+• 6^® -f ...); I>(.) is 
B«y* + S'(v + i) + ... 5 B is ^0 is value at po* 

f MacDonald’s expressions for the B integrals are designed to show their orders of magnitude 
for various values of v and v\ not, as above, to specify a fairly accurate value for the case 
oiv ^ v\ They assume the Kratzer U„, in which a has the value — 2 . 

X Bor the He2 bands this would read “ quadratic or cubic,” since there are only two, or 
three, levels at a given K ; (the rotational levels which Kronig and Fujioka mark with crosses, 
and which are weak in Hg, are entirely absent in He2). 
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where z is zero ia n^, in A^, —^12 in (Ao/ + in and minus 
the same* in S. Then for <o’s large compared with the G intervals the expres- 
sion (6) differs from the roots of the quadratic and cubic by, firstly, an expres- 
sion which, being due to the lack of uncoupling at small K, decreasos as K 
increases and is zero if the three C’s in (2) are identical ; secondly, by terms 
which increase with K, causing the roots to diverge from (6) ; and the largest 
tefmf of this typo is where z has the values above.J This last result, 

however, has no meaning, for we have here overstepped the limit of accuracy 
of Kronig and Fujioka’s approximation : to improve it we must extend their 
simple determinants to take into account, in the first place, perturbations by the 
other vibrational levels. Considering, for example, \ and and taking 
first the hypothetical case where the U,,’s only differ infinitesimally, retaining 
their actual order U„(A) > U^(n) > Un(S),§ it will be found that the deter- 

* V is ^ (K + 1)]^ and is 2 [(K - 1) (K + 2)]^. Thus (7) can bo written m 
(Kx + If r= (K + i)« + js (K^ + ...» where p and q depend 

on the state, but not on which has the integral values above. Uk^ and Aj^ have a 
common jp, and so have S and A<j. 

t Provided K is not so large that the series (2) is oeaBing to converge. 

f Thus the term is approximately — (K + -J)* in and and approximately 
— 16I)(^) (K + if in S and A^. 

§ I have defined them as infinitesimcUly clone rather than coincident no as to retain an 
unambiguous correlation of the perturbed and unperturbed states. For K^2, the 
equations of the theory merely determine five levels (each with its eigenfunctions and 
transition intensities) without connecting them in a definite way with the unpe^rturbed 
states. Thus when the latter are closely adjacent as in the 4d^ levels (or still more in the 
present hypothetical case) the correlation is not immediately obvious. It might bo made 
by neglecting the perturbations due to other vibrational levels, and imagining Kronig and 
IHijioka’s co’s reduced continuously to zero. Consider, for example, the cubic : its roots 
are given (fig. 1) by the intersection of the oxibic 2 / — (W — — W/) 

and a straight line whose slope dy/dW is (o>oi^ 4- a^iid whose intersection with the 
W axis divides the line internally in the ratio <*> 01 ® : 0 )i 2 ®. It is easily soon that 

for all real values of the co’s the greatest root is always greater than any of the W®’s, and 
eventually passes into the greatest of them as the co’s decrease ; the least root is always less 
than any of the Wn and passes into the least of them ; and the third root always lies 
between these extreme W®’s and passes into the central one. In these bands the order 
is W 2 ® > Wj® > Wo®, giving the identifications in the text. 

This diminution of the co’s with constant W®’s has no definite physical meaning (nor 
indeed have the W®’s themselves) ; instead, then, we may imagine, for example, that the 
nuclear mass is continuously increased to 00 . As before the slope of the line dimmishes, 
but now also the W®’s move at the same time, passing eventually into the minimum values 
of the in equation (22) of Kronig’s book. At every stage the greatest of the (fully 
perturbed) W’s is greater than any of the W®’s, and passes eventually into the greate&t 
of the W 2 ,'’s ; and so forth. According to a paper by MacDonald, the order of our 
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minant can be reduced to the product of two, which are exactly those which 
specify the energies of 


Ip Ip) “ ~ (K- 4- 1) + W] = 0, (8) 

where K’' (K’^ + 1) = K (K + 1) ± exactly as in (6), and where the same 
equation with K*' replaced by K specifies the unperturbed levels. The same 
result can be obtained very readily by a method due to MacDonald, which 
also gives readily the corresponding result for S, Ha and A^. All are con- 
tained in (8), having the values (7).* Substituting the actual expressions 
for z we can e3p)and K (K -j- 1) -f z in the form ^ (K’' /K^ H- . • . , 

where p and q are independent of which has the integral values given 
previously. Thus as K increases, the level of, for example, A^, differs from 
the unperturbed K 2 level by a diminishing fraction of a rotational interval 
in that region.f (If the rotational intervals do not increase indefinitely, this 
difference will tend to zero.) 

It is easily shown that the corresponding eigenfunetionsj are, for K^2» 




for Aj change the sign of Pj. 

T(S) = ^ 
for Ao change the sign of P^. 




.(V + V)» 


■Pr + 






( 9 ) 


is the same as that of the so that in our case the two dejfimtions give the same result. 

It is to be noted that in some of the lowest K’s the correlation is in any case unambiguous, 
so that unless the W® differences are decidedly small, changes in correlation at the higher 
K’s are likely to cause sharp discontinuities in some of the bands. 

* The modified (6), which has instead of ^ (and has here a single value for the 
three 0^, equal to the single value of the three C’s), represents these energies, until it 
ceases to converge. The terms spoken of above, of which the largest was — thus 

represent the perturbations by the other vibrational levels. Nor should these perturbations 
be altogether different in the actual levels, for the 0 differences are fairly small fractions 
of a vibrational interval, and theoretically the Bo’s should not differ much, 
t Note that we have got away from the idea of a series for the W®’s. 

J The same eigenfunctions (9) would be obtained from the expressions of ICronig and 
Fujioka (on setting the W® differences infinitesimal and the P’s identical), except that they 
would contain Pi;k instead of Ppk’^* The smaU difference between these functions repre- 
sents, of course, the perturbations by the other vibrational levels. 
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In each case the is i-iis solution of (8) for that value of which specifies 
the energy. IIo is remarkable in that whereas its energy levels are entirely 
unperturbed, its eigenfunctions are perturbed to such an ejctent that they no 
longer contain their own unperturbed eigenfunctions. The latter result may 
sound paradoxical, but it must be remembered that the unperturbed states 
represent the limit when the W® differences are infinitely greater than the to’s, 
while the T’s above represent just the converse limit.* Nor are these T’s 
merely of academic interest ; they are neatly attained in the hydrogen states, 
especially, of course, in the larger K’s, and especially in the 4-olectronio states 
(owing to the smallness of the W® differences). Thus even at K = 3 in Id ^I!*, 
Kronig and Fujioka’s Su, S^a have values 0-47, 0'16, — 0-87, so that the 
unperturbed eigenfunction plays quite a small part. 

This hypothetical case of practically identical TJ„’s may be regarded as a 
special example of a more general case, in which we take the three TJ„’s to be 
of the form 

~f (p) + Bca, (10) 

where only the constant Ca depends on A. (This should be nearly true at 
fairly large values of the principal electronic quantum njnnber n, where the 
"W/’s will not differ much.t Ca will then have a value about — 2A®, for accord- 
ing to MacDonald A'a only contains A in a terra — BA®.) Assuming a tT„ of 
the form (10) and taking account of the perturbations by all the vibrational 
levels, I find that the energies are the eigenwerte of 

[® 3^ ('■‘1) - /(P) - BK ® + 1) + w] P,j = 0. (II) 

Here! (K-fl) = K(K + l)-f-p, where p is one of the five roots of a quad- 
dratic and a cubic determinantal equation, of the same form as Kronig and 
Pujioka’s, but with p instead of W ; V and ^2 instead of Ooi and Oja ; Cq, 
Cl, Ca instead of Wq®, Wi®, Wa®. (Remembering that Kronig and Pujioka’s 
treatment is in all cases a first approximation, the meaning of the analogy is 

* Near this limit the Schtodinger pertoibation method (using a series beginning with 
the unperturbed function) is quite inapplicable, owing to the divergence of the series. 
It is only applicable near the other limit. A method given by MacDonald is always 
applicable. 

t Using approximate electronic eigenfunctions by MacDonald, it can be shown that, to a 
first approximation, the W indifferences fall off as a-®. (The same is true of levels given 
by the Eydberg formula W'bnA == A — B/(n -1- ka )®, where Ka is a small fraction, inde- 
pendent of n.) The known states (» = 3 and 4) agree fairly well with this law. It 
is evident that for n greater than a certam value the order of the three W’s should become 
reversed. 
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easy to trace.) As K increases the levels differ from those obtained by giving 
the K in (II) the integral values by a diminishing fraction of a rotational 
interval in that region.* For all K’s the eigenfunctions are Ta. = (S Saj,Fj,) P«kj 

P 

the S’s being given by Kronig and Fu jioka’s equations, on changing the symbols 
as before ; p has the values 0, 1, 2 in the a states and 1, 2 in the b states. 
Apart from the difference in the rotational eigenfimctions, the present T’s 
pass asymptotically into the previous (10) as K increases. In applying this 
method to the experimental levels, we should write the W of (11) in the form 
(2), with K instead of K, and see whether it were possible to fit the data by 
assigning values to the differences of the c’s, and to, say, the first four constants 
in (2). 

For a U„ of the form (10), and also, of course, for the special case of identical 
U„’s, the error which would be caused by neglecting the perturbations due to 
the other vibrational levels is easily found by comparing the accurate W 
given by (11) with the W which Kronig and Fujioka’s method would give in 
this particular case. As would be expected, we find again the term — z® D(„j. 
mentioned above, followed by other terms which only amoimt to a fairly small 
fraction of it, provided the differences of the W®’s (and therefore of the B . c^’s) 
are similarly small fractions of a vibrational interval, and provided the same is 
true of the whole perturbation of the W®, i.e., provided K is not too large. 

As remarked above, the assumption (10) is justifiable at fairly large »’s, 
smee the Wj' differences jyre then small ; it is also justifiable if they them- 
selves are nearly of the form (10), especially in the region of p^. Actually this 
is probably not true ; but the exact form is not known, and the effect on the 
results will not be discussed. Some approximate expressions (for which I am 
indebted to Dr. MacDonald) for the differences of the 'Wj"s suggest that in 
the states A = 0, 1, 2, the extreme pp’s should not differ by more than 
about 3 per cent. If this is so, a failure of Kronig and Fujioka’s method 
requiring a perturbation of a larger order than — z® D(„) can probably not, at 
our u’s, be ascribed to neglect of the perturbations by other vibrational levels.t 

^ Inserting the values •— 2A^ for the c^’s in the limiting case of w = oo , we find, as we 
should expect, that every rotational level of the molecule coincides with a rotational level 
of the ion. 

t In considering other perturbations, it is to be noted that some of the unexplained 
singlet levels lie close to those we are dealing with. For example, the u = 0 level of the 
“unexplained” 3^K system lies about 150 w.n. below the = 0 level of which 

incidentally it resembles considerably in structure (though lacking its tremendous strength); 
in fact it might almost be substituted for 3d ^2, On the whole, however, there are strong 
reasons for retaining the present S level, at least at v = 0 ; at = 1 and 2 there is some- 
thing to be said for interchanging them. 
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Some otker corrections, notably that due to the inaccuracy (discussed by Mac- 
Donald) of tbe expressions for V and must be left outstanding. They can 
be treated separately. 

"We consider now the application to the singlet hydrogen bands. Most of 
them have already been published ; the others, notably the A bands, which 
incidentally were discovered before the theory was applied to them, will be 
given in a separate commixnication by Professor 0. W. Richardson and the 
author. Pull references will be found there. 

The essential correctness of the theory is illustrated by taking the unperturbed 
0 = 0 levels to be 

+ 28 (K -h if - A (K -1- i)\ 

where Ca is 216011-, 21804J, 22111J for the 3-electronic states, and 27233, 
27318, 27373 for the 4-electronic states. All these are measured upwards from 
the K = 0, 0 = 0 level of (In each of the diagrams an arbitrary zero 

is used.) The levels marked “ calc.” in figs. 2 and 3 arc then found by means 
of the quadratic and cubic. Small corrections for the effects of the other 
vibrational levels have been made ; even at K = 4 they are hardly perceptible 
on the scale of the diagrams. The agreement with the experimental levels is 
seen to be very fair,* and could probably be improved by a little adjustment ; 
it is not hkely, for example, that the Bj^j’s are all identical. Wo therefore 
adopt a different method of testing the theory ; wo find what small adjustments 
must be made in the values of the five constants Wq®, W^®, W 2 ®, ttot, Ojg, for 
a given K, in order that the five levels predicted by the quadratic and cubic 
shall agree with the experimental levels.t The number five applies at K ^ 2. 
At K = 0 and 1 there are, respectively, one and three perturbed levels, and the 
same number of adjustable constants. 

This has been done for the 3-electronic states, since it is in them that the 
previous method shows the largest discrepancies. A small correction is made 
to allow for perturbation by the other vibrational levels ; for this it is assumed 
that the po’s differ only slightly in the three states. The W®’s so found arc 
marked “ calc. 2 ” in fig. 2. Prom each of the intervals between successive 
K levels of these W®’s we can get, by using (2) and estimating the small 

* It wiH be seen that some of the weak experimental levels have been omitted from fig. 2. 
Satisfactory sets of lines can be found, but being necessarily weak and fragmentary they 
are less convincing than the others. 

t This method cannot be used in the helium bands, o-wing to the absence of the alternate 
K levels of each band. 
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(K + term, a value of B(„,a for « = 0, A = 0. Tliese values in order of 
increasing K are 27-9, 27-1, 25-8, 24 - 4 . For the corresponding quantity at 
A = 1 we find 29-2, 28*1, 26'8 ; and at A = 2 we find 29-8, 31*1. If the 



theory were accmrate, the munbers in any one of these three sets would he 
identical, though, of course, there is no reason why the three sets should he 
identical. Each of the (Oo^’s which accompany the W®’s of “ calc. 2 ” should 





688 


P. M. Davidson. 


be equal to Aqi times the quantity B discussed previously (u is 0 ; A and 
A' are 0 and 1). Estimating the value of the small (K + J)® term in (6), we 
find from each of the tooi’s a value for the part of (6) independent of K. The 
values, from the coji’s in order of increasing K, are 26*6, 26' 6, 26*4, 26 ’0. 
Their lack of constancy indicates that the theory is inaccurate. Similarly 
from the tcig’s we find for the constant part of the values 29 ’7, 28*9, 
27-7. Essentially similar results are found if we omit the correction for the 
perturbation by the other vibrational levels. All things considered, it seems 



likely that the po’s of A = 0, 1, 2 are in diminishing order of magnitude, and 
that there are perceptible perturbations not considered by the theory. The 
4-electronic states are more satisfactory. 

Tables I and 11 show the intensities. From a given K of there are, in 
general, five transitions — ^thxee to 2p^n, and two to 2^^S. The relative 
intensities of these five lines can be compared theoretically. The same is true 
of and nd^A^. From nd^IIj,, and also from wd^Aj, there are only 

four lines — three to 2p ^EE and one (Q) to 2p ®S. In the helium bands considered 
by Kronig and Fujioka there were only transitions to the 11 state ; here we 
are comparing transitions to two different states. 
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The numbers under the headings are those given by the formulas of 
Eionig and Pujioka, and of MacDonald, who is of the opinion that the relative 
intensities of the five (or four) lines should be given with considerable accuracy 
‘On multiplying each by the factor 

( 12 ) 

whose evaluation I have discussed in a different connection.* Its value, for 
a given upper level, will he nearly the same for the three lines to 2p^n, but 
very different for the two lines (or one line) to 2p the frequency being very 
much greater. In fact for 3# transitions the v* introduces a factor of about 8 in 
favour of the lines ; for 4# lines the factor is about 6. The effect is 
somewhat counterbalanced by the integrals, for the potential energy curves of 
the upper states almost coincide with that of 2p^n, whereas the curve of 2jB^S 
is considerably different (it has a very large p^). The effect of the integrals is 
to introduce a factor of 2-0 in favour of the 2p^n lines. Thus altogether we 
have for 3# transitions a factor of about 4 in favour of 2p^S lines, and for 
4# transitions a factor of about 2J. The numbers under the headings 
are obtained by multiplying the a^’s by the exact values of these factors, and 
at the same time multiplying the whole set of five (or four) lines by a factor 
which makes the intensity of the strongest line identical with the quantitative 
measurement of Kapuscinski and Eymers,t recorded in the next column under 
the heading B. In the remaining columns are the eye-estimates of Gale, 
Monk and LeeJ (headed G), and of Poetker,§ (headed P.). 

Bor the 4-eleotronic states (Table I) there are quantitative measurements 
throughout, and it will be seen that the agreement is satisfactory. The only 
■definite failure is at !!„->- 11, K = 1, Q, where, instead of the very weak line 
predicted by theory, a very strong line is found. This is presumably due to 
interference ; there are a number of strong unassigned lines in this part of 
the spectrum. Such interference definitely causes the great strength of the 
line S n, K = 2, R, which is required as a strong line in the Fulcher bands. 
'There are also a few other cases of interference, mostly in fairly weak lines. 

It is to be noted that the 2p^n state lies about 9000 wave-number above the 
,2piS state, so that the lines to these two states from a given upper level lie 

* ‘ Proo. Roy. Soo.,’ A, vol. 135, p. 459 (1932), and actual calculations by W. C. Price, 
‘ Proo. Roy. Soe.,’ A, vol. 136, p. 264 (1932). 

t ‘ Proc. Roy. Soc.,’ A, vol. 122, p. 68 (1929). 

J ‘ J. Astrophys.,’ vol. 67, p. 89 (1928). 

§ ‘ Phys. Rev.,’ vol. 30, p. 418 (1927). 
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in widely different parts of the spectrum ; thus in using the eye-estimates of 
Gale, Monk and Lee it is only lines to the same state which should he compared. 

In transitions from the 3-eleotronio states {Table II) the lines to 2p show 
a good agreement with the quantitative measurements. The lines to 2p^n 
lie in the far infra-red, a region to which the quantitative measurements do not 
extend. The predicted relative intensities of the lines to this state agree fairly 
well with the eye-estimates, but in comparing them with the lines to 2p^S 
we must make the quite probable assumption that Gale’s eye-estimates in 
the far infra-red do not by any means correspond to those in the green, where 
the 2p lines lie. Since the results for the ^-electronic states suggest that the 
theory is not likely to be far wrong, we may correlate Gale’s infra-red eye- 
estimates with Kapuscinski’s quantitative measurements. Considering all 
the lines to 2p ^11 in Table II, and taking the averagef of the predicted intensities 
in the column headed hc^ for each of the numbers which Gale uses, we find 
of. = 3, (00) = 8, (0) = 14:, (1) = 30, (2) = 60, (3) = 71. SimUarly for 
Poetker’s numbers we find ab = 2, (1) = 13, (2) = 36, (3) = 40. We can 
then assign a range to each of Gale’s numbers, and it is found that only about 
six lines do not fit into the scheme. The same is true of Poetker’s ; moreover, 
most of the linos which arc “ wrong ” according to one observer are “ right ” 
according to the other. In fact there are only two cases where both observers 
disagree with the theoretical intensity : — A„, Q, K = 3, where the theoretical 
intensity is too small, and S, R, K = 3, where it is too large. 

The tentative and uncertain rad® bands, outlined a year ago by 0. W. Richard- 
son and the author, do not fit the theory, indicating, no doubt, that some of 
them need revision. 

I am indebted to Dr. J. K. L. MacDonald for some interesting correspondence, 
and to Mr. W. 0. Price, of this CoUege, for a graphical evaluation of the vibra- 
tional integrals of the type (12). 

Summary. 

Some points in the theory of rotational uncoupling are discussed, and it is 
applied to the rad^ bands of hydrogen. The levels themselves and the intensities 
in the bands are foxmd to agree fairly well with the theory. 

t In. computing both sets of averages I have discarded lines which Gale, who uses the 
higher resolving power, marks with letters a, h, o, h, indicating that they are indefinite, or 
abnormally broad. This is usually due to interference. (In taking the averages for 
Poetker’s numbers I have omitted lines which he has not resolved from adjacent lines in 
Gale.) There remain 37 lines for computing the first list (Gale’s) ; nevertheless, it will 
be noted that the values assigned to (2) and (3) each rest on a single line, and so have not 
much meaning. The same applies to the (3) in the Poetker list. 
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The Theory of Metals . — L 

By A. H. Wilson, Emmanuel College, Cambridge. 

(Communicated by E. H. Eowler, F.E.S. — Eeceived July 29, 1932.) 

iMrodudim. 

1. The quantum theory of electrical conduction in a solid has two main 
problems to face, the number of “ free electrons ” and the “ mean free path.” 
Of these the first is the simpler and has, to a certain extent, been solved. The 
evaluation of the mean free path, on the other hand, has given rise to some 
controversy and cannot be regarded as satisfactory. In his original paper on 
conduction Blochf gave a theory of the interaction of the electrons and tho 
thermal vibrations in a metal which leaves much to be desired from the point 
of view of rigour, but which leads to results in good agreement with experiment. 
PeierlsJ criticised this treatment and gave a new one, which, if correct, would 
considerably alter the theory .§ Peierls omitted most of the calordations, 
which are dif&cult, and based his treatment on physical arguments, which are 
by no means easy to follow, and which require justification. Eecently L. 
Brillouinll has given an extended mathematical treatment of the points in 
dispute, and obtains results which differ considerably from those of both Bloch 
and Peierls. 

None of these calculations is really satisfactory, the main objection being that 
the physical assumptions have not been made sufficiently precise. A method 
is given here which treats consistently the interaction of the electrons and the 
lattice, and which enables the assumptions to be clearly seen. It also has the 
advantage that it can be extended quite naturally to deal with the problems of 
the dispersion and absorption of light in metals, which will be treated in 
subsequent papers. In this paper the general theory will be developed, and 
applied to the discussion of the debatable points in tho theories of Bloch and 
Peierls. Although the general opinion seems to bo that Peierls’ criticisms are 
correct, the opposite view is arrived at here, and so, if the present theory is 
correct, the anomalous processes ” introduced by Peierls have little impor- 
tance for the electrical conductivity in a constant field. 

t ‘ Z. Physik,’ vol. 52, p. 656 (1928), 

t ‘ Ann. Pliysik,’ vol. 4, p. 121 (1930). 

§ ‘ Ann. Physik,’ vol. 10, p. 97 (1931), and vol. 12, p. 154 (1932). 

II ‘ Die Quantenstatistik,’ chap. 8, Springer (1931). 
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General Theory. 

2. The method adopted is that used in dealing with molecules. In the first 
approximation the electrons and the nuclei are treated separately, and the 
interactions are brought in in the second approximation. Care is, however, 
necessary, as the first approximation when we have particles of widely differing 
mass is by no means the same as the usual first approximation which arises 
when we treat, for example, the interaction of the two electrons in a helium 
atom. 

We consider any finite number of electrons and nuclei. The electron co- 
ordinates are Xy, yy, Zy, while the co-ordinates of the nuclei are Y^, Z^. 
The Schrodinger equation of the assembly is 

[i ? + fi? - T 

where m is the mass of an electron, M the mass of a nucleus, and V (asX) is the 
total potential energy of the system. Since mjM. is small, we can separate the 
equation approximately as follows. If 

S ^ {E (X) - V (*X)}] <1; (xX) = 0, (2) 

and 

^ 1 ? I? ® ^ ® 

have solutions 4' (®X) and <f> (X), then an approximate solution of (1) is 

T = 4- (scX) 4 (X) 

In equation (2) the nuclear co-ordinates are merely parameters, and the 
equation is the Schrodinger equation for the electrons, the nuclei being fixed 
in arbitrary positions. To obtain a more accurate solution, suppose that the 
solutions of (2) and (3) are s-nd ^p'‘(X), the corresponding energy values 

being E,. (X) and W/. Then we solve (1) exactly by 

y = S (t) 4/, (xX) 4; (X) exp {2niW,njh), (4) 

rf, 

the equations determining the coefficients being 

a,.p {t) — S {t) (rp ] Also) exp 2m( (W/ — W/)/A, (6) 
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where 

(rplAlscr) 


I <!>; (X)* (X) {xX)* V*x. 4/. (.rX) dx dX 

+ 2 j (X)* 4^, ixX)* (gradx. , (X) . gradx. , 4^. (a:X)) dx dX 


47rMi (I 


( 6 ) 


These equations are exact, but as usual we only proceed to solve them approxi- 
mately, so that the probability per unit time that the electrons undergo a 
transition r while the lattice makes a transition p a is 


where 


l(rp|A|sa)pa(W/-W/), 


n/ \ 9 1 — 


COB 'hac^jh 


The question as to whether this approximation is a suflSioiently good one is 
extremely difficult. We are here dealing with the perturbations of the con- 
tinuous spectrum, and it is not easy to give any criterion for the rapid con- 
vergence of the series of approximatioins, which justifies us in stopping at the 
second term. The best that we can do seems to be to apply the theory as it 
stands, and to assume that the procedure is justified so long as it does not give 
rise to any infinities. This is, of course, the method adopted in dealing with 
the collisions of electrons and photons with atoms. In order to evaluate the 
transition probabilities it is necessary to obtain an expression for (scX). 
This we caimot do in full generality, but provided we assume that the lattice 
vibrations are of small amplitude we can obtain approximate expressions, 
which will he valid if the metal is not near the melting point. 


3. It is convenient at this stage to collect together the major assumptions 
to be made. We suppose that in equilibrium at the absolute zero the lattice 
is simple cubic with lattice constant a. We number the lattice points by the 
integers g-^, g^, g^ and we now suppose that represents tho vector 
displacement of the {g-^, g^, g^ nucleus from its equilibrium position. The 
quantity E(X), which acts as a kind of potential energy for tho nuclear vibra- 
tions, can be expanded in terms of the X’s, and we use only the quadratic 
terms since the linear terms must necessarily be zero. We fl.RfinTnp. that, for 
the electronic states which are of importance in conduction, E,,(X) is independent 
of T. This implies that the lattice constant is not affected by the excitation of 
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an electron, an assumption wMcIl is justified to the first order for a solid in 
bulk, but which is not true, for example, for a diatomic molecule. 

The next assumption we have to make concerns the form of the electronic 
wave functions for the equilibrium positions of the nuclei. We shall assume 
that the electrons may be treated independently, and as moving in a periodic 
field of force, the potential energy of an electron being given as a sum over the 
lattice points 

00 

V (a;,0) = S — — g^a, z — g^) (7) 

= i U (r - ga). 

We shall also assume that the electrons are moderately tightly bound, and that 
the wave functions of the lowest states are 

(0^,0)= S (8) 

where ga) — <l>yM function of distance onLj, and is only large 

in the neighbourhood of the lattice point (gi, g^, g^. We are here using the 
usual periodic boundary condition, that all the properties of the crystal are 
periodic in a large cube of side Ga. The actual form of the electronic wave 
functions is not very important in the present state of the theory, so long as the 
electrons are not taken to be entirely free. This is because the Fermi function 
is very insensitive to changes in temperature, and any phenomena in a metal 
which show large temperature variations must be conditioned mainly by the 
nuclear vibrations, the form of the electronic wave functions only playing 
a secondary part. Phenomena which are nearly independent of temperature 
lie completely outside the scope of the theory. We shall see later how far 
these various assumptions are consistent with each other. 

The Motion of Qie Lattiee. 

i. The problem here is to reduce the potential energy to the sum of squares, 
and we therefore consider, for the moment, the problem of the motion of a 
lattice in classical mechanics. The normal modes of a lattice have been 
investigated by Born,t but the only complete theory is that given by Waller, { 

t ‘ Atomtheorie des Festen ZustandeB,’ Teubner (1923). 

{ ‘ Uppsala Aisskrift,’ vol. 2 (1926). 
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who ^l^ows that the normal co-ordinates given by Born are not all independent. 
If we write 

iG r Stt tv 

S' S %wC0S- {/yi + .<?s'2 + /%) 

+ Vtf "q (f9i + 992 + %) “/ffW- ('0 

tlien in the limit as 6-»- oo, the a’s and 6’s become the normal eo-ordinat(>H, 
while for finite values of 6 they difier from the correct normal co-ordinat('S by 
quantities of the order 1/6®. Here Ufg/^ is a unit vector, which for;; = 1 is 
parallel to the direction (/, g, Ji) (longitudinal waves) and for j ~ 2, 3 is per- 
pendicular to (/, g, h) (transverse waves). The meaning of S' is as follows. 
Draw any plane through the centre of the cube — f, g, h ^Gl, which is 
called the phase cube. Then S' denotes a summation over the points lying 
in either half of the cube, giving the correct number (36®) of normal modes. 
It should be noted that the above expression does not limit the waves to be 
standing waves, since the coefl6.cients may be chosen so as to give either standing 
waves or progressive waves. 

It is at this point that we differ from Peierls. He writes, for a one-dimen- 
sional lattice, 

X„= S 

^ /--JO 

and treats the as the normal co-ordinates. But being the displacement 
of a material point, is necessarily real and so we must have = We 
must therefore take the real and imaginary parts of as the independent 
quantities, and, writing = i («/ — ibf), we obtain 

= ^2^ [_ «/ cos ^fgy^ -f hf sm - fg^ , 

which is the one-dimensional form of (9). 

The equations satisfied by the normal co-ordinates are 

= 0 , 

^fgns + == 0. 

Here is a compheated function of the coeflS.cients in the quadratic form 
E(X), but for long waves, that is for small values of/, g, h, we may assume that 
the lattice behaves as a continuum, and we then have 


^mi = ^V{P + 9^ + h^), 


( 10 ) 



Theory of Metals. 


699 


where Cj is the velocity of soxmd, supposed constant, for each type of vibration. 
With these co-ordinates the energy of the lattice vibrations becomes 

M ; - 1 

= * S' _ S -f T^) + (I MG3) ■ (11) 

It is now a simple matter to solve tlie Sclirodinger equation (3) for the lattice, 
since it is separable in the co-ordinates hp and the corresponding momenta. 
We therefore write 

^(X) = n'<^{«.W^^(W (12) 

fgM 

where <f){a) satisfies the equation for a simple harmonic oscillator 

^ (W - 27c2M„v^„„ ^ = 0, (13) 

Mq being written for |MG®. On transforming to the new variables, the expres- 
sion (6), which determines the interaction between the electrons and the 
lattice, is unaltered in form, differentiations with respect to being replaced 
by diffexentiations with respect to and bf, and M being replaced by Mq. 


The Electronic Wave Functions. 

6.1. We have now to determine the electronic wave functions as functions 
of the nuclear co-ordinates. This we do by perturbation theory, assuming 
that the displacements of the lattice are small compared with the lattice con- 
‘Stant. The wave function tj) (xX) of a single electron satisfies the equation 

1 ■" ^ ^ 

and we suppose that we can solve this equation when the nuclei are at their 
■equilibrium positions, the wave function being then ip (», 0), satisfying 

i {K (0) - V(a3, 0)}] 4; {X, 0) = 0. ' (16) 


We consider (14) as a perturbation on (15), the perturbing energy being 

AV = V(®X)-V(a!, 0). 

Xow 

CO 

V (ckX) = S U (a? g^a y ^ dsP' 

^ - ^ 
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and so 

AV=- S U (r - g®) )• U6) 

iiaa> - - M 


To calculate the matrix elements of AV with, respect to the solutions of (16), 
which we take to he given by (8), we write AV as 


oo 3 r 27ci 

— S S' S i{af-ibf)exp-j:r if9i + !}9z + Ji'9s) 

=* - 00 fgh j «. 1 L. U- 


27d 


+ i(ay + *,)exp--^(/S-i+^^2 + %3) (U/„w.gradU,„„,). (17) 


In the e:q>ression for the matrix element {kTm'\AY\Jelm), the terms arising 
from the positive exponential have as factor 

[ S . grad U„.„„) dx dy dz, (18) 

^ !fiMa 


where the integration is over the large cube of side Ga. Now 


and 


CO 

4'Wm *= 2 

PlPtPli ^ 










00 


== s 

2>'i3>'.P'a - 


~~ (/■■'P'i+t'p't+m'p',) 


so there are nine summations to be carried out in (18). Most of the terms are, 
however, zero, when we use the approximations which have already been made 
in deriving (8), namely, that the functions <j> are only appreciable in the neigh- 
bourhood of one lattice point and its immediate neighbours. Therefore of 
the terms in (18) involving 3U„,,,,/9a: we retain only those for which 


Pi=^Pi=9i±'i- 
Pa = Pa' =172 
P3=P8'=P8> 

the terms with (p^ + 1) being equal in magnitude but opposite in sign to those 
Til’ll iffi — !)• There are corresponding terms arising from the other com- 
ponents of the gradient. Writing 


f ^ 
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if ii®s in tlie large cube, and putting this expression equal to zero other- 

wise, we see that (18) reduces to 


Hi 

2iC S 


y . sm _ (k ■ 


k')) exp ^ {{k 




which is equal to 
if 


+ — + g)gi -f- (w — m' + h)g^, 

(19) 

k - k' -h f = 0 (mod G), (20) 


and is zero otherwise. Therefore for small values of /, g, h, the transverse 
waves give zero contribution, and we shall in future omit the suffix and deal 
only with the longitudinal vibrations. There are corresponding terms arising 
from the negative exponential in (17), which are zero unless 


k — k' — f = 0 (mod G). 


( 21 ) 


Those transitions for which h — ¥ ±/ = G have been called anomalous 
transitions by Peierls, and he maintains that they are the terms which dominate 
the electrical conduction. The reason he gives is that the condition (20), if 
we only allow 0 on the right-hand side, is a conservation theorem for the 
impulse qmntum numbers, and if wo only consider these transitions the con- 
ductivity is infinite. This is quite correct, but since we are not limited to the 
transitions (20) and have in addition the transitions (21), the argument breaks 
down, and the conductivity is finite when we omit the anonaalous transitions. 
Of course the transitions (21) occur in Peierls’ theory, but, since his normal 
co-ordinates are not independent, the transitions (20) and (21) arise from 
different normal co-ordinates and so can never in any way compensate one 
another. In future we shall therefore neglect the anomalous transitions, and 
the rest of this paper is concerned with the justification of this procedure, which 
consists in showing that the conductivity is finite when we do neglect them. 
In passing we may notice that (19) confirms Peierls’ formulse as against those 
of Brillouin, who wrote 27c(k — k')/G instead of sm27c(k — k')/G. We 
finally have, on collecting terms together and inserting the proper normalising 


factors, 

(®X) = {X, 0) 4- S' 

fah 



0 ) 
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where 


and 


(k +f\^Y\k) = - ~ V(/' + + *•*) («/ ~ 


{k -/I AVIA:) = Vif + .7® + A*){«/+ »■^'/)• 


(as) 


6.2. We are now in a position to discuss the compatibility of some of tho 
.assumptions we have made. The energy E (X) of a single electron is given to 
the second order by 


E,(X) = E,(0)4-S' 
M 


■ JMl/LMJM! 4- l(A:-/|AV|A:)|’‘ 

Ej, — Ej.,] f Bj. h/f . t 


=E,,(0)- 




m 


(f+g^+h^) K+6^) - + |jr-V- 

\Jtl.— Itj — .ft*. 




The energy is therefore expressed as the sum of squares, as it ought to be. To 
compare this with (11) it is necessary to sum over all the electrons, and this 
we cannot do without a knowledge of the form of B*. However, it is obvious 
that on account of the occurrence of the quantities Ex,±/, v/j,/, will not be 
given exactly by equation (10), but we shall not take this refinement into 
account. 


The Ivieraolimi. 


6. We have now to introduce the interaction, which is given by equations 
(5) and (6). To the order to which we are working, the first set of terms is 
zero, since it involves second derivatives of 4* (!»X). In a more exact theory 
these terms would have to be included, but we shall omit them here. The 
expression (6) therefore becomes 






111 this we may write {x, 0)* instead of 4'r and from (22) it is obvious 
that the only electronic transitions possible are those for which an electron 
jumps from the state h to the state X; ±/, using the notation of the last section. 
Further, since <f> (X) is a product of functions of the individual normal co- 
ordinates, only one of the oscillators can make a transition, namely, the/bh 
oscillator. As usual, the only transitions of the oscillator which are allowed 
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are those in which the quantum number changes by unity. To show this we 
have to evaluate 

M ' d ' 

^ trif^fgh) dafgj^^, {25)y 

J _ OO ^fgU 

Now the unnormalised solutions of (13) are 
and 

W^. == (<J + I), (26> 

where is the orth Hermite polynomial, and 

^2 ^ (27> 


Using the recurrence relations for the Hermite polynomials we find 


da 




and so the integral (25) vanishes miless [or — p| =1. Putting in the proper* 
normalising factors, the only non-vanishing integrals are 


, , (a) £ <!>„ (a) da^- (<t + 1)}‘ 


Hence the only transitions possible are those in which the jfibh oscillator emits 
or absorbs a quantum ^ v^, while an electron changes its quantum numbers 
from k to k', where k — k' ± f = 0- The probabilities per unit time of these 
transitions occurring are 


and 
where 


K^:, cT, 1A| ^ ±/, - 1)120 (E, - E,. + H) 

|(^> CT/ |A I i/, CTji -f- 1) |2 O (Ej. Bj,' — AVj.), 


AC2 


Mo(E,-B,<)^G2 




(28) 

(29); 


In deriving this result we have used the fact that the 6 oscillators give the 
same contribution as the a oscillators. 


The Conduction Problem, 

7.1. We now apply the microscopic transition probabilities to the statistical 
conduction theory. In the first place, owing to the distribution of energy 
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between tbe various states of an oscillator, we liavo to use an average value of 
CTy. In tbermal equilibrium we have the usual formula for simple harmonic 
oscillators 


=- _ i 

~ gAv//ftT _ J ■ 


We shall not assume that, when a current is flowing, a) is givt'U by this expres- 
sion, and we shall write instead N^. The electronic distribution function we 
shall caU n{k), which, in the absence of external fields, is the Fermi functioti. 
Then, if we write 


= 


hC^ 




4:n^{P + g^ + ¥) 




a(ji),--.B,,.A/tV/), (27) 


the number of electrons which are forced into the state h by collisions, per unit 
time, is 


S n (&') {1 - w (fc)} (N/ + 1) -f B « (¥) {I 

es k'f 


n (A)} A iji;-/ N/, (28) 


and the number ejected from h by collisions per unit time is 

S w (^:) {1 — n {¥)} A-'-^v + S « (fc) {1 — m (h')} A-^-V (N f I ), (29) 

k'‘f k*f 

where 

k-k'±f = o. 


Further, the net number of quanta of energy h')f created is 
S [« (fe') {l-n {k)} (N, + 1) - n (A!) {1 - « (&')} N,] A-i 

+ S [— w {kf) {1 — n (lb)} N/ -f w (k) {l—n {k')} (N^ + 1)] A (30) 


Now we are interested in the steady state set up by an electric fleM when the 
metal is maintaiaed at constant temperature. Therefore the number of 
electrons lost to the state k by collisions, which is the difference between (28) 
and (29), must be balanced by the number restored by the field, which, if 
the field is F parallel to the axis of x, is 

GmF 3w„ 

— •a- ™ 


Also since the lattice is in a steady state, the net number of quanta created must 
be zero, that is (30) is zero. 
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7.2. 

To solve the above equations we put 


and 


(32) 

where 


(33) 

and 

'^0 (*) g(E-Eo)/M 1 g. (S) _j_ 1 > 

(34) 


N 0 = ^ ~ 1 

gAy7cr_i 

(35) 


The quantity is usually assumed to be zero, but the crux of Peierls’ theory 
is that it does not vanish. This we shall show to be wrong. Neglecting squares 
of E we have 


Qm 0^ 

h dh fyh 


a =S' 


A-'-., 


MIiL. 


H-S' 


+ 1 } + 1 } - 1 } 

A Te. 7c—/, / 

{e' ® + 1} {e‘ <*=-•« + 1} - 1} 


(36) 


For convenience we have not written out the corresponding terms involving 
A and we have also used the fact that in any expression multiplying A+jj-y 
we may put e — s' + cc = 0 with negligible error. 

Further 


klm 


A * k. 




{e-w 4. 1} {e«(»+/) + 1} {6»w - 1} 


K(* + f)-»h(ii!)-N,<«] 


I ^ fc' 




[%(^ -/)-%(*) -N/'i>] + 


= 0, 

(37) 


where we have again omitted the terms in A". The summation with respect 
* 0 /, g, h is over half the phase cube, as explained above, while the summation 
with respect to h, I, m is over the cube ~i-Gr IG. The expressions 

(36) and (37) may be immediately simplified on symmetry grounds. The 
function nfk) is an odd function of h, since the change in the electronic dis- 
tribution function is conditioned by dn^ldlc, and therefore 


% (X:, l,m) — — % (— k, — I, — m). 

On the other hand s(fe) and Aj.*,'/ are both even functions of h, I, m, provided 
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E(fc) is an even, function, which is always the case. Thert'fore in the second 
term in (37) change k into — k. Then A' s,*.../,/ becomes A ' and 

ni(k—f) and %(jfc) become —%(*+/) anti --nj{k) respectively. The 
terms involving % disappear completely, and so 


N/i> = 0. 


It is not difficult to see why Peierls was led to a different rc'sult.. As e.’tplaiixid 
in Section 4, he omitted the relation between his normal co-orditiates, 5/* ^ 5 - 
and so the second term in (37) is missing, as the first and second terms would 
then arise from different normal co-ordinates. A solution of (37) woiihl then 
be %(Jb) = jfc and =/, and this makes the conductivity infinite, as shown 
by Peierls. However, the only correct solution is N/’-’ == 0, and tho latti<?e is 
automatically in thermal equilibrium if the electrons arc in a steady state. 

Now in the second term in (36) change f into — f. Wo then obtain exactly 
the first term, but summed over the other half of the phase cube. Thus 
finally (36) becomes 
Gett 3wn _ ^ A'*'j 

T 


dk 


S 

Jgh- -10 


Ji, UlirL.. 




[% (A -f /)--«., (A-)! 


JO 

+ S 

M " - 


htn-f.f 




K(M /)--«,{/0]. m 


This is effectively the same as Bloch’s result, but with different meanings for 
some of the constants involved. The subsequent work is now identical with 
that of Bloch and leads to a conductivity which varies as T"*- for high tempera- 
tures, and as T"® for low temperatures. 


Summary. 

A method is given for dealing with the interaction between tho electronic 
motions and the nuclear vibrations in a metal, which is analogous to that used 
for diatomic molecules. This method is then used to evaluate the “ mean 
free path ” of the electrons, and the existing theories arc critically discussed. 
The conclusion arrived at is that the refinements introduced by Peierls are 
unfounded, and the theory is thereby greatly simplified. 



607 


The Torsion and Flexure of Shafting with Keyways or Cracks. 

By W. M. Shepherb. 

(Communicated by L. N. G. Filon, F.R.S. — Received August 2, 1932.) 

1. TheObjectofthePajper. 

The object of tlie paper is to investigate the properties of shafts of circular 
cross-section into wbich keyways or slits have been cut, first when subjected 
to torsion, and second when bent by a transverse load at one end. The torsion 
problem for similar cases has been treated by several writers. Filon* has 
worked out an approximation to the case of a circular section with one or two 
keyways ; in his method the boundary of the cross-section was a nearly 
circular ellipse and the boundaries of the keyways were confocal hyperbolas. 
In particular he considered the case when the hyperbola degenerated into 
straight lines starting from the foci. The solution for a circular section with 
one keyway in the form of an orthogonal circle has been obtained by Gronwall.f 
In each case the solution has been obtained by the use of a conformal trans- 
formation and this method is again used in this paper, the transformations used 
being 

p p = k^ sn* t 

where 

p=:x + iy, + 

No work appears to have been done on the flexure problem which is here 
worked out for several cases of shafts with slits. 

2. Summary of the Problems Treated. 

We first consider the torsional properties of shafts with one and with two 
indentations. In particular cases numerical results have been obtained for 
the stresses at particular points and for the torsional rigidity. The results for 
one indentation and for two indentations of the same width and approximately 
the same depth have been compared. We next consider the solution of the 
torsion problem for one, two or four equal slits of any depth from the surface 
towards the axis. The values of the stresses have not been worked out in 
these cases since the stress is infinite at the bottom of the slits. This infinite 

* ^ Phil. Trans.,’ A, vol. 193, pp. 309-352 (1900). 
t ‘ Trans. Amer. Math. Soo,’ vol. 20, p. 234 (1919). 


2 T 


VOL. OXXXVIII.— A. 



608 


W. M. Sheplierd. ' 

stress occurs because tbe physical couditions are not satisfied at the bottom of 
the slits, but as had been pointed out by Eilon* this does not affect the validity 
of the values of the torsional rigidity. We compare the effect on the torsional 
rigidity of the shaft of one, two and four slits of the same depth in particular 
cases. We also compare the results for one slit with those obtained by Pilon* 
by another method, and find very good agreement which is illustrated by a 
graph. The reduction in torsional rigidity due to a semicircular keyway is 
compared with that due to a slit of approximately the same depth. Pinally 
the distortion of the cross-sections at tight angles to the planes is investigated, 
and in this, several interesting and perhaps unexpected features appear. The 
relative shift of the two sides of the slits is calculated in several cases. 

The flexure problem is then solved for circular shafts with one or two slits 
as in the case of torsion. The methods adopted are very similar to those of 
the first part of the paper. The distortion of the cross-sections and the relative 
shift at the lips of the slits is again investigated. 


3. Torsion — Stat€m 0 nt of the Notation. 

We take the generators of the shaft (assumed of uniform cross-section) to 
be parallel to the axis of z. 

Then the displacements are given byf 


xyz, V = TZJC, W = 


Ci.l) 


where ^ is a function of x and y and t is the twist. 
The stresses are 


oao ■ 


■yy = zz = xy = 0. 


XZ — [TT 




and the function ^ satisfies the equation 




dx^ dy‘ 


(3.11) 


within the boundary of the cross-section and certain conditions on the boundary. 
The conjugate function defined by 

d<f> _ ^ d<f> 

dx dy ’ dy dx ’ 

* £oc. cit, p. 350. 

t Lore, “ Mathematical Theory of Elastioity,” chap. 14 (1927). 


(3.12) 
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satisfies 

V2^ = 0 

within the boundary, and on the boundary the condition 

= |(a;2 -j- y^) 4- constant. (3.13) 

The torsion problem consists of finding a plane harmonic function inside the 
boundary which satisfies (3.13) on the boundary. 


4. The Transformations Employed. 
(i) Consider the transformation* 

^ = x -\-iy — k sn^ t=^h sn'^ (^ + i'r\)' 

•/l = ±iK', r=|pl = l, 


When 
and when 


r = lp|^ 


h 1 + y sn^ (>], k') 

1 + it' 1 ~ F sn® (vj, k') ’ 


(4.1) 

(4.21) 

(4.22) 


= {dn (27], k') — k' cn (27], k')}lk. 

Ji y = x tan 0, then for points on ? == ± ^K, — ^K' <■>]•<! 

tan |0 — k' sn (t], k') cn (tj, k’)ldvi (t], k'). (4.23) 

The relation between r and 0 obtained by eliminating tj between (4.21) and 
(4.23) is 

cos 0 = ib (1 + r^)l2r. 


It follows that the rectangle ^ = ± |K, t] = ± ^K' corresponds to the unit 
circle with one indentation in the form of an orthogonal circle, the common 
points being at p = ifc ± ik', the indented circle being taken twice in passing 
round the rectangle. The boundary of the indentation crosses the axis of x 
at » = ;fc/(l + k') = (1 - k')lk (see fig. 1). 

The rectangle I = ±'K, t] = ± W corresponds in the same way to the 
unit circle with one slit from x — kto x= 1. When 

? = ±K. r— |p|=a; = feud® ( tjA')- (4-3) 

The value of p is imchanged if we change the sign of t, thus giving the one-two 
correspondence of the planes of p and t. Since the fimctions used in the 

* Of. Forsyth, “ Theory of Functions,” p. 501 (1893), and Cayley, ‘ Trans. Oamb. Phil. 
Soo.,’ vol. 14, p. 484 (1889). 
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application of this transformation must necessarily be one valued functions of 
X and y they must be such as to be unaltered when t changes sign. It follows 
that the functions must be even in both ^ and t) or odd in both ^ and y]. It will 
be seen that these conditions are satisfied in every case m which this trans- 
formation is employed. 



Fiot. 1 . 


If we take the boundary values of t}* to be given by 

-j- y^ — 1 

we get, in the case of one indentation 

7} = ± H = 0, (4.4=1) 

? = ±iK, 2<]> = {k'cn^27),k')-cn{2ri,]cf)dn{2yi,k')}2k'lh^ (4.42) 
and in the case of one slit 

^ ± i-K', 2^ = 0, (4.51) 

? = ± K, 2«|^ = P nd* (t), V) — 1 . (4.02) 

The evaluation of i{j satisfying these conditions is discussed later. 

(ii) Consider the transformation 

p = a; -f = p sn t = P sn (^ -|- iti). (4.6) 

The rectangle vj = ± ^K', ^ = ± iK now corresponds to the unit circle with 
two equal indentations each s3Tnmetrical about the real axis. 
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The relation between r and 6 is in this case 

cos26 = fc(14-r^)/2r2. (4.7) 

The rectangle t) = ± JK', ^ = db K corresponds to the unit circle with two 
slits from Id to 1 and from —1 to —Jbi 
In the case of the two indentations the boundary conditions for tj; are 

7) = ±iK', 2^ = 0, (4.81) 

In the case of two slits the conditions are 

ri = ±iK', 2(};=0, (4.83) 

^ = ± K, 2(i/ = A nd2 (v), k') - 1. (4.84) 

(iii) Consider the transformation 

p = X + iy = an^t = sn* (^ + iri). 


The only problem which can be conveniently solved by this transformation is 
that of four slits of depth 1 — lb*, and the boundary conditions then become 

7] = ± JK', 2<}/ = 0, (4.91) 

? = ±K, 2<{^ = **nd(y],F)-l. (4.92) 

5. One Indentation. 

The conditions (4.41) and (4.42) can be satisfied by a function of the form 

4/ = S a^m+i cos [(2m + 1) 7r>]/K'] cosh [(2m + 1) w^/K'] 

sech [(2m + l)7tK/2K']. (5.1) 

This satisfies (4.41) and will satisfy (4.42) if we evaluate the ttam+i so that 

S cos [(2m + 1) toi/K'] = {¥ cn^ (2rt, k') - on {2ri, ¥) dn (2>j, k')] F/k^ 

( 6 . 11 ) 

when 

-iK'<7i<iK'. 

This is possible since the right-hand side is a continuous even function and. is 
zero when ■»] = ± JK'. 
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We have* 

27 t f sin X 


(fi^sinZx (j^'^ sin 5x | ^ 


where u = 2Ka:/7r and q = 

On differentiating with respect to a; we get 


cnit 


((?!/« cos a; , q»''^3coa3x , ^j^^^ScosSx , \ 

'^““a'lTrr + ^i ' 


_ /*3 


r > 


and consequently 
cn ( 2 y )5 Z:') dn (27], fc') 


7 ^ r q'i/acos(Yi7t/K0 , cos (Stpc/KQ 1. ^ 

WWX 1-q' 1-?'® 

( 6 . 12 ) 


where 


gf' = 


THs expansion is certainly valid for aU values of v) which are required. There 
is no expansion of this form of on® (2 y], ¥) valid for all real values of yj, so that 
we must construct a series vahd within the range — ^K' <y) <iK', which is 
all that we require. 

Assume that within this range 

cn®(2T], ^')= 21 b^+i(ios[{ 2 m + l)TailK'’]. (6.13) 

m ««• 0 

When -IK' <y 5 <K' or — K' <v) <—W right-hand side of (6. 1 3) 
represents the function {— cn® (27], ¥)}, and so it follows that 

iK'bs^+i = f ^ cn® (27], h') cos [(2m -t- l)7]7c/K'] dr, 

Jo 

— f cn® (27], k') cos [(2m 4- 1) 7]7c/K'] dri, 
JjK' 
i,e., 

bm+i = ^ ( 2 ^’ *') ('' 5 - 14 ^) 

Iv Jo 

On using the result due to Jacobif 

FK®sn®« = K® — ILB — 27t® S ^ ■ y -cos2?w! (6.15) 

n =8 1 t (J 


* This result is due to Jacobi. See Whittaker and Watson, Modem Analysis,” p. 510 
(1920). 

t Whittaker and Watson, “ Modern Analysis,” p. 320 (1920). 
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we get 

k'^ cn2 (27 j, 1,') = - ^-^ + § + g J ^ cos l2mailK'l (5.16) 

This is certainly valid for all real values of tq. 

On substituting for on® {2rj, k') from (5.15) in (5.14) and integrating term by 
term we get 

, _ 4 (E' — FK') (— 1)"* , Sti « ng'« (_!)»»+» 2m + 1 

2m+i K7c'®(2m + l)7r l-2'®« ' (2w + 1)® - 4«® ' 

(5.17) 

This series is very rapidly convergent so that no more than four or five terms 
are needed to calculate b^m+i with sufficient accuracy. The values of 
are then easily found. 

I I ^ ^2w4*i) (5.18) 

where 

_7r^(2m + l) 

^2m+l (1 * 

It follows that the function 4* given by 
4 — S cos [(2m + 1) Tn]/K'] cosh [(2m + l)n^lK'] 

m "" 0 

sech [(2m + l)7rK/2K'], 

and consequently 

^ = — S a 2 fli+i sin {{2m + 1 ) mrj/K'] sinli {{2m + 1) tt^/K'] 

m ■« l) 

secb[(2m + l)7rK/2Ka (5.19) 


5.2. The Stresses for the Case of One Indentation. 
The stresses may be divided into two systems ; — 


. A: 

as? = — \ivy, 

yz = (JI.T!C. 

B: 

d<f> 

dch 

yz=V.^^ 

These may also be written 


A: 

rz — 0, 

0z = |ji.Tr. 

B: 

S' d(f> dt 

Tf’ 

11 

-I 

^ I'O- 


( 5 . 21 ) 
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Since the maxiiniun shearing stress must occur on the boundary of the cross- 
section,* it is in the stresses on the boundary that we are chiefly interested. 

The stress in the two systems must be calculated separately, but, since the 
resultant stress on the boundary is tangential, only the tangential components 
of the stresses in the two systems need be considered. 

I. Stresses dm to System A . — On the circular part of the boundary the stress 
is altogether tangential and of constant magnitude (at. 

On the indentation the tangential stress is of magnitude fA-w sin a, where « 
is the angle shown in fig. 1. 

It follows from (4.24) that 

sin a = cn (27), Id) z.-]c {I — r^)l2k'r, 
so that the tangential stress is 

[ATrcn (27), k') = (atA (1 — r^)l2k'. (5.22) 

II. Stresses due to System B. — ^Before calculating the stress due to system 
B we must find the values of j j. on the boundary. 

It is found that on the indentation 



5.3. Stresses at Particular Points, 
I. At the point P in fig. 1 the stress in system A is 

and in system B it is 


( 5 . 31 ) 


^ ^ ~ ,„5 0 ^ ’^K/2K'J. (5.32) 

n. At the point Q in fig. 1 the stress in system A is 

ZO = (AT, 

* Filon, loc, cit, p. 340. 
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and in system B it is 

^ S a2„.+i(-l)”‘(2m + l)secli[(2m + l)7rK/2K']. (5.34) 

JiJS. (1 — /C) rti^O 


5 A, The Torsional Rigidity for the Case of One Indentation. 

The torsional rigidity C is given by* 

C - [X II + + 

= |xl + O', (5.41) 

where I is the second moment of the cross-section about the axis of and 




taken over tke boundary of the cross-section and in whicb 3^/3v denotes the 
derivative in the direction of the outward normal. When 


1^-0. 


and when 

? = ±iK 


^ ^ -j S (hm+i sin [(2m + 1) tctj/K'] tanh [(2m + 1) 7rK/2K'j| 


and so 


Now 


X I S « 2 ™+i sin [(2m -f- 1) 7n)/El'] (2m + 1) Tt/K'| 


C' = -itJL7r S a2^„+i(2m4-l)tanh[(2m+l)7rK/2K']. (6.42) 

vt «« 0 


where 
We find that 


I = |7t-2 I T^Qdr^^Tz-V, 

Jr, 

cos 6 = li: (1 r^)l2r and = /fc/(l + h'). 

+ , 5 .«, 


* Ltove, he. cit, p. 312. 
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Having found C' and I we can get C, the torsional rigidity. It is useful to 
compare the torsional rigidity with that of a circular section of the same area,* 
and so the area of the indentation must he found. This area is 

rl 7.' yi 

2 j rQdr — sin~^ 

5.5. NiMencal Residtsfor a Section with One Indentation. 

The numerical values of the stresses at the points P and Q and the torsional 
rigidity have been worked out for the case k — sin 70°. This gives an indenta- 
tion subtending an angle of 40° at the origin and having a depth 

1 - (1 - = 0-29979. 

See fig. 1. 

The coeflS.cients b^m+i of (5-17) are given in Table I. 


Table I. 


2m-M. 

btm + 1. 

2W.-I-1. 

b'im ‘h 1 . 

i 

27/t -j-l» 

-1- 1. 

2tt4- h 

b*2m 1* 

1 

0-838234 

16 ' 

0-000719 

29 

-- 0-000098 

43 

0-000030 

3 

0-177224 

17 

-0-000498 

31 

0-000081 

45 

-0 -000026 

5 

-0-020663 

19 

0-000362 

33 

-0-000066 

47 

0-000023 

7 

0-007444 

21 

-0-000260 

36 

0-000066 

49 

-0-000020 

9 

--0-003418 

23 

0-000198 

37 

--0 -000047 

61 

0-000018 

11 

0-001846 

25 

-0-000164 

39 

0-000040 

53 

-0-000016 

13 

-0-001110 

27 

0-000122 

41 

-0-000036 




The coefficients e^m+i of (5-1'^) found to bo 

Cl = 2-857691, 03 = 0-066165, 05 = 0-000857, 0, = 0-000010 
and the rest are negligible. 

From (5.17) the values of the coefficients a2m+i fhen obtained, and on 
substituting these values in the equations of 6.3 the numerical resxxlts given 
in Table II are obtained. 


Table II. 


Point. 

System A. 

, System B. 

Total stress. 

P 

0*7002 /*r 

1-0176 fiT 

1-718 iiT 

Q 


— 0*0236 fjtr 

0*976 jLtr 


* Filon, loe. cit, p. 329. 
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Torsional Rigidity , — On substituting in 5.4 we get the value of the torsional 
rigidity. 

I 0-1142 == 1-4566, C' = - [Ji 0-1118, 

and so 

0= [JL 1-3447. (5.53) 

The area A of the section = 2 • 9946 ; and if Cq denote the torsional rigidity of a 
circular section of the same area, 

Co = AV27r = 1 -4273 ; C/Co == 0-9421. (5.64) 

We may assume by comparison with Filon’s results that the point P is the point 
of maximum stress. 

If S denote the maximum stress and So the maximum stress in a circular 
section of equal area subjected to the same twist, 

S = {XT 1 - 718, So == piT 0 • 9763 and S/So = 1 ’ 760. (5.56) • 

Hence the efficiency* equals 

E = §§> = 0-5363. (6.56) 

b/Do 

We notice that the stress at Q in our section and the maximum stress in a 
circular section of equal area are almost exactly equal. 


6. Two Indentations. 

Notv consider the case of two indentations. The transformation is given 
in (4.6) and the boundary conditions in (4.81) and (4.82). 

^ cn (9,1 Ife') - — S ^««Pm + l)WK-3 

^ l/U ft- ) — ^ „/-(2m+l)/2 I V(2m+l)/2 

and 


K'ifc Jlo 2'-®”*+!'/® H- 


( 6 . 11 ) 


k 




These are valid in particular when vj is real. The expansion (6.11) is of the 
form required but (6.12) is not. Treating ( 6 . 12 ) in the same way as we treated 
(5.15) we obtain the series valid for — ^K' < v] <C JK' 


i dn (2 y), A') - 1 = S 62 ,^+! cos [(2 to + 1 ) tctj/K;'] (6.13) 

fC Me=>0 


* Pilon, loc, citf p. 343. 

t Whittaker and Watson, “ Modern Analysis,*’ p. 511 (1920). 
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where 


4r Tc 


"2«*+i~7cL2K'ft 
Then we have 


%m, + 1 


(-!)"» , J_ ^ (-ir’" 

SJT+l K'fc Z.\ 3'~”+ 2'" ■ (2w + 1)® - ■ 

(6.14) 


= S a 2 m+i cos [{2m + 1) toj/K'] cosh [(2«J + 1) ™?/K'3 

aech[(2m-t-l)7tK/2Kq, (6.15) 

®2n>+l ~ i (^2wi-l-l C2m+l)> 


where 

and 


^2W+1 


In the same way as before we obtain the results 

sin a == on (27), h') = fc (1 — • r^)/ 2 ftV ®5 
so that the tangential stress on the indentation due to system A is 
piTf cn (27), F) — (XTife (1 — r^)/2ibV. 

On the indentations we have 


(6*21) 


dp 

and on the circular part of the boundary 


h'r 


dt 


1 l + ^;sn2^_ 1 

I + Jcl-Jcsn^ I ^/{l + k^-2k cos 26) * 


As before we require the area of the indentations and their second moment 
about the axis of z. 

In this case the finding of the area involves the evaluation of an elliptic 
integral and it is found more convenient to use a method of numerical integra- 
tion. 

The second moment of the area of one indentation is found to be 


I' = i [cos“i jfc - p cos-1 


The Torsional Rigidity . — ^The torsional rigidity is 

C = I^Tc — 2gl' 4- O', 


( 6 . 22 ) 
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0' = - iJiTT S (2» + 1) tanh [(2m + 1) 7rK/2K'J. 

The Stress at the Point P . — ^In system A 

z6 = [XT [(1 — P)jh]*. (6.23) 

In system B 

« 2 ™+i (2»» + 1) tanh E(2m + 1) 7cK/2K']. (6.24) 

Numerical Results for Two Indentations . — ^The case worked out is for 
k = sin 50°. See fig. 2. 



This gives two indentations each subtending an angle of 40° at the centre- 
and having a depth 1 — r,, =?= 1 — VKl — h')jk] = 0-317133. These inden- 
tations each subtend the same angle as the single indentation in the case 
already considered. They are, however, slightly deeper, but for a rough com- 
parison may be taken to be of the same size and shape. The stresses at the 
points P and P' are in this case the maximum stresses. 


The Stress at P. 


Table III. 

System A. 

1 

System B. 

Total stress S. 

0*6829 fjLT j 

0*954:6 {XT 

1-637S fir 


(6.31> 
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By evaluating [ r6 &r by Simpson’s Eule, using nine ordinates, it is found 

Jr, 

that the area of each indentation is 0* 1616. This is slightly greater than the 
area of the indentation in the first case (0*1470). The noaximum stress in a 
circular section of the same area is 

S = pv 0*9421 and so S/So = (6.32) 

The Torsional Rigidity. — We find that 

1' = 0-1184, C' = - (i0*2312, C = ix 1*1029, (6.33) 

Co = (x 1 * 2914, C/0„ = 0 * 8540, (6.34) 

and so 

E= 0*4908. (6.,36) 

S/bfl 


7. Comparisons of the Results for One wild Two Indentations. 



S/So. 

0/Co. 

E. 

E/fx. 

One indentation 

1*760 

0*9421 

0*6363 

0*2260 

Two indentations . . 

1*738 

0*8640 

0*4908 

0*4680 


where E is the reduction in torsional rigidity. 

We see that the ratio of the maximum stress to the maximum stress in u 
circular section of equal area is approximately the same in the two cases, but 
that the reduction in torsional rigidity in the case of two indentations is slightly 
more than twice its value in the case of one indentation. The slight excess 
may be due to the slightly greater depth and area of the indentation. 
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8. Circula/r Shafts with Evenly Placed Slits. 

We now consider solutions of the torsion problem for a circular shaft with 
one, two or four equal slits from the surface towards the axis. The trans- 
formations and the boundary conditions have been given in 4. See fig. 3. 
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8.1. One SlU. 


The function t}* is given by 


d) = S a^m+i cos [{2w4-l) 7n)/K'] cosh [(2’W+l) sech [(2m+l) ttK/K'J, 

{ 8 . 11 ) 




where 


i nd* (7), k') - 1] = S a.2,„+i cos [(2m + 1 ) to]/K'] 
«/=.() 


in the range 
It is found that 


iK' < -/) < W- 


dn* n = - ^ |1 (dn^ u) - + ,|(i + fc'S) ^^^,2 


From 5 • 15 we obtain 


j « E . 27 c^ I 271:® ^ ng"cos2na: 


( 8 . 12 ) 


where u = 2 KxItz, and on substituting in 8 ■ 12 and putting m 4- K for u we 
obtain , 


il 2(1 + A^®)E 

dn*?/ 3K 




and HO 


r 1 

_-( 14 -A®)B' „-] 

Ldn‘ (7), k') 

. 3ifc®K' 


OD 

+ S 


n »»1 


4 ot® 

3K^ 


[^ + (1 + F)n] 


COS (2nnri/K.^) 

j'-*2n gf2n 


Tt® '(2n4-l)®7t2 

„I<i' 6K'P - K'® 


+ 4 (1 + (2n +1) 


cos [(2n 4- l)7rio/K'l 

q'-Zn-l q'Zn+1 


(8.13) 


These expansions are certainly valid for all real values of t), but only the 
second is of the required form. Treating the first series in the same way as 
before, we get a series valid when — ^ F < vj < JK' and finally we obtain 
the following result 

i nd* (7), kf) - 1] = S cos [(2m + 1) ^ 1 ^']. (8.14) 

«la*0 
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where 


and 


b ■4r (i + ^)E' {\ i-ir 
ttL Z¥K! ^J2m + 1 

l&K g l (-!)>"+» 2m + 1 

SK'^F „ti L K'2 ' ^ J - 2 '®" ■ (2m + 1)* - 4w» 

Wi + 4 (1 + P) (2m + 1)] ^ ^ 




The series for 62^+1 is similar to those found in the two previous oases and is 
very rapidly convergent. 

By a method similar to that already used we find that the reduction in 
torsional rigidity is 


JfXTt S aV+i {2m + 1) tanh [(2m + 1) nK/Kfl 

m««0 


( 8 . 16 ) 


8.2. Two 8Uts. 

The function ^ is given by (8.11), where in this case 


i [k nd^ (7], 1/) - 1] = S a2,„+i cos [(2m + 1 ) thj/K'] 

M-.0 


in the range 
It is found that 
where 


^K'<7)<iK'. 


®2«»+l ^Zm+1 ®aml-]s 


h _ 2r^ _ ,1^(-1)™ , 47 c- “ 2« (-!)’»+» 2m + 1 

7t Lk'* J (2m + 1) K'% „Zi ?'-2” - J'2« • (2m + 1)2 -4# 


and 


7c^ 2m + 1 


In this case the reduction in torsional rigidity is 

(XT i (2m + 1) tanh [(2m + 1) ttK/K']. 

wi«0 


( 8 . 21 ) 

( 8 . 22 ) 

(8.23) 


8.3. Four Slits. 

The function i}^ is given by (8.11) where 

i[i*nd (7], *')-!]= S 02 m+iCos[( 2 m + l)7C7)/E:'] 

m*»0 
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in the range 
It is found that 
where 


a, 


2m + 1 + 1 


'<yt<W- 

-1- 7 ““ 


+ 1J 


and 


(- 1 )” 


_L 2 (-1)’"'^” 


2m 4- 1 


W 7cJ(2m + l) + (2w + l)2-4Ma 

1 


*hm + l 


7t 


K'k^ ^ g'2m+l 

In tMs case the reduction in torsional rigidity is 


(8.31) 

(8.32) 


2\xTt s a\n+i (2«» + 1) tanh [(2m + 1) ttK/K']. (8.33) 

wi«0 


9. Valim of the Torsional Rigidity for One, Two and Tour Slits. 

Let d be the depth of the slit, and T the percentage reduction in torsional 


rigidity. 

Table IV. 



h ^ 


B.lfj,. 

T. 

Ono slit 

sin 45® 

0*2929 ' 

■M 

6-923 

On© slit 

sin 30® 

0*5 


17-148 

Two slits 

sin 45® 

0-1591 


4-502 

Two slits 

sin 30® 

0-2929 


13-659 

Four slits 

sin 30® 

0-1591 


8-873 


10. Comparisons of the Results for the Torsioncd Rigidity. 

IVom Table IV we see that the effect of two slits is slightly less than twice 
that of one slit and that the effect of four slits is slighidy less than twice the 
effect of two slits. We may then assume that the reduction of torsional 
rigidity due to one slit of depth 0*1691 is slightly more than half 4*602 per 
cent., i.e., about 2*3 per cent. If we take Filon’s result* for a slit reaching 
the axis we can construct a graph from the following data. 


d 

0-16 

0-29 

0-5 

1-0 

T 


0-9 

17 

44 


* SUon, Zoc. eit., p. 360. In this limiting case his ellipse becomes a circle. 


2 tr 


voi. oxxxvni.— A. 
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The other two results of Filon’s are also marked on the graph, fig. 4, showing 
close agreement. This verifies the soundness of his assumption that the results 
for a circle could be inferred from those of an ellipse. 

On comparing the reduction in torsional rigidity for one indentation with 
that for one slit of almost the same depth (the first case) wo sec that the 
former is slightly more than twice the latter. If, however, we compare the 
quantity (—O') with the reduction in the case of the slit wo sec that they are 
nearly equal. The further reduction in the case of the indentation is due to 
the decrease in the second moment of the cross-section about the axis. It 



Eta. 4. — The points marked © are Filon’s results for ellipses. 

seems reasonable therefore to suppose that, for an indentation of shape some- 
thing between a semicircle and a slit, the torsional rigidity may bo taken to bo 
proportional to the second moment about the axis less the reduction duo to a 
slit of the same depth as the indentation. 

11. The Distortion of the Cross-sections in the Direction of the Axis. 

The distortion of the cross-sections at right angles to their planes is given 
for the shafts with slits by 

w = = _ r S a 2 „+i sin [(2m + 1)7ct)/K'] sink [(2m -j- l)7r^/K'] 

sech [(2m -f- l)7rK/K']. 

This displacement is calculated in the case of one slit of depth 0'2929 (i.e., 
h = sin 45°) at the points A, B, C, D, B of fig. 3 (i) and is given in Table V. 
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Table V. 




B(K, K74). 

C(K,iK'). 

D(iK, iK'). 

E(0,iK'). 

wfr 

0 

0-4906 

0-5615 

0-0394 

0 


The displacement at points of the boundaries of the slit is shown in %. 5 
and at' points of the circular part of the boundary in fig. 6. These graphs have 
been constructed from the above table and a knowledge of dwjds at these 
points. 

The most noticeable feature is the way in which the displacement is confined 
to the neighbourhood of the slit. This is clearly shown in fig. 6. 


t 

0-4-006 

I 

< — 0-015Z 0-2176 

A B 

Fia. 5, 


1 

0-S6/S 

J 


c 



Fia. 6. 


The relative shift of the two sides at the lips of the slit has been calculated 
in other cases giving the results shown in Table VI. 


. Table VI. 



k. 

Depth of slits. 

Shift. 

Shift /depth of slits. 

One slit 

sin 45® 

0-2929 

T 1-123 

T 3-836 

One slit 

sin 30° 

0-5 

T 1-855 

r3-910 

Two slits 

sin 45° 

0-1691 

T 0-620 

T 3*896 

Two slits 

sin 30° 

0-2929 

T 1-107 

T 3-781 

Four slits 

sin 30° 

0-1591 

rO-611 

T 3-841 


The Table VI shows that ratio (shift/depth' of slits) is almost independent 
of the depth or number of the slits. 


2 u 2 
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12. Flexure — Statement of the Notation, 


We take the axes of co-ordinates as in the first part of the paper and suppose 
that the load W is applied at the end z == 0 in the negative direction of the 

axis of y. 

We consider tlie cases of one and two slits in the plane y = 0. 
rigid body displacements the displacements are given by* 

, Apart from 

W 

(12.11) 


(12.12) 

w 

W = {x + 

(12.13) 


where E is Young’s Modulus and or is Poisson’s Eatio. I is the second moment 
of the cross-section about Oaj and in all the sections treated has the value Jw. 
(In the jSrst part of the paper I is the second moment about Oz.) 

The function x is independent of a and satisfies the equation 

= 0 ( 12 . 21 ) 

at all points of the interior of the cross-section and satisfies the condition 

^ % (2 -f- u) -1- m [a;® — (x^ — y^)'\ (12.22) 

at all points of the homidary. The outward normal is denoted by v and 
(1, m, 0) are its direction cosines. 

The function x must be determined to satisfy these conditions. <f> is the 
torsion function and t is the twist which must be determined from the con- 
dition that there is no couple about the axis of the cylinder. 

13. Method of Solution. 

For a circular cross-section with no slits the function x is given byf 

X = Xo = + 2% + — f). (13.1) 

Put 

X = Xo + Xi- (13.2) 

* Love, loc. cit., p. 334. The notation is a little different, 
t Love, loc, cit, p. 335. , 
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Then the boundary conditions for Xi are 

(13J) 

on the circular part of the boundary, and 

^ = -i(3 + 2a) + ix2(l-2o) (13.4) 

on. the slit or slits since 3/0v and m change sign together. 


14. The Function Fivo Slits, 
As in the case of torsion the transformation used is 

p = ® sn (^ + iv)) = sn t. 


(14.1) 


In tMs case the function Xi is even in ^ and odd in vj and the conditions become 
when vj = ± 

^ = 0, 
dri 

when ^ = K, 


(14.2) 




±i[(3 + 2o)-(l-2ar)a;23 


the positive sign being taken when vj > 0 and the negative sign when tj < 0. 
This second condition is equivalent to 


hi 

i.e., = p5{[(3 + 2<T) 


(2 - F2) (1 - 2a)l d 

6k J dv) ' 


i[(3 + 2o) — (1 — 2 ct) And®(7],i')] ^fc^^'^sn (i^,!:') cn(7j,Z:')nd®('>),ii:'). 

On using the Fourier expansion* for nd (t), k') we find that 


( 14 . 4 ) 


. _if_ y (- 1)"'"^ 
2m'\tiq'^ + g^ 


5S;{[(3 + 2<t) 


ilzzI^SLzM 

6h 


n 




* Whittaker and Watson, Modem Analysis,” p. 511 (1920). 
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We require the espansion in odd multiples of (tjtc/K'), bo proceeding as before 
we have when — JK' <y] <iK' 


OO 00 

S a„ sin [tctcvj/K'] = S {cc 2 ,„+i + c^^+i) sin [(2m + 1) to)/K'], 

n »* 1 w so 0 

where 

“ TT „ . X ^ ■ (2m + 1)® - 4n® ’ 

It follows that if 

®2ffl+X = “2m+l + ®iSm+l> 

Xi = — S a 2 «i+i o~ "^ [(2”*' + 1) ^7t/K'] sin [(2m + 1) igw/K'] 

cosech[(2m + l)7cK/K']. 


(14.6) 

(14.7) 

(14.8) 


15. The Fumtiony^for One SlU. 
The transformation is 

p = X + iy = k&r>? (^ + ifl) = k sn® t. 


(16.1) 


In this case Xx is odd in ^ and odd in tj and the boimdary conditions become : — 
when vj == ± ^K', 

when ? = K, 

^ - |{(3 + 2») i [ad* (>i, i-)] _ (1 _ 2,) 1 1 [ad* (,, i")]} . 

+ (1.2) 

From (6*15) we deduce that 


so that 


nd® (y), k') = ^, + J ^ ^ cos [wwi/K'J, 


a5/i=K 21:K'3, 


V. (-1)”+^ rr,o , o_, o_N8(2-^'®)®-9ifc21 . 

2 X 2'-« - 3- + 2o) - (1 - 2a) J 

_ (1 — 2a) (2 — ^ '®)7c®# _ (1 — 2a) Tt^*) . fwinil 

18A®K'® SeOPK'^ / Ll^J • 
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The series for 9xi/95 is treated as in the case of two slits giving 

(^1 = S a2^+iSin[(2m+l)7nj/K'] (15.3) 

valid in the range — |K' < v] < -|K'. 

It follows that 

Xi = - S * 2^+1 r-^ sinh [(2m +1) sin [(2m + 1) tjw/K'] 

secli[(2m + l)7uK/Ka (15.4) 


16. FuTther Consideration of the Case of Two Slits. 

From the symmetry of the problem we see that there is no twist, i.6., t = 0. 
The coefficients of the series for Xi have been worked out for k = sin 30° and 
k == sin 45°, taking cr = 0 • 3. 

The cross-sections are distorted from their original plane state and are also 
tilted so that they no longer cross the strained central line at right angles. The 
tangent plane at the centre of the cross-section when strained makes an angle 
cos““^ $0 with the strained central line where* 


BI \dy/o 


( denoting the value of dxl^ at the centre of the cross-section. 
\dylo 


(16.11) 


(16.12) 


The second term is that for a circular section with no slits and the first is the 
addition due to the slits. 

We find that 

= 2 flam+i cosech [(2m -I- 1) n; K/K'] 

\orijo ,„_o 

h~* = 0-0228 when k = sin 45® 

\ 97] /o 

and 

== 0 • 0884 when k = sin 30° 


/ ^ ) = 0 • 9 in both cases. 

\dyh 

The relation between and the depth of the slits is shown in Table VII and 
in fig. 7. 


* Love, he. cit., p. 338. 



630 


W. M. Shepherd. 

Table VII. 


h 

Depth of slits. 

1 

^0* 

1 

0 

M46 

sin 46° 

0*1601 

M76 

sin 30° 

0*2920 

1*268 



The function x oiity appears in the displacement w so that u and v are not 
affected by the presence of the slits since t is zero. The additional displace- 
ment Wi due to the slits is given by 

W W4 

As in the case of torsion it is found impracticable to work out the values of 
Xi for points in the interior of the cross-section, but the displacement at the 
points A, B, C, D, E, fig. 3 (ii) has been worked out in the case X: = sin 45® 
when the depth of the slits is 0-1691 and the results are given in Table VIII. 


Table VIII. 


Point. 

A. 

B. 

C. 

. 1 ). 

K. 


1 

0 

0*1168 

0*1607 

0-03«2 

0*0144 


These values together with the values of 0Xi/9s at these points have been 
used in constructing the graphs. See figs. 8 and 9. 
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The displacements on the other parts of the boundary are obtained from the 
fact that Xi is odd in y and even in x. 

As in the case of torsion we see that the disturbance due to the slits is very 
local, being confined to their immediate neighbourhood. The displacement 
Wi on the line cc = 0 is easily seen to be approximately of the form 


% = A sin I {Tzy). 



Iha, 9. 


This is very similar to the displacement of the shaft without slits and merely 
causes a slight increase in the displacement. 

ISiWi 

Tho value of lias also been worked out for the point C, fig. 3 (ii), 

in the case k = sin 30°, and we find that = 0*3479. 

The relative shift at the lips of the slits will be given by twice these values. 

Table IX, 


Relative shift. 

Depth of slits. 

0 

0 

W 


O' 3394: 

0*1591 

W 

-^0*6958 

0*2929 


These values, see fig. 10, show that the shift is very roughly proportional to the 
depth of the slits for slits up to about 0-3 X radius. 
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17. Further Consideration of the Case of One Slit. 

In tHs case there is no symmetry about the plane a: = 0 so that a twist is 
involved. 



We must find t so that* 

where C is the torsional rigidity of the shaft. 

Denote the integral by J, then 

J = ^ — X dxdy — |xi b/ cos (sc, v) — sc cos {y, v)] d,s. (17.12) 

This integral vanishes over the circular part of the boundary so that 
J = 2[ (xi)y = o»<^!»= ( 

J)L- Jaj~7c 

We have 

(t), yfc') = 1 + 2 S a'tm + 1 cos [(2m + 1) toj/K',] 

where a'gm+i refers to the coefficients of (8.11). 

We have also when j/ = 0 and ^ < cc < 1 

5^ = ^ S j^^!^tanh[(2m + l)iTK/K']sin[(2m + l)7a]/K']. 

7C = 0^771 “f" i 


* Love, loc, cit, p. 332. 
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On substituting these in the integral we get 


J = — ^ £ a2™+io'2m+itaiit[(2m + 1)7 cK/K'], 

■“ «J=0 


when A = sin 45°, J = 0-2039 and when Te = sin 30°, J = 0-4634. 

The values of 0 for these two cases are respectively (a 1-462 and ja 1-304. 
Putting these values in the equation 


T 


we find that when Tc = sin 46°, 
W 

T = - ^ 0-4534. 




EIC 



0-1176, and when lfe = sin30° 


The twist is such that the side of the shaft into which the slit is cut is turned 
in the direction of the bending force. 

The additional displacement, in the direction of Oz, due to the slit is 


where 


and 


= 402 + ^3 


402 = 


w 

jjlXi. 


4O3 == xij>. 


In the case h = sin 45° when the depth of the slit is 0-2929 this displacement 
has been calculated for the points A, B, C, D, E, fig. 3 (i). They are shown in 
Table X and by graphs in figs. 11 and 12. 


Table X. 



A. 

B. 

1 

0. 

1). 

E. 

E 

0 

0-2U3 

I 0-3242 

0-0625 

0 

B 

0 

-0'0871. 

-0-0997 

-0-0070 

0 

B 

w 

0 

0-1272 ’ 

0-2245 

0-0555 

0 
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The displacement at the point C when It — sin 30° has also been calculated and 
we find that 

5 w = 0-4871 and ^ Wg = - 0-4206, 

w w 

so that 

= 0-0666. 

t 

0.224S 

I 

^00752 -* 0 - 2 / 76 ' 

A B . C 

PlO. 11. 

T 

0-Z24S 

i 


We see that the displacement due to the twist is very much increased as 
compared with the first case so that the relative shift at the lips of the slit 
is less than in the case of the slit of less depth. On the face of it this may appear 
strange, but is only to be expected when we consider the decreased resistance 
to torsion of the more deeply cut shaft. 

We have considered only cases in which the bending force is at right angles 
to the plane of the slits, but the results for force in any transverse direction can 
be easily deduced. If the slits had been in the plane yOz instead of the plane 
zOx the solution would have been given by the function Xo this gives no 
stress across yOz. The bending force must then be resolved parallel to Oas 
and Qy and two solutions added together. 


0'0S>7S 



Fio. 12. 
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The Oxidation of Sulphur at Low Pressures. 

By A. Ritchie, B.Sc., and E. B. Lxjdlam, M.A., D.Sc., Carnegie 

Teaching Eellow, Edinburgh University. 

(Communicated by J. Kendall, E.R.S. — ^Received August 2 , 1932 .) 

The reaction between sulphur vapour and oxygen has been examined by 
Norrish and Rideal* for pressures of oxygen from 0*1 to 1 atmosphere at 
temperatures from 200° to 400 ° 0 . Between the temperatures of 236 ° and 
305 ° 0 ., they foimd that the reaction was confined to the sulphur surface and 
the walls of the vessel, while below 200° 0. there was no appreciable reaction. 
Several investigatorsf have found that the oxidation of sulphur is‘ accompanied 
by phosphorescence. EmeleusJ studied the phosphorescent combustion in 
order to examine the reaction products, which he found consisted of sulphur 
dioxide and a small amount of the trioxide. During the course of the investi- 
gation he found that sulphur dioxide and certain organic vapours inhibit the 
glow, and he concluded that the oxidation is a chain reaction similar to the 
pho.sphorescent oxidation of phosphorus. SemenofE and Eiabinin§ have 
investigated the reaction between sulphur vapour and oxygen at fairly low 
pressures of oxygen and have obtained very interesting results. Their reaction 
vessel, which contained the solid sulphur, was maintained at a temperature 
between 80 ° and 120° 0. and oxygen was introduced to a pressure of 20 mm. 
of mercury, or less. Any SO2 or SO3 formed was immediately condensed in 
a side tube which dipped into liquid air. Under these conditions they observed 
in general no reaction between sulphur vapour and oxygen. If, however, an 
electric discharge were passed through the vessel a reaction started which 
continued after the removed of the discharge, This reaction was accompanied 
by a luminescence, and its rate was practically independent of the pressure 
of oxygen when this was below 1 mm., until an oxygen pressure of about 0*2 
mm. was reached, when the reaction ceased. It was found that the residual 
oxygen pressure varied with the temperature of the reaction vessel, but was 
not changed by addition of inert gas or by changing the diameter of the vessel 
as is the case with the residual oxygen pressure in the oxidation of phosphorus. 

* ‘ J. Ohem. Soo.,’ vol. 123, p. 3202 (1923). 

t K. Heumaan, ‘ Ber. deuts. chem. Ges.,’ vol. 16, p. 139 (1888), and Watson, ‘ Qhem. 
News,’ vol. 108, p. 787 (1913). 

t ‘ J. Ohem. Soo.,’ p. 1942 (1928). 

§ ‘ Z. Pbys. Ohem.,’ B, voL 1, p. 122 (1928). 
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As the investigation* of the oxidation of phosphorus below the lower critical 
limit had proved interesting, it was decided to carry out a further examination 
of the sulphur oxidation. 

Experimented. 

To find if it were possible to obtain a stable chain oxidation of the sulphur 
vapour, the apparatus shown in fig. 1 was used. E is the reaction vessel, 
which is divided by the ground joint J, so that various filaments can be easily 
placed in the vessel. Borated copper wire passes through a pinch seal in the 



upper part of joint J, and is soldered to degassed nickel wire, which serves as 
a support for the various filaments. The vessel is enclosed in an electric 
oven Hj, so that the temperature can be maintaiued at about 120° C. The 
small tube S contains sohd sulphur, and is enclosed in a small electric oven 
H 3 . M is a sulphuric acid manometer which is read by means of a microscope 
with an eyepiece scale (1 division of the eyepiece scale corresponds to 0-024: 

^2 is a small tap-pipette ” to allow small quantities of oxygen 
to be transferred from the oxygen reservoir 0 into the reaction vessel. A is a 
reservoir for gases other than oxygen. C is a side tube which is placed in 
liquid air, and thus serves as a condenser for any SOj and SO3 formed. 


* ‘ Proe. Roy. Soo.,’ A, vol. 135, p. 315 (1932). 
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The apparatus is evacuated by means of a mercury condensation pump 
backed by a hyvac oil pump, and the sulphur is purified by distilling it over to 
the top part of the vessel from tube S, and then back to S again by use of the 
heaters Hi and H 3 . The reservoir 0 is then filled with dry oxygen by means of 
taps T 3 and T 4 . Experiments are carried out by introducing a small quantity 
of oxygen into the reaction vessel by pipette Tg, tap Ti being kept closed. 
C is placed in liquid air and Hi and H 3 kept at 120 ° 0. and 90° 0, respectively. 
The filament is now heated for a certain time and the change of pressure noted. 
The temperature of the filament is kept as constant as possible in a series of 
experiments by placing it in a Wheatstone bridge, so that the current can be 
regulated to give the filament a constant resistance. So as to be certain that 
any change of pressure could not be due to compound formation with the 
material of the filament, one whose surface is entirely of pyrex glass is used. 
The method of making this pyrex ’’ filament is described in a paper by Ritchie, 
Brown and Muir.* 



Fig. 2. — Rate of reaction with hot filament. The arrows show when the filament is 
switched on | and off t • 

Using oxygen pressures of about 0*4 mm. of mercury it was found that 
a reaction took place as long as the filament was kept hot. As soon as the 
filament was switched off the reaction ceased. Also, the reaction apparently 
ceased when the oxygen pressure fell to about 0*05 mm. The results of 
typical series of experiments are shown in fig. 2. The arrows show the time 
when filament was switched on ( i ) and off ( t )• To find if the same reaction 
would take place from a hot silica surface, the reaction vessel shown in fig. 1 
♦ ‘ Proc. Boy. Soc.,’ vol. 137, p. 511 (1932). 
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■was replaced by that shewn in fig. 3. The vessel consists of a silica tube 19 cm. 
in length and 4 cm. in diameter. Through this tube there passes an axial 
tube 1 cm. in diameter. The volume of the vessel is approximately 50 c.c. 
The inner tube contains a coil of wire Hi which can be heated electrically to 
600® 0. The temperature of the wall of the inner tube is read by means of a 
“ platinum-rhodium ” thermocouple. The main part of the reaction vessel 
is in an electric heater Hg, so that the outer walls of the vessel can be kept at 

200° C. The small side tube S contains the solid 


j sulphur, and is heated to 80°-100° 0 . by the electric 

i\| heater H 3 . The vessel is connected to the rest of 

Uy the apparatus by a silica to glass grotmd joint. The 

' ( ) experiment was carried out in the same way as before 

^ except that, during the heating of Hi, tap Tg was 

kept closed, so that SOg was not removed from the 

vessel. The experiment showed that reaction took 

-H *-H ■when the inner tube was raised to a 

temperature of about 600° 0 ., no reaction taking 

place when the walls were kept at 200 ° C. The 

rate of the reaction was slightly increased when 

the temperature of the axial tube was raised to 

600° C. Argon appeared to have no effect on the 

— p rate of the reaction. If the product SOg should act 

jT J\ s II H ^ ^ chain-breaker it would be expected that the. 

* length of the reaction chains would be short when 

PtRd Kd I -rr- - , 

— F the experiment was carried out m the above 

MiUi^^eter ' mamier. Proof that the product did, in fact, act 

as a chain breaker, was shown by experiments 
carried out with a third type of reaction vessel. 
Fig. 3. — Silica reaction This apparatus, which is similar to the last, is 
vessel showg the axial pyrex and is shown diagrammatically in 

to 500° C, The vessel is 29 cm. in length and 6 cm. 

in diameter, the axial tube being 3 mm. in external 
diameter. The pyrex vessel is first wound with sheet copper and then 
with asbestos. Resistance ribbon is now wound round the asbestos, and 
this is followed by another layer of asbestos. The walls of the vessel could 


to 500° C, 


thus be heated to 100°~150° 0,, the temperature being determined by a copper 
constantan thermocouple. A length of resistance ribbon passes through the 
inner tube and can be heated to 600° C., the temperature being determined 
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by means of a platimim-rliodiiim ’’ thermocouple. To facilitate the removal 
of SOg and SO 3 from the reaction vessel tap Tg was removed and the side tube 
0 was made larger and placed as near as possible to R and, to obtain an accurate 
value for low oxygen pressures, a McLeod gauge was added to the apparatus. 
Under these conditions it was found that it was only necessary to heat the 



Fio. 4. — Pyrex reaction vessel showing the axial tube which is heated to 450° 0. to start 
the reaction. 

axial tube for a few minutes to start a reaction which proceeded until the 
pressure of oxygen fell to about 0 • 06 mm. In looking through a window at the 
top of the vessel a blue luminescence was observed during the reaction. Fig. 5 
shows the course of the reaction for difEerent temperatures of S. The quantity 
of SO3 formed in these experiments only amoimted to about 5 per cent, of the 

2 X 
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SO 2 . If, however, the SO^ were only removed after heating the centre tube 
for a considerable time, as was done in several experiments, about 16 per cent, 
of the sulphur oxidised over to SOj. The addition of nitrogen appeared to 
have practically no efEect on the residual pressure of oxygen, while the rate of 
the reaction did not vary much as the temperature of the vessel was changed 
from 100° to 160° 0. 



Kg. 6. — Rate of the luminescent reaction and the “ residual pressure ” found, using the 
reaction vessel shown in fig. 4. 


Biscmsim. 

Theinvestigationshowsthatsulphurvapouratapressureof about 0*0026 mm. 
of mercury, and oxygen at a pressure of about 0*3 mm. of mercury, can react 
together at a temperature, of 100° to 160° C., provided that the reaction is 
started by a surface at 500° 0., and if the product is removed quickly from the 
sphere of the reaction. This luminescent reaction appears to be the same as 
that obtained by Semenoff and Ejabinin when the reaction was initiated by an 
electric discharge. The fact that there is luminescence, and that the reaction 
goes spontaneously after the condition which started the reaction has been 
removed, appears to point to a chain reaction. It has been shown by Alyea, 
Thompson and others* that many “ explosions ” are initiated on a surface, 

* ‘ Z. phys, Chem.,’ B, vol. 10, p. 193 (1930) ; ibid., vol. 14, p. 369 (1931). c/. ThompBon, 
‘Trans. Faraday Soo.,’ vol. 28, p. 412 (1932) ; and Haber and Oppenheimer, ‘ Z. phys. 
Chem.,’ B, vol. 16, p. 443 (1932). 
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and the above experiment may be another example of surface initiation, of a 
chain reaction. A great deal of work still remains to be done on the effect of 
wall temperature on chain initiation, as distinct from the effect of gas tempera- 
ture, before any mechanism of wall initiation can be put forward. In this 
particular reaction tke wall ” requires to be above a temperature of about 
460^^ 0. before a chain is started, no appreciable reaction having been noticed 
when the axial tube was left at 300° C. for half an hour. An interesting point 
about the reaction is the fact that its rate is independent of the oxygen con- 
centration. This in itself might indicate that it was not a chain reaction, for 
if it were, the rate of propagation would be proportional to the pressure of the 
oxygen. If, however, there were reasonable grounds for concluding that in 
these experiments another factor intervened, causing the rate to be inversely 
proportional to the oxygen pressure, the two effects would cancel, and the 
observed result would be independence of oxygen pressure. Such a factor was 
found : namely, the effect of the oxygen in preventing the removal of SOg 
which the experiments showed acts as an inhibitor of the reaction. When the 
SO 2 is not removed quickly enough, the reaction stops (unless the wall ” is 
kept at the high temperature). If this inhibitory effect of SOg can be shown to 
be proportional to the oxygen pressure it will provide the explanation we are 
seeking. Consideration of the rate of diffusion of SOg through the oxygen along 
the tube leading from the reaction vessel to the liquid air condenser, shows 
that for an equilibrium condition (i.s., when the amount of SO^ formed is 
equal to the amount removed by condensation) the concentration of SOg in 
the reaction vessel must be inversely proportional to the diffusion coefficient of 
SO 2 into oxygen, and therefore proportional to the pressure of oxygen. The 
inhibition by SOg is therefore proportional to the pressure of oxygen. A further 
possibility not to be overlooked is that the rate of initiation of the chains nought 
also be proportional to the oxygen pressure, but this cannot be so if the above 
explanation is correct. 

Another point is that lowering the temperature of the solid sulphur in the 
side tube decreases the rate. Semenoff and Rjabinin suggest that the rate 
of the reaction is proportional to the rate of evaporation of the sulphur. A 
rough calculation can be made to test whether this assumption is correct. 
The calculation shows that at 90° 0. the change of pressure in 10 minutes should 
be 9 * 8 mm. if the rate depended solely on the rate of evaporation, while the rate 
found experimentally only amounts to 0*3 mm. Although the calculation is 
admittedly rough, the difference between the values appears to be much greater 
than should be obtained if Semenoff’s assumption were correct. It appears 


2x2 
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to 118 more likely that the rate of the reaction may be afEected by the rate of 
dissociation into molecules, rather than by rate of evaporation, but we have 
not been able to develop the idea quantitatively in any useful manner. 

The residual pressure remains to be discussed. We start the reaction 
from a surface at 600 ® C., and it continues after the hot surface has cooled 
until the pressure of oxygen has fallen to a certain value, some SO 2 also remain- 
ing. A residual pressure is usually explained by assuming that the chains 
are being broken by the wall. This explanation does not appear to be possible 
here as there is evidence that the chains are not broken in this way. If the 
chains were broken by the wall we should have to assume that we have present 
originally active centres which continually initiate chains until the residual 
pressure is reached. This is apparently not so since as long as the oxygen 
pressure is kept above the residual pressure by addition of oxygen, the reaction 
continues, while addition of oxygen after having reached the residual pressure 
does not cause the reaction to start again. It would, therefore, appear that 
the active centres which continually initiate the chain must be kept alive by 
the chains, in other words, the chains are not effectively broken by the walls, 
a conclusion supported by the observation of Semenoff that varying the diameter 
of the vessel has no efEeot. One possible explanation is suggested by the fact 
that the intervention of an open tap, between the reaction vessel and the liquid 
air trap, stopped the reaction (after the hot surface was allowed to cool). 
There is evidently a critical diameter and length of this connecting tube, i.c., 
a critical concentration of SO2 relative to the oxygen concentration which 
stops the reaction. As the pressure of oxygen falls, a point may be reached at 
which the SO2 is not removed sufGlciently rapidly. This would occur when the 
pressure was such that the mean free path of the molecules was of the same 
order as the diameter of the tube, and this would be the case at the residual 
pressure.” 

An experiment was also carried out to see whether it was possible to initiate 
the oxidation photochemically. Eor this purpose a silica flask of about 260 c.c. 
capacity was used as the reaction vessel. This flask contained some sulphur 
and was kept in water at 100® 0., it was connected to the rest of the apparatus 
and oxygen was introduced. The flask was exposed for 1 hour to a mercury 
amalgam lamp without any reaction being noticed. The light from an iron 
spark also failed to initiate the reaction. 

We wish to express our thanks to the Carnegie Trustees for the assistance 
afforded by their scheme for encouraging research, to Professor Kendall for 
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continued interest in the work, to Dr. H. W. Melville for criticism and advice, 
and to the Trustees of the Moray Research Fund of Edinburgh University. 


Summary. 

The low pressure oxidation of sulphur has been studied, particularly the re- 
action which was found to be initiated on a hot surface and accompanied by a 
visible glow. The experimental results showed that the observed rate was 
independent of the observed pressure of oxygen, but this was found to be due 
to two compensating factors : (1) the rate of oxidation is proportional to the 
pressure of oxygen, (2) the rate of inhibition by SOg is inversely pro- 
portional to the pressure of oxygen, hence the net result is independence of 
oxygen pressure. A residual pressure was observed and a tentative explana- 
tion is offered. The effect of foreign gases was not studied in detail, as the 
one experiment performed indicated that none obtained. 


The Internal Conversion Coeffiieient for Radium C. 

By H. R. Hulme, Gonville and Caius College, Cambridge. 

(Communicated by R. H. Fowler, F.R.S. — Received August 20, 1932.) 

§ 1. Introduction . — ^It is well known that the y-rays emitted from a radio- 
active nucleus are often partially absorbed by the atomic system, giving rise 
to secondary p-rays. From observations of the resultant y^^ay intensity, 
and that of the p-rays, it is possible to infer the proportion of y-rays reabsorbed 
in the atomic system. This factor is called the “internal conversion co- 
e£B.cient.” Its theoretical value has been discussed by Miss Swirlesf and 
R. H. Fowler.J Miss Swirles treats the nucleus as an oscillating Hertzian 
doublet, radiating classically, and considers the radiation field as producing 
photoelectric transitions in the planetary electrons, according to the Schrodinger 
theory. The rate of emission of y-rays from the nucleus is taken to be the 
classical rate of radiation of energy by the dipole, divided by hv. The values 
obtained in this way were about 10 times too small, except for the y-ray of 

t ‘ Proo. Roy. Soc.,’ A, vol. 116, p. 491 (1927), and vol. 121, p. 447 (1928). 
t ‘ Proo. Roy. Soo.,’ A, vol. 129, p. 1. 
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energy 14-26 X 10^ e.v., which has an internal conversion coefficient several 
hundred times that given by the theory. This special case has been discussed 
by Fowler {loc. cit), and we shall not consider it here. 

An obvious defect in the theory is the use of Schrodinger’s equation, which 
may not be expected to hold so near the nucleus, or for electrons of such high 
energy. It therefore seemed possible that the more correct, relativistic 
equation of Dirac might give results in accordance with experiment in the 
majority of cases, and the calculation has been carried out by Oasimir.f The 
same model is used, and, for purposes of calculation, the interaction of the 
other electrons is neglected, so that we have a single electron in the field of a 
charged nucleus. For the p-rays emitted from the K-shell, we may take the 
actual nuclear charge in carrying out the calculation. In the case of extremely 
hard whose energies may be considered large compared with 

it is legitimate to use the asymptotic expansion for the wave fimction repre- 
senting the p-ray. If we apply this theory to the range covered by experiment, 
we obtain results (Casimir, loc, ciL) which are still much too small, so that we 
were tempted to attribute the bulk of the conversion to some special type of 
interaction with the nucleus. It seems fairly certain that this must be the 
case for the y-mj with Av = 14*26 X 10® e.v., which has an abnormally high 
internal conversion coefficient. 

At this stage the problem was brought to the notice of the present author 
by a request from Professor Ehrenfest that Casimir^s important conclusions 
should be checked by an independent calculation. This was done — ^the formula 
of this paper agree with Casimir ’s in the limit oo . But in arranging 

this check calculation it was found that the calculation could be carried through 
exactly for all values of subject to a final stage of numerical com- 

putation. 

In the case of absorption by light elements from a beam of y-rays, calculation 
showsj that we cannot use the asymptotic form of the wave functions for the 
free electrons in the range covered by experiment, as this gives results wliich 
differ from those obtained by using the accurate wave functions. This means 
that the part of the wave function near the nucleus is important even in the 

t ‘ Phys. Z.,’ vol. 32, p. 665 (1931), cf, Gamow, Atomic Nuclei and Radioactivity,^’ 
p. 77. 

t Hulme, ‘ Proc. Roy. Soc.,’ A, vol. 133, p. 381 (1931). Referred to as I. The law con- 
necting the absorption with wave-length varies considerably in the experimental range. 
Asymptotically we find that the absorption is proportionp<l to the wave-length. See Sauter, 
‘ Ann. Physik,’ vol. 11, p, 464 (1931). 
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case of atoms with small nuclear charge. It therefore seemed worth while to 
go beyond Casimir’s calculation, and to take the actual wave functions instead 
of the asymptotic expansions, particularly as our present knowledge of the 
nucleus hardly yet jiistifies us in attempting any further discussion involving 
its structure. 

The result of the calculation is that the asymptotic formula is indeed in- 
sufficient and that the theoretical internal conversion coefficient is in good agree- 
tmnt with Ellis and Aston" s\ observed values for certain of the j-rays of BaC in 
the range 500,000 e.v., (Av/mc^ = 1), to 1,500,000 e.v., {h'jjnu^ = 3). There 
are other rays in the range for which the calculations do not fit at all. This 
result has been very carefully checked at all stages as explained in the acknow- 
ledgments at the end, and is, we believe, entirely reHable. It seems possible 
that it may lead to important developments in the theory of the nucleus. A 
few calculations have also been made of the ratios K : Lj : Ln : Lm absorp- 
tions, which are, for K and Li, in good agreement with the experimental 
values. 

In this extended calculation we still consider a simplified model obtained 
by neglecting the effect of the outer shells. We shall neglect the exchange 
degeneracy and magnetic interaction of the two s-electrons, and calculate the 
result for one electron in the presence of a nucleus of charge Ze. This must 
then be multiplied by two to give the internal conversion coefficient for the 
two electrons of the K-sholl. Following Miss Swirles and Casimir, we shall 
place an oscillating dipole at the nucleus, to represent the mechanism emitting 
y-rays, and the first part of the calculation is vejy similar to that of these two 
authors. 

§2. Perturbation Theory . — ^We shall use the notation of I, writing the 
wave equation of the electron as 

*?-)-Uo + pi(c,p + 3A)-l-p3mo]T = 0, (1) 

where E is the energy of the system, Aq and A the scalar and vector potentials, 
p the momentum fector (pa, fy, p*) and ot the vector (cj,, c-,, of}, and e < 0. 
The quantities o*, Oy, a*, pj, (pa) and pa do not commute with each other and 
may be conveniently represented by certain matrices of four rows and columns 
which obey the same non-commutabihty relations. In this representation 
the wave function Y has four components. 


t ‘ Proo. Roy. Soo.,’ A, vol. 129, p. 180 (1930). 
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Let us take as the unperturbed system an electron under the influence of a 
central charge Ze. We have then A = 0 and Aq = Ze/n The perturbing 
potentials may be found from the Hertzian vector of the doublet which we 
shall take to be + Tz*g, where 

TCg = Bo 6 . exp (— 27»vt + igr)ligr, 


q = 27 rv/c and the asterisk indicates that the conjugate complex value be 
taken. This yields for the perturbing potentials the following values : — 


Ao = — Boe . exp . (— + iqr) cos 6 + conjugate complex 

kg — — Boe . exp . (— 27tivt + ijr) ~ + conjugate complex 


ka Aj, : 


where 6 is measured from the z-axis. 

We may omit the conjugate complex part in the calculation of the transition 
probabilities, since it is only important for transitions where a y-ray is 
emitted. (If Av' denote the increase of energy of the system, this part of the 
perturbation occurs with v + v' in the denominator, which is therefore always 
very large in the case of absorption.) Treating the Hertzian oscillator as a 
classical system we find that the amount of energy radiated per unit time is 
ergs.f or quanta. 

Suppose we have solved equation (1) for the undisturbed model atom, and 
let (j'o represent the normalised wave function for the ground state, and 
that of a possible final state, where the electron is “ free,” the time factor 
being omitted in both cases. If be normalised so that its components 
represent one electron entering or leaving a large sphere, with centre at the 
origin, per unit time, then we find in the usual way a value for the transition 
probability, per quantum of y-radiation, given by 


Sug'BoV \ li I 


■eA*Pia*| ({;o)p 


where we must sum over all the possible final states, and the time factor has 
now disappeared from Aq and kg. 

§3. Cahidcaim of the Matrix Elements. — ^In this calculation we shall take the 
axis of the dipole along the z-axis, and we shall assume that the atomic system 

t See, for example, Abraham, " Theorie der ElectrizitSt,” vol. 2, § 8. 
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is quantised about this axis. In tbe calculations made by Miss Swirles, tbe 
axis of quantisation was fixed and tben tbe results averaged over all directions 
of tbe dipole. For an s-state we may easily verify that these two procedures 
give the same result, as they must do for any spherically symmetrical state. 
(The averaging introduces a factor of one-third, which is compensated for 
by the fact that there are more possible final states for an arbitrary direction 
of the dipole.) 

The explicit form of the wave functions depends upon the matrices chosen 
to represent the a and p's in (1), and in the following we shall use those given 
by Dirac, The solutions are then found to be of two typesf 


■) 

<};3 = (4 + M + l)Gi,Plt‘ <}'4 = (->fc + «)G*Pg+" I 

jiad 

= - i (* + u) F_,_iPg_i ■ ({/a = - i (- A + « + 1) F_,_iP^±J 

4^3 = G_6_iPj^ t];* = G_,._iPg+^ 

where F;. and Gj. satisfy 

(B2-X)Gfc + ^» + ^i^I’* = 0 

\ r/ dr r 

with 



a> = |{«.c + 5) 


2m;e?Z Z . . , 

' IF m 


(4a) 


. (4b) 


(5) 


and Pg is the associated Legendre function given by 


P,« = {h — u)\ sin’^ e 


/ d (cos^ e - 1)”’ 
W cos 6/ 2*k ! 


u and k being any numbers such that the Legendre functions involved have a 
meaning. In this representation the axis of quantisation is the e-axis. When 
E < mo®, suitable solutions of (6) can be obtained in the form of polynomials 


t Darwin, ‘ Proo. Roy. Soc.,’ A, vol. 118, p. 664 (1928). 
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for a set of discrete values of the energy. The two states of lowest energy, 
corresponding to the two s-orbits, are both of type (4a) and are given by ; 




4Y 


i + V(i-y") 


y/S^-r/cto (3og 0 



i + va-Y^) 




for whicli ^ = 0 and w = 0 and 


( 6 ) 


= 




i+V(i-Y*) 




«i'2=- 

iiz = o 


^Y 


1 + V(1-T)’* 
~ 


r^e cos 6 




( 7 ) 


for which k = 0 and u = — 1 and we have put 


_ _ 

“ 47r*mZe2’ 


P = V(1-Y*)-1. 


The energies of both these states are equal to mc^ ■y^(l — y*) the normalisa- 
tion factor is given by 

R r {I + 2 v(i - r-)} = i. (S) 


Any positive value of (E — me®) will yield a permissible solution of (5). We 
require a normalised solution valid for all r, and this may be obtained in the 
form of a contour integral. In this case, B is a pure imaginary, and if we 
put 


— AFj, i I B| Gj. 

we find (Hulme, loc. ait.), 


( 9 ) 


= [(* — s) — i (6 + c)] r* a ^‘'+2 g-ri.| ^ gi«f« 

(lOA) 


and 


iJ-s-i = [(& — c) + i (^ — 1 — s')] e~”^ 

(1 — «)»'-«+! (1 + M)»'+i6 gioru (jOb) 


•+1 

-1 




To obtain the corresponding normalising factors for the solutions (4b) we replace 
lb by X: — 1, s by s' and c by — c in the above. 

Let us now consider the values of the matrix elements in (3), For the initial 
state we should really take a combination of the states given by (6) and (7) 
with arbitrary phase factors, and then average the results over all possible 
values of the phase factors. The two states represent the spin pointiog in 
opposite directions along the iz-axis, and it is easily seen from the symmetry of 
the perturbation that they are entirely equivalent physically, and will yield 
the same result. We shall therefore only consider the first state. 

With the representation used we find 

rO 0 1 0 

0 0 0 -1 

Plff* - ^ 1 Q Q Q 

. 0-1 0 0 



Since we are dealing with radiation from a dipole, we should esqject some 
accurate selection rule, valid for all values of v. We find in fact that only two 
final states are possible, namely those given by 

= 1, Am = 0. 

They are therefore X: = 1, m = 0, of types (4a) and (4b). Consider first the 
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transition to the state of type (4a). Neglecting, for the moment, the normal- 
isation factors, we have 

* i = 2 cos 6 [G*, Y {1 + \/(l - S'* J 

s h 0 

^3 — '\'\ + ‘1^*8 — +*4 Is 

k 0 k 0 k Q k 0 

= - i [y{ 1 -f- V(1 - Y®)}"^ (1 + cos2 6) + (1 - 3 cos* 6) S'**] 

Tor the corresponding matrix element in (3), after dividing by Bq* e*, we find 
a value given by 

fff r2ff foo r 

J I [G;fc{2(p-[-2)cos*9-iY(l + cos*e)} 

4- Fj. {2 y cos* 0 — *{p-(-2)(l — 3 cos® 6)} 

+ i2cos*e{(p4-2)G;,-l-Yl’j] 

X ((3 -f- 2)~^ sin 0 d0 dr, 


where we have put G** = Gj, since it is real. 

On integrating with respect to 6 and (f> we obtain the expression 

j £ [g. {(P + 2) - 2iY} + yF, -1- i {(P -h 2) G, + yF,}] 

X (P -f 2)-i r^+i dr. (13a) 

Similarly, for the transition to the state of ij^ (4b) wo obtain for the corre- 
sponding expression the value 

^ [g_,_i {(P -f 2) -h iy) + F_,_i {34 (P + 2) y) 

+ ^ + 2) G_;,_i + Y F_;,_i}] 0 + 2)-i rP+i dr. (13 b) 

We now express !F;|, and G;;. in terms of ©;[. and @*7, by means of equation. 
(9), remembering tbat B is a pure imaginary. We find for tbe expressions 
(13a) and (13b) tbe following values. 




<P + 2 

IW 


+ ®*.|r4 + 


i-U<? + 2l 




(p -f2)-ie<®’-'‘''«»r^+idr, 
(14 a) 
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and 


2tv 




Y + 3i ((3 + 2) 

, Y-i(P4-2)\ 

A 

^ |B| f 




I 


Y"H3i(P-f*2) Y — i 




+ + i ( P + 2)-^ ?^+i &r. 


(14b) 


§ 4. Evaluatim of the IrOegrals . — ^The integrals occiuring above cannot be 
evaluated in finite terms, but we can express them in terms of hypergeometric 
series, which can then be evaluated numerically. Consider first the integral 

(16) 

Jo 


where is given by (10a). Substituting for ®j, we obtain 

{(A -s)~i{b + c)} a2*+2 0 -^^ f” 

Jo 

X (1 - m) (1 + du dr. (16) 


Now if Efl and E be the energies of the initial and final states of the system 
we have 

B — Eq -j- Av 

— — ~f) + hqcl2Tz. 

Also from (11) we have 


which gives, putting 0 = m^jh'f and p = '^/(l — y^) — 1, 

a* =. 22(1 + (2p + 2) 0 + p (p + 2) 02} 

= say. (17) 

Further, if we put l/a^ = Sa we may change the variable of integration in 
(16) by writing v instead of ar, obtaining 


{(A — s) — i (6 + c)} e~"'® a*~^ 


X 


r (1 — m)*"‘'’+^ (1 + m)*+® dr du. 

Jo J -1 
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Integrating this 'with respect to r we find 


{(* - s) - i (6 + c)} T (s + p + 2) J 


+1 (1 — (1 + m) 




(S 


■ IT ■ 


iu) 


«+3+2 


du. 


Writing M for the expression outside the integral, and putting 1 + m — 2m', 
the expression becomes 

r (] _ m'* '-*'- a - «M')-'‘+''+*' du', 

where z = 2/(1 — t — 28). The integral is now expressible as a hypergeo- 
metric function, f and we obtain for (16) the value 


M22‘+2 r (s + + 1) r (s - ib + 2) 

[S_i(T_l)]*+?+* r(2s + 3) 

X F (s + p + 2, s + i6 + I ; 2s + 3 ; z). (18) 


For y-iays, z is large, and it is convenient to evaluate the hypergeometric 
function by transforming it into a function of z~\ 

We use for formulaj 


==£MiL(L:^(_z)-«F(a,l_c + a; l~b + a;z-h 
r (c — a) 

+ MI>^(-2)-»F(6,1-o + &; l-a + 6; z~^) , (19) 
r (c — 6) 


where arg(— z) is so chosen that jarg (— z)| <tc. In this way wo obtain a 
value for the integral (16) given by 


l(k — s) — i (6 + c)] . L . 


F (s + + 1. ^ — s — 1 ; — p ; 2"^) 


4 . r (s + p + 2 ) r (t 6 — p — 1 ) r (s + 2 — 26 ) / 

r (s + 1 - p) r (s + i6 + 1 ) r (p + 1 - «6) ^ ’ 


xF(s-l-P~(“2, P — s; p-1-2 — ib i z"”^) 

where 

^ _ e- 3 rt /2 2 >+i-ii r (g 4 . 1 ) r (p + 1 _ ^.+1 

[S - i (t ~ 1)]^+!-**' 


( 20 ) 


t WMttaker and Watson, “ Modem Analysis,” oh. 14. 

J Barnes, ‘ Proc. Lond. Math. Soo.’ vol. 6, p. 141 (1908). The formula is given 
wrongly in Whittaker and Watson. 
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Consider now the integral involving — 

r^+i dr. (21) 

Jo 

The conjugate of this expression is obtained by replacing q by — q in (15). 
This leads to an expression equal to (18) with t replaced by and z by 
z' = 2/(1 + T — iS). "We transform the hypergeometric function by the 
formula 

F(a,6; o; z') = (1 - zO-“F(a, c - 6 ; c; z7(z' - 1) ). 

We find z'l{z' — 1) = z*, so that on taking the conjugate complex again, we 
obtain for the integral involving @*j., an expression in z, similar to (16). 
On transforming as before, this gives for the integral (21) the value 

]jI=i= 22»+2 r(s + i 6 + 2) r(s -«6 + l) 

[S - 4 (t - l)]*+f3+2 r (2s + 3) 

X F (s “1- p 2, s i6-l-2j 2s-i“3j z), (22) 

and finally, 

L(& _ s) + (6 + 0 )] . L . (-z)-i 

X F (s + + 2, i6 — s, + 1 — p ; z~^) 

L r(^+pi+2) r(^ 6 — p) r(s— zb+i) / 

r(s+i-p) r(s+i6+i) r(p+i-i6)'' ’ 

X F(s + p + 2, p-s; p + l-i6; 2"1)J. (23) 


In the expression (14a) there occur also the integrals 


and 


i f” dr 

S'Jo 

1 [" e^-do. dr. 

2 Jo 


(24) 

(26) 


The values of these may be obtained from the expressions (20) and (23) by 
replacing .p by (3 1, Per the purposes of numerical calculation^ however, 

it is preferable to express them directly in terms of the two integrals already 
calculated. This may be done by means of the relations existing between 
contiguous hypergeometric functions as follows. Let us call the integrals 
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(15), (21), (24) and (25), P, Q, R and S respectively. Replacing ^ by ^ — 1 
in tbe e:q)ressions (18) and (22) for P and Q, we obtain values for R and S. 

M r(a + i6 + l) r(s-t6+2) 

?(s4-j3 + l)[S-i(T-l)F»+i r(2s + 3) 

X P (s -j- P “h 1, s "f" ^ "4* 1 ! 2s -j- 3 j z) 

g ^ a M* 2^+^ r(s + ^5 + 2)r(s-i6 + l) 

g(s + p + l)[8-4(T-l)F*+i r(2s + 3) 

X F(s+ p + 1, s + i6 + 2; 2s-|-3; z). 
We now use the two recurrence formulae 


(c — a) P (a — 1, 5 ; c ; z) = 6 (1 — z) P (a, 6 + 1 > o; z) 

4- (c — 6 — fl) P (a, 6 ; c ; z) 

and 

(c— a)P(a— 1, 6+1; c; z) = (6— a+-l) (1— z)P(a, 6+-1; c; z) 

. +-(c — 5 — l)P(a, 6; c; z) 




> (26) 


which enable us to express the hypergeometric functions in R and S in terms 
of those in P and Q. Substituting in these relations we obtain 

2[S-i(T-l)ri(s+p + l)(s-p + l)M*.R = (-i6-p)M*.P 

+ (s - ib +- 1)(1 - z) M . Q 

and I ^ 27 ) 

|[S-i(T-l)]-i(s+p+-l)(s-p + l)M.S = (s+-i6 + l)M*.P 

+-(z6-p)(l-2)M.Q. ^ 

These two equations enable us to calculate the numerical values of R and S 
when we know those of P and Q. 

When the final state is of type (4b) all the formulae of this section hold, pro- 
vided we replace s by s' and [(A — s) — i (6 c)] by [(6 — c) -f i (ifc — 1 — s')]. 

We shall call the new values of L and M, L' and M'. In this case a further 
simplification is possible if we observe that s' = p when A « 1. We can, in 
fact, find a relation between the integrals P and Q, which reduces the numerical 
work. The relation 


(c-6)P(a,6; c-1-1; z) + 6P (a, 6 +- 1 ; c+-l; z) =cP(a,6; c; z) 
gives 

(s' — ib +- 1) P (p +- s' + 2, s' •+ i6 -f 1 ; 2s' 3 ; z) 

+ W + f6 +■ 1) P (p +- s' -|- 2, s' -J- z6 + 2 ; 2s' + 3 ; z) 

= (2s' -f- 2) P (P -)- s' +• 2, s' +- i6 + 1 ; 2s' -+ 2 ; z). 
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If s' = p, the last hypergeometric function reduces to 

(1 — z)-(^+«6+l)j 

and from (18) and (22) we have 

M* F + M' O' - M' ■ M!* . 2^^+^ r(p+^6+l)r(P-j64-l) ,, 

^ r( 2 p-t- 2 ) ^ ’ 

(28) 

which is the required equation. 

The expressions obtained for the integrals P, Q, etc., have still to be multiplied 
by the normalising factors for the initial and final states. These are given by 
(8) and (12). The internal conversion coefficient is then found from the formula 
(2) and the expressions (14a) and (14b). 

The final result is rather cumbersome and we shall express it as follows. The 
integral (15) is given by the expression (20) which we shall write as 

K^: — s) — 4 (6 + c) I . L . Ij. 

Similarly for the expression (23) we write 

l(^-s)-i(& + c)| .L.Ig. 

The integrals (24) and (26) are found in terms of these two, and we shall put 
them equal to 

|(J_s)-4(6 + c)|.L.Is 

and 

|(fc-s)- 4(6 + c)| .L.I 4. 

When the final state is of type (4a) the integrals are 

1(6 - c) + 4 (A - 1 - s')| . L' . I'l, etc. 

These are now substituted in (14a) and (14b) which are to be multiplied by the 
normalisation factors for the initial and final states, and substituted into the 
expression (3) for the internal conversion coefficient. After some algebra we 
obtain the final result 

^k -24 z ^ r(2p + 3).(p + 2) 

|r(PH-l-46)|2 '2A?\B\^ /oicTi® , 

X (2|9I| +j58|). 


wtere 






1 . 
" |B| 

ttl 

IBI 


+ ^il + L / _ P + 2 , iy 

IBI 


VOL. oxxxvni.— A. 
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This result is obtained for one electron, and, before comparing it with experi- 
ment, "we must multiply it by two to allow for the two electrons of the K-shell. 

From the above expression wo can easily obtain a formula giving the value 
of Ij. as X -»■ 0. This limit implies the following ones : — 

6 -»■ 0, z 00 

T->1, q-ya~* X 


From expressions (20) and (23) we have 

I Ij I -► 1, I55 0. 

We then see from (27) that R and S-»-0, so that Ig and 
Similar results hold for I'l, etc. Also as 0 ->■ 0, A/ [ B | -*• 1, and 6 -»■ y. so that 

{r + 0'(“-l)}-^Y + i(P + l) 

and 

|9t|2->2(p4-2)/A2 

|S3|2^8(p-|-2)/As. 


Putting these values in we obtain a value for the internal conversion coefficient 
per electron given by 


Asymptotic 


li!® I r{V(i — Y^) — 

2 z ^ ” r{i -f 2V(i -yS)} 


(30) 


which is the formula given by Casimir.f 
§ 5. Internal Conversion by the Two Li Electrons . — ^Experiment shows that 
the two K-electrons produce the strongest lines in the p-ray spectrum, the next 
strongest being due to absorption of y-rays by the two Li electrons. The 


t Oasimir, ha. ait. Dr. Gasimir lias pointed out that by using the property 

=; ^A.sym'ptotic {1 + 0 (l/ar)}, 

we may easily prove that the use of the asymptotic wave functions will give a correct 
result in this problem if ht > me-. 
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amount of this absorption Eaay be found exactly as for the K-electrons, the 
algebra, however, is a little more complicated. 

For discrete states the values of Fj, and G-j, have been given by Darwin 

{he. dt.) 




-r/OoN 


X (N + A + 1)-»^- ffloN(N+;b + 2) 

yh'+n'-s (]^ _f_ + 3) ~ _ 

2 . 4 

G;^ = (N + ifc + 1) - r»'+«'-2 + h) — 


> (31) 


y,h'+n'’~‘2 (If + Jb 1) "I" _ 

2.4 


with 

and 


h'=^V{{k + ir—r^} 

N = V{{*' + t'}, 


(32) 


where n' is an integer. The series terminate and the corresponding energy is 
given by 

B = jwc® {¥ 4- n')/N. (33) 


For F..i 5 ;_] and we must replace ifc by — A — 1 in the above. These 

wave functions are only valid for one electron in the field of a fixed charge Ze. 
We shall therefore neglect the effect of all the other electrons and assume these 
wave functions represent the Li electrons when n' = l,Jii = 0 and Z is equal 
to the nuclear charge. Since ifc = 0 the wave functions for the two I^-electrons 
differ from those of the K-electrons only in the radial part. The possible 
initial states are therefore given by m = 0, m = — 1, and are both of type 
(4:A). As before they are both spherically symmetrical and yield the same 
result. We shall consider the first state only, keeping the direction of the 
nuclear dipole fixed along the »-axis. Putting in n' = 1, 7c = 0 and 
N® = 2 {h' -f 1), the equations (31) become 

F» = T (N -f 1) «o {NSiar - N® (N - 1)/2} = y (N -f 1) 

\{U) 

G» = (N -f 1) ao /(N + 2) - (N - 1)} = y (N + 1) 


where we have put Nouq = IfB^, 


2 Y 2 
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Tlie wave functions for the initial state ate normalised in the usual way 
and we find . i\ 

The calculations follow those for the K-sheE very closely, and, corresponding 
to (14a.) and (14b), we obtain the Mowing expressions 




+ i{®, 

ar I 


r _ A) + + ^)|] (N + 1) <./+* *, 

(35a) 


[®_s_i{Y./.(|+lg|) + «^(^ iBl)} 

+ {t • (i - ill) + ^ (i + !¥[)} + Tr " A) 
+ j] (N + 1) (3®®) 

On putting in the values of / and g these become 

+ ^ (i - m) } 

+ ®*.UrCT°^ed}] X 

and 

ioSi 2 Y . i / ^^(N-l) , ^y(N-1) \ 
q .N + 2A’^ffrV 21B1 A / 

^ (i m) “ ^ (i “ w) )} 



Internal Conversion Coefficient for Radium C. 659 

These expressions may be evaluated as before. Expression (36a) contains 
six integrals 

Xj = Si [ @j. . ar dr, 

Jo 

Yi = § 1 1 . ar dr, 

and four integrals P, Q, R and S, which are the same as P, Q, R and S of § 4 
with Sj replacing S (which implies Nuo replacing ai). The last four are calcu- 
lated exactly as before. For a given value of Av, however, the values of the 
constants involved are slightly different, since the energy of the emitted 
electron is different. We have 


E = Av (1 -I- PN) 

so that 

^ eN -I- 02 (N2/4 - 1)} 
= say. 


and the constants b and c have different values. Remembering this, P and 
Q, may be calculated from (20) and (21) and R, S obtained from the former by 
the formulae (27), provided S and t are replaced by Si and Ti in both calcu- 
lations. 

The integrals Xj and Yi are found from (18) and (22) respectively, by replacing 
P by (3-4-1 and multiplying by Si. They may be eaqpresaed in terms of P] 
and Qi by using the same recurrence formulae (26). We find 


M* Xi [Si - i (ti - 1)] = Si (|3 -f 1 - iA) M*Pi 

ana H-Si(s-f l-i6)MQi 

M Yi [Si - i (ti - 1)] (1 - z) = Si (s -f 1 + ib) M*Pi 

+ ^1 (P + 1 + ii>) MQi. 


(37) 


When the final state is of type (4b) the work is lexactly the same providing we 
replace s by s' in the above formulae. These integrals we call X'l, ... S'l. 

For the final result we introduce as before the quantities Ji, J'l, ... Jg, J'g, 
defined by 

P, = |(A - s) - i (6 + 0)1 Li . Ji, P'l = |(A - c) H- a (A - 1 - s')] L'l J'l, 

etc., where Li and L'l are obtained from L and L' by replacing S by Si and t 
by Ti, and the constants b and c are calculated for the Li-electrons. 



660 


H. R. Hulme. 


On including the nonnalisation factors we finally obtain for the internal 
conversion coefficient the value 


T ±. 

24 


N + 2 


((3 + 2 )r( 2 p + 3)2(N- 

[r(j3 + l-j 6 )| 


X 


In ^ 6 w 


\ 1 2 ifi'+i-m 


1 ) Na^+* 

[2l3liP4- ISSil®]. (38) 


The expression for 2Ii and 99i are cumbersome and will not be written down. 
They are obtained from the expressions inside the square brackets of (36a) 
and (36b) by replacing &Jqr and by Ji, Js and J 5 , and 

®*jilgr and by J 2 , J 4 and Jg. In (36b), is replaced by J'l, 

etc. 

The asymptotic form of (38) as X -»-0 is easily obtained. As before we find 


and from equations (37) 

so that 

Also 






Xx-Px 
-Px 
Js- Ji- 


(fi + l-^)S, 

[81 4 (Tj — l)j 

(P + 1 — ^y)y 

Y + 4 (|3+.2) 

(P + 1 — 4Y)Y 

Y + 4(P + 2 )' 


OU 



and on substituting these in (38) we obtain, after some algebra, 


both referring to one electron. Eor radium C this ratio is about 0-149 or 
1/6-7. 

§ 6. Int&mal Conversion by the Jjjj and Lxxi Shells . — The two Ln electrons 
are given by n' = 1 , ^ = 1 , « = 0 and — 1 , the wave functions being of type 
(4b). The selection rule is Am = 0 and AA = ± 1, but actually there are 
only two possible final states for each initial one. They are ii: = 0, type (4a) 
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and ft = 2, type (4b). The calculation is similar to that for the shell, 
but we shall only give the asymptotic formula. We find 


I asymptotic for Ln shell _ (2 — N) (N — 1 ) 

I asymptotic for Li shell (2 + N) (N + 1) ’ 


where N has the same value as in § 5. The numerical value of this ratio is 
about 0*0086. 

The Lni shell consists of four electrons, whose wave functions are of type 
(4a) with = 0, ft = 1 and = 0, —1, 1 and —2. We have the same 
selection rule but only three final states are possible for each initial one, since 
there are no states of type (4b) with ft == 0. For the four electrons of the L^n 
shell wo find asymptotically 


■for Xjjjj. shell ' 


z 


(2y) 




r{n-2V(4-T=‘)} 


l{y+iy'(4_Y2)y-i(Vt4-7*)-iv]l> 


wHoh is the same as tke formula for tlie K shell if we replace y'(4: — -y^) by 
-\/(l — Y^)- The ratio of the internal conversion in the Lm shell to that in 
the Ljl shell is about O-Oii. 

These ratios are only valid in the limit X -»■ 0 but we should expect them to 
give the general characteristics of the absorption in the experimental range of 
wave-lengths. For the ratio to Ii^ we find the asymptotic value is very 
close to that calculated for a definite value of X, given by wc®/Av = 0-709. 

Owing to the roughness of the model, we should not expect the values 
obtained for the L shells to be very accurate. The neglect of the scree ning 
effect results in the coincidence of the Li and Ln lines, since they form a 
“screening doublet.” 

In the above calculations wo have again kept the direction of the nuclear 
dipole fixed. If we fix the direction of quantisation and then average over all 
directions of the dipole, the result miist be the same. Tlhis follows from the 
fact that the and Lm shells are spherically symmetrical even though the 
states of the separate electrons are not. 

§ 7. ResiiUs cmi Discussion . — The internal conversion coeflficient for the K 
shell has been calculated for six values of Av, and the results are given in the 
Table I. 

The e:q)erimental values are taken from a table given by Ellis and Aston 
(loc. cit.), and the last two refer to radium B. The first four values calculated 
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Table I. 


11 

hv in electron 
volts X 10“®. 

Internal conversion 
coefficient, 
calculated. 

Internal conversion 
coefficient, 
experimental value. 

0*287 

17*78 

; 0*0008 

i . . ^ 

0-0010 

0*462 

11*3 


0*0062 

0*639 

8*0 

0*0036 

— 

0*836 

6*12 

0*0057 

0-0061 

1*443 

3*64 

0*0172 

(0-10) 

2*102 

2*43 

0-0424 

(0-26) 


are in the region of the radium C lines, and they are shown on a curve, together 
with the experimental values, in the figure. 


h\/ in volts X 10"^ 

25-4 16‘9 10'02 7-26 5*62 



JPiG. L— The points marked with a cross are the experimental values determined by Ellis 
and G. H. Aston for radium 0 for the lines (in volts X 10”®), 6 • 12, 7 -73, 9*41, 11*30, 
12*48, 13*89, 17*78 and22*19. 

It will be seen that the curve fits the general order of magnitude if we exclude 
the three lines between 0 == 0*4 and 6 == 0-6. Of the remaining lines the 
three with the lowest energy are certainly within the range of the experimental 
error. 
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In the paper following, Taylor and Mott discuss the internal conversion of 
radiation due to a quadripole placed at the nucleus. They obtain a curve 
which passes above the experimental points for the highest energies, and in 
between the two points for Av = 11*3 X 10® e.v. and Av = 9*41 X 10® e.v. 
It therefore seems probable that the three rays in this region are due to nuclear 
transitions where the angular momentum of the nucleus changes by two units, 
and the three rays of lowest energy to transitions where the momentum changes 
by one unit. For a fuller discussion the reader is referred to the paper 
following. 

It will be seen from the table that the values calculated for radium C are 
very much smaller than the observed values for radium B. The nuclear 
-charges differ by one unit only, which would reduce the calculated values by 
about 4 per cent., so that it is quite impossible to explain the internal com 
version of radium B on the present dipole theory. Here again Taylor and Mott 
find that the internal conversion of radiation from a quadripole is considerably 
greater in this range, and approaches more nearly the experimental values. 

The values of the internal conversion coefficients for the L shells have been 
calculated for the limit X 0. We find : I^^ : Ii^ : = 6*7:1 

■0*0086 : 0 ’044, the values being approximate, as we have neglected all 
screening effects. In the experimental range I^j^ seems to be always greater 
than from observed values. It is of great interest to know the value of the 
ratio Ik, for wave-lengths in the experimental region. This has been calcu- 
lated for 0 = 0*709, Av = 7*20 X 10”^® e.v., and gives a result of about 7*0. 
As the asymptotic value is 6 • 7 we are fairly safe in assuming that the ratio does 
not vary much in the experimental region. Previous theoriesf gave a value 8 for 
this ratio, but Dr. Ellis informs me that the present value is in better agreement 
with experiment. 

The results obtained for the absolute magnitude of the internal conversion 
coefficient differ considerably from those obtained by Miss Swirles and by 
Casimir. The latter’s results are seen to be true in the limit, and some of the 
terms which vanish as X 0 are quite large in the experimental region. One 
would expect, however, that the non-relativistic results of Miss Swirles would 
not differ considerably from the present ones in the radium B region. Actually 
the present theory gives results which are about four times as large, which may 
seem surprising. We must remember, however, that the relativity correction, 
which arises from the term Z/137, occurs in the wave functions of both initial 


t Swirles, loc. oit^ and Fowler, loo, ciL 
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and final states. THs may be small in the case of light atoms and for the outer 
electrons of heaTier atoms, but for the K shell of radioactive atoms there is 
no reason why its effect should not be very great. 

We may conclude that the internal conversion of y-rays from the nucleus of 
radium C is capable of being explained as an ordmary photoelectric effect, 
provided we exclude the ray with Av == 14'26 X 10® e.v., which seems to be 
almost completely converted. In some cases the y-rays are due to transitions 
where the angular momentum of the nucleus changes by one unit, while Taylor 
and Mott have shown that the assumption of quadripole radiation will account 
for the remaining rays within the limits of the experimental accuracy. 

In conclusion I wish to thank Professor E. H. Powler for suggesting that I 
should check Casimir’s calculations, and for his interest and encouragement 
throughout the work, and Dr. C. D. Ellis for opportunities of discussing the 
experimental values. The numerical work, which is largely due to Mr. J. 
McDougall, has been calculated by one of us and checked by the other. The 
algebra for the K shell has been checked by Mr. H. M. Taylor, and I take this 
opportunity of thanking him and Mr. McDougall for all their assistance. I 
should also like to thank Mr. Mott and Mr. Taylor for informing me of their 
results for quadripole radiation. 

Summary, 

The internal conversion coefficient for radium 0 has been calculated on the 
assumption that the radiation field may be represented by a dipole situated at 
the nucleus. The accurate relativistic wave functions have been used and the 
internal conversion coefficient for the K shell has been calculated for several 
lines. The results are in good agreement with experiment for some lines, which 
are therefore presumably due to transitions in which the total angular momen- 
tum of the nucleus changes by one unit. According to Mott and Taylor the 
other lines are explainable on the assumption of quadripole radiation. The 
ratios of the conversion in the K, Lj, Ln and Ljn sheUs are calculated for 
the limit X-^0, and the ratio I^^ : Ij^^, for a value of mc^/Av = 0-709. 
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A Theory of the Internal Conversion of y -Rays, 

By H. M. Taylor, B.A., Clare College, Cambridge, and N. F. Mott, 
Gonville and Cains College, Cambridge. 

(Communicated by E. H. Fowler, F.E.S. — Eeceived August 20, 1932.) 

The internal conversion coeflicient of a given y-ray is definedf as the 
probability that the y-ray will be absorbed by one of the planetary electrona 
of the atom. If we denote by a the internal conversion coefi&cient, and by A 
the probability per unit time of the emission of a y-ray by the nucleus (the 
Einstein A coefficient), then the number of electrons ejected per unit time is 
Aa, and the number of quanta escaping unabsorhed is A(1 — a). The quantity 
actually measured is the ratio of these two, namely 

a/(l — a). 

Experimental values of a have been obtained by Ellis and Aston for eight 
of the y-rays of Eadium 0, and three for Eadium B. For Eadium C the lines 
measured lie between 6 and 22 X 10^ electron volts ; the internal conversion 
coefficients lie between 0*006 and 0-001, and do mt vary smoothly with the 
frequency. For three lines of Eadium B of energy in the neighbourhood of 
3 X 10® electron volts, a is much bigger, of order of magnitude 0-2. 

The problem of internal conversion has been treated theoretically by Miss 
SwirleSjJ Oasimir§ and Hulme.|| These authors assume that the excited 
nucleus radiates the field of a dipole, namely, 

Aq = By-iigSTTicr/A-j'O QQg Q ^ ^ ^ complex conjugate 

Ajj = complex conjugate 

Ajjj = A.y = 0, ^ 

where 

q = 27t:v/c. 

The probability per unit time of the ejection of an electron with energy Av 
is then calculated, using the methods employed in the treatment of the photo- 
electric effect ; the internal conversion coefficient is obtained by dividing by 
167 r^B^v/ 3 Jic, the number of quanta per unit time radiated by the field (1.1). 

t Eutherford, Chadwick and EUis, ‘‘Radiations from Radioactive Substances,’’ p. 510. 
i ‘ Proc. Roy. Soc.,’ A, vol. 116, p. 491 (1927). 

§ ‘ Nature,’ vol. 126, p. 963 (1930). 

II Previous paper, p. 643. Referred to as HII. 
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Tke dipole field (1.1) is tke field emitted according to quantum meckanics by 
a radiating system in transitions in wkick tke quantum number y, specifying 
tke total angular momentumf, ckanges by unity. We may say at once that it 
is immaterial wketker we suppose tkat tke nucleus first emits a quantum, 
whick is tken absorbed by a planetary electron, or wketker we suppose tkat tke 
electron is ejected by direct interaction witk tke nucleus. Whickever way we 
okoose to consider tke problem, tke probability of ejection of an electron will 
be given by tke metkod outlined above.J Errors may arise, kowever, from tke 
assumption tkat tke dipole field (1) is correct for all t kowever small. For 
points witkin tke nucleus (r < 10“"^^ cm.) tkis will not be tke case ; Fowler 
(be. ciC.) kas estimated tke correction likely to arise, assuming fields of a 
reasonable magnitude inside tke nucleus, and found it to be small for dipole 
transitions, Aj = ±: 1- We discuss otker transitions below (§ 3). 

Tkis correction for r < lO'^^ cm. kas been described by Gamow§ as ejection 
due to tke electron coming rigkt into tke nucleus. We would emphasise, 
kowever, tkat it is better to regard it as a correcting term to tke internal 
conversion coefficient, wkick may either increase or decrease its value. 

JCss Swirles and Gasimir (foe. ciL), using various approximations for tke 
wave functions of tke atomic electron, obtain values of a about 10 times too 
small, but Hulme (foe. dt.), using tke relativistic equation of Dirac to obtain 
tke wave function of tke planetary electron, obtains a value of oc whick varies 
smoothly witk v, and gives results in excellent agreement witk experiment for 
tke y-rays of Ea C of energy ( X 10® e. volts) 6 • 12, 7 *73, 13-89. For tke y-rays 
of energy ( X 10® e. volts) 9-41, 11 *30, 12- 48, and for tke rays of Ra B, Hulme’s 
values are too small by a factor of about 6. 

Tke main purpose of tkis paper is to repeat Hulme’s calculations assuming 
for tke field of tke nucleus tke field of a quadripole, instead of tkat of a dipole. 
We confine ourselves to electrons ejected from tke K level. Tke field of a 
quadripole is 

= - 0r-> {2P, M 6) [l + 1 _ ^] + 1} 

+ complex conjugate y . (1.2) 

= — 3Cr”^ ^m{TiK-vi) QQQ 0 1^1 AJ complex conjugate 

Tke constant C may kave any value. 

denotes the orbital angular momentum of the radiating particle, assuming only one 
particle to be excited. 

t This has been emphasised by Fowler, ‘Proc. Roy. Soc.,’ A, vol. 129, p. 1 (1930) ,- c/. 
also § 3 of this paper. 

§ ‘ Atomic Nuclei,’ p. 76. 
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A radiating system emits the field of a quadripole in transitions where the 
quantum number j changes by two, or, in certain cases, by zero. For atoms such 
transitions occur very much less frequently than transitions for which == 1. 
It has been poiated out by Gamow and Delbriick, however, that if a nucleus 
is made up of a-particles only, the electric centre coincides with the centre of 
gravity, and the dipole moment vanishes. The restdt of this is, that Aj = 1 
transitions still emit the field (1), and Aj = 2 transitions emit the field (2), 
but now the probability per . unit time of the Aj = 1 transition is less than that 
of the Aj = 2. The probability of Aj = 3 transitions, etc., is still much 
smaller than that of the other two. The same result follows from the model, 
recently assumed for the nucleus by Heisenberg, f as is shown in § 4. 

We think it reasonable to assume, therefore, that a given y-ray will have either 
a quadripole or a dipole field associated with it, but that octopole, etc., lines 
do not occur. 

Nuclear selection rules are discussed further in §3, where it is shown 
that transitions j = 1 -^j = 1 also radiate a quadripole field. Transitions 
j = 0 ^ j = 0 are absolutely forbidden ; this may account for the abnormally 
large conversion coefficient of the line 14*26 X 10^ electron volts, as suggested 
by Fowler. 

The values of the internal conversion coefficient calculated for the quadripole 
and dipole t fields are shown in fig. 1. 

The curves shown in the two figures are the same, but drawn on a different 
scale. They are calculated (§ 2) for Z = 84 ; the correction for Ea B (Z = 83) 
should be very small. The experimental values are marked with a cross, 
Ea B on one figure, Ea C on the other. For 6 greater than about 1*8, the 
quadripole values are obtained by extrapolation, as shown by the dotted line. 

Dr. Ellis has informed us that of the Ea 0 lines, those of energies 6 • 12, 11*3, 
X 10^ volts are the most reliable. The values of 6 for these two lines are 0*84, 
0*46. It will be seen that the internal conversion coefficient of the former 
line lies almost on the dipole curve, and that of the latter on the quadripole 
curve. Of the remaining Ea C lines that at 17 • 78 X 10^ volts is fairly reliable ; 
that at 13*89 is less good, and the fact that the published value lies exactly 
on the theoretical curve must be regarded as fortuitous. One may say that 
although the experimental results are not yet sufficiently advanced to give a 
definite proof to the theory, they are certainly consistent with it, and the theory 

t ‘ Z. Physik,’ vol. 77, p. 1 (1932). 

% We are indebted to Iifr. H. R. Hulme for permission to publish the dipole curve, 
calculated by him. 
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h\f in volts X 10" 


hv in volts X 10" 


l.-The internal conveisioa coefficient, joc oalcnlated for atomic number Z = 84 
^elmfor q^poleradiation, curve H for dipole radiation (calculated by Hulme)] 
e points marked -with a cross are the experimental values determined by and 
^ton for the lines (m volte X 10-*). 6-12, 7-73, 9-41, ll-SO, 12-48, 13-89, 17-78. 
22 19 for Ra C, and 2 *43, 2*97, 3*54 for Ra B. 






Theory of Internal Conversion of y-Rays, 


669 


does give a reasonable explanation of the fact that the internal conversion 
coefficient is not a smooth function of the frequency v. 

Dr. Ellis has also informed us that the relative values of a for Ea B are 
probably more accurate than for Ea G, because the softer y-rays are more 
absorbed, and their intensity is therefore easier to measure. The correction 
for scattering and loss of energy for the photo-electrons emerging from the 
platinum will, however, be more important for smaller energy, and it is therefore 
possible that there is a systematic error in the experimental results. It will 
be seen in fig. 1 that the theory gives results about two-thirds of the experi- 
mental, but that the variation with frequency is the same for both. 

In conclusion, we think that the agreement between theory and experiment 
makes it probable that for many of the y-ray lines, the ejection of electrons is 
due to ordinary photoelectric absorption ; and further, that if this is the case, 
a nucleus can radiate either the dipole or^the quadripole field. This latter 
result is of considerable importance for nuclear theory ; for instance, as we 
shall show in § 4, in a nucleus built of protons and electrons moving with com- 
parable velocities, transitions giving quadripole radiation will not occur. 
If on the other hand, the electrons move fast compared to the protons, as 
assumed by Heisenberg {loo. cit) and as one would expect by analogy with a 
molecule such as H 25 the dipole moment is small, and dipole and quadripole 
transitions may be equally probable. 

§ 2 . Calculation of the Internal Conversion Coefficient . — ^We calculate the 
number of electrons ejected per unit time from the K ring of the atom by the 
method of Variation of Parameters.f For the initial state of the K electron, 
we take the solution of Dirac’s relativistic equation for an electron in the field 
of a nucleus of charge Zs ; thus the interaction with the other extra-nuclear 
electrons is neglected. We take for the perturbing field the field of a quadripole ; 
the calculation is otherwise similar to that of Hulme (H II) for the dipole case. 

The quadripole field is (§§ 4 and 5) 

Aq = c5^o “I” ^^*0 

where 

= 0 



^ 3Cr“^ e*’ ^03 0 ^ 1 


t Of. Dirac, ‘ Quantum Mechanics,’ p. 162, or Gaunt, ‘ Phil. Trans.,’ A, vol. 229, p. 192 
(1929). 
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and tlie number of quanta emitted per second by such a field is 


wliere 


24:tz q p ,2 
5 ’ 

q = 27rv/c. 


( 2 . 2 ) 


The perturbing field causes transitions jErom the initial stationary state of the 
electron to states in which the electron is free and has an energy E given by 


E = Eq -f- Av, (2.3) 

where Eq is the energy of the roitial state. Now let be the wave function 
(without time factor) of the initial state, normalised to unity, and let 4*/ be 
the wave function also without time factor for any one such free state, this 
wave function being so normalised that one electron per unit time crosses an 
infinite sphere about the atom (Gaunt, loc. ciL). Then the probability p 
per unit time of transitions between these two states, due to the perturbing 
potentials (2.1), is given by 

P = ( y ) !('{'*/ |s^o + sPi (A, o) I \\ (2.4) 

where and a are the matrices of four rows introduced by Diracf and where 
the time factors may now be suppressed in Aq and A. 

In order to obtain the total probability of emission of electrons, we must 
first sum (2.4) over all possible final states of the electron, and then multiply 
by two on account of the two electrons of the K ring. Thus the probability, 
Bia, per quantum of radiation from the nucleus, $ of the ejection of a p-particle, 
is given by 

^ ^ Mxf W*' 1^" + ■’> I '*'<> I’ <2-®> 

Furthermore, of the two constituent parts and of A only the first is 
effective in causing transitions of the electron in which its energy changes from 
Eq to Eq -j- Av, the second being effective in transitions to states of energy 
E^, — Av. Hence, for our purpose, we may substitute m formula (2.6), for A 
and Aq, the values and given in (2.1). 

We now proceed to show what final states are possible for the electron, and 


t Dirac, ‘ Quantum Mecliamcs,’ p. 242. 

{ This is the definition of sa as given in Rutherford, Chadvdck and Ellis, p. 510. 
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to calculate the corresponding values of the matrix elements in (2.5). Con- 
venient explicit forms for the wave functions, both of the free and the bound 
states, have been given by Hulme,t and we shall follow his notation here. 
Of the two possible initial states for the electron (H I equations (44) and (45) ) 
we take for the present the first only, corresponding to an electron with its 
spin along the positive 2 !-axis, and discuss later the question of an arbitrary 
combination of the two states. Hence we put 

(4'i)i = — »/ cos 6 (^<)a = — sin 

= 9 = 0 i 

where 

and 

^ (Eq) being the normalising factor, y being 2m^Z jhe and ^ being (1 — y^)* 

Since = 0, (A, o) reduces simply to and therefore in order 

to evaluate the matrix element, we require only the values of and 

both these being summed over all four components. ITow there are 
two possible types for the final state (HI, equations (3a) and (3b)), given 
by 

(Ws ~ (^ + W + 1) (^/)4 — ( — ^ + W) J 

and 

and we divide the discussion into two cases, according as the final state is of 
type A or type B, We denote by the total probability of transitions to 
final states of the type A and by the probability of transitions to states 
of the type B, so that 

( 2 . 8 ) 

Since the functions in the above equations are the Legendre functions 
including the term in e^^^ as introduced by DarwinJ, it is at once dear that, for 
final states of either type, the matrix element (2.4) vanishes on account of the 
integration with respect to ^ xmless u has the value zero. 

t Hulme, ‘ Proo. Eoy. Soc.,’ A, vol. 133, p. 381 (1931), referred to as H I. 
t Darwin, ‘ Proc. Roy. Soo.,* A, vol. 118, p. 668 (1928). 


2 Z 


VOL. oxxxvm.— A. 
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Case A . — ^Final stat6 of the type (2,7a) with w = 0. Let us introduce the 
fimction defined by 


(k — u ) ! sin“ 



(2.9) 


from which it follows that Then we have the following results : 

4^1 = jTfc {cos 6 + sin 6 + (^ + 1 ) ] 

and r* (2-10) 

~ *” f^k [(^ + 1) ® + X; sin 6 

From this it follows that 

J" sin 6 dQ and | ™ ® 

are zerof unless k = 2. Hence there is only one possible final state of type A 
for the ejected electron, namely, that determined by « = 0, i = 2. Putting 
it = 2 in equations (2.10), we find, after some transformation 

t|/*yt{;, = (/F, + 5G2).6P2(cos8) ] 

and ^ (2.11) 

= i{^Ps (cos 9) {gS^ - i/&,) - -V- (cos 6)}] 

in which (cos 6) is the ordinary Legendre function. Inserting these values 
and the values of the potentials from (2.1) in (2.4) and performing the integra- 
tion with respect to 8, we obtain 


<4'*/ |Ao + Pi {A, a)j i}/i) 

“ ^ £ {- (/^. + A) (l + 1 - ^ i + G.(l + 1)} ^ *. 

( 2 . 12 ) 

Kow Hulme has shownj (H I equation (8) ) that 


AP, + ilBlG, = @, ) 

and [, (2.13) 

AF,-ilBlG, = a5,*J 


f The ease k = 0 calls for special attention. The integrals do not appear to vanish, 
blit if we use the identity div j + 1/c . dpfdt = 0 they may be transformed so as to vanish 
identically. If the perturbing potentials had been taken in the unmodified form of (4.15), 
(4.19) and (4.20) then the integrals for ifc = 0 would vanish without fmther transformation. 
X We refer to H I for the definitions of A, B and Qtu 
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and if we substitute from these relations in (2.12) and also insert the values of 
/and g from (2.6) we obtain 

1 Ao + Px (A, a)| <!;,) == {a |B1 Vl lsjiBp )]- ' (^.U) 

where 


32= r{[(2T + i.p + 2)D-YE]@a 

Jo 

+ [(- 2y ~ i . FT^) D ~ yE] dr 

fco 1 

+ -{[(-3. p + 2 + 2iY)D-3ie...YE]®2 

Jo qr 

+ [(3 . p + 2 — 2iY) D — S^yE] e^w-r/o. yH-ri ^ 

+ J ( — * . P + 2 D + yE) ®2 

+ 3 (i . J+2 D + yE) @* 2 } dr, 


in which we have put 
and 

Now let us write 


D = Al 


(a 2+ |Bp) 


i 


E = |BI 


_J_Y I 

,A2+|Bp; J 


r J^+I dr = Pj 

Jo 

f" 1 dr = 

Jo qr 

f" = Tfc 

Jo q^ 




(2.15) 


(2.16) 


(2.17) 


and let us denote by Q^, S* and U* the corresponding integrals with 
substituted for ; let us further denote by and 

coefficients of P^, Qg, etc., in (2.15), so that we have 

^^2 = {2t + i (P + 2)}P ^ yE, etc., (2.18) 

and 

^2 = + *=^2^2 + “• + (2.19) 


Then Hulme has shown (H II (16), (20), (21) and (23) ) how to transform Pg 
and Qg into hypergeometric series whose values we may determine by numerical 


2 z 2 
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computation, and has shoTm (H II, (27) )t that and may then be deter- 
mined from the relations 

£(s+p + l)(s_p + l)|E2 = (-^-i6)Ea 


M 


(s •+ 1 — 'S>) (1 z) Q 2 


and 


^ ( 2 . 20 ) 


M*. 


£ (s + p + 1 ) (s - P + 1)| S 2 = (s + 1 + 

+ (— P + ib) (1 — 2 ) Q 2 . 

By miting p — 1 for P we may at once obtaia similar relations giving the values 
of T 2 and U 2 in terms of E 2 and S 2 , namely, 

2-(s+ p)(s— P + 2) ^Ta = (— p-'i6 + l)E 2 


M 

+ (s + l_i6)(l_.)^S2 


and 


y ( 2 . 21 ) 


, M* 

|(a+P)(«-P + 2)|ll2 = (s + l + *) 


+ (- P + 1 + ib) (1 - z) Sa, 


All the constants occurring in the equations (2.15)-(2.20) are detemuned in 
terms of the wave-length ( 27 c/g) of the nuclear y-ray, and, therefore, by meam of 
these equations we may calculate the value of Sa corresponding to any given 
wave-length of y-ray. 

We have still to multiply the matrix element (2.14) by the normalising factor 
^ (E, ib, «) for the final state of the dectron. Substituting the matrix element, 
so normalised, J in (2.5), we obtain 

(B„) (E, k, u) i 2^ef + |Bp , q ,2 

5g(P + 2)2 \h) 2AMB1=> 


Case B.— Einal state of the type (2.7 b) with m = 0. Eor this case we have 
the following results 

<1;^ =/F_ 4 _i {k cos 0 + (1 — ft) sin 8 

and [ 

'I'i ~ +/ ® ® 


( 2 . 22 ) 


t We again, refer to H II for the definitions of a, b, s, z, M and its conjugate complex M*. 
We may note here that 27t/a is the wave-length of the wave associated with the free electron 
while, of course, 2w/s is the wave-length of the y-ray. 

J The values of 5 (Eo) and ? (E, *, u) are given in (H I), equations (46) and {22a). 
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from which, it again follows as in Case A that the transition probability is jzero 
except for k = 2, Giving h this value, and performing the integration over 
the angle 0 , we obtain, in this case, 

1 Ao + Pi (A, a) 1 <};,) = - j" |2 + gQ_^) ( 1 + 1 - 

+ i ( 55 F -3 +/G-s) (1 + ^)} e"'" dr. (2.23) 

Making the substitutions (2,13), (2.16) and (2.17) we obtain this matrix element 
in the form 

- {^1=1 ^(5™)!"' 

where S-s = «^-s P-j + . . . + ‘2^-^ U_ 3 , and where the values of the co- 
efficients axe given by 


=^_3= {Y_2i(p + 2)}D-f{2Y + 5i{p-|-2)}E " 

-S-8 = {- T + 2i (13 -f- 2)}D -f {2 y + 5i (P 2)}E 
M-a= {6(p-f 2)-+-iY}D-f {— 6(P-f 2) + 6 j:y}E 
.y_3 = - {6 (p + 2) -f- iY}D + {- 5 (S 2) 4- 6iY}E 
S'_a= -|-6i(l3-f 2)D - 6 yE 

'?<<_3= -6i(p-f2)D -6 yE_ 


The relations (2.20) and ( 2 . 21 ) giving E, S, T and TJ in terms of P and Q rmiain 
unaltered except that for s we must now write s' (see H I eq^uations (17a) 
and (17b) ). Hence these equations, together with (2.24) and (2.25) provide 
the means of calculating the value of 3-s corresponding to any given y-iay. 
The corresponding contribution to the internal conversion coefficient is given 

( 2 . 26 , 


— ’ 


15 ?(^ + 2)2 


hi 2A2jB| 


We have now to discuss the question of the other possible initial state. Both 
initial states are of the type (2.7a), and the one we have already oonsidored is 
given by i = 0 , = 0, The alternative state, given by fe = 0 and u = — l 

corresponds to the electronic spin being directed along the negative 2 f-axis, 
and has the wave function 


}■ 


(2.27) 


= ^sin 0 e ( 414)3 = — if cos 6 
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Let Tis denote by and these two initial states (2,6) and (2.27). Then 
from (2.27) it follows that, if the electron is initially in the state T_i, the matrix 
elements are zero for all final states except such as are specified by w = — 1 and 
ife = 2. On working out the matrix elements for these transitions we fibid that 
they have the same values as before, (2.12) and (2.23), and therefore the 
transition probabilities ^^nd also have the same values. That is to 
say that if tj/jL, oj 4^^. -i? o and tj/s, -i denote final states of the types A and B, 
with & = 2 in all cases and = 0 or — 1, respectively, and if V denotes the 
perturbation + Pi (A, c) then 

(+V .1 T I Y.) = (n. I V 1 Y.,) - P,,-| 

(+•., . I V I Y.) - I V I Y_.) =. P j J 

and the matrix elements vanish for all other arrangements of the final states. 

Now an electron with its spin in an arbitrary direction is described by the 
wave function (AYq + BY_i)/N, where A and B are complex constants 
depending on the direction of the spin, and N is the normalising factor, which, 
smoe T 0 and are already normalised and orthogonal, has the value 
{]Ap + I Bp}*- Hence the matrix elements contributing to arising from 
such an initial state are 

1 (4-^, „ 1 V 1 ATo + BY.,) p, (2.29) 

which by (2.28) yields 

N-a (I A p + |B p) Pa = Pa- (2.30) 

In similar fashion 

j (4 ;b. , I V| ATo + BY.,) p = Pb, (2.31) 

and BO tie total transition probability is seen to be independent of tbe initial 
orientation of tbe electronic spin. Tbere is no need now to perform any 
averagii^ over directions of orientation of tbe quadripole field (2.1), for we 
may take tbe z-axis, or axis of quantisation of tbe electronic system, to coincide 
with tbe axis of tbe field since we have shown that tbe orientation of electronic 
spin relative to tbe axis of quantisation is immaterial. 

The Physical Significance of the Two Possible Final States.— "Wc may use tbe 
vector modelf to form a convenient picture of wbat is bappening to the electron 
in tbe two cases A and B. We denote by s, 1 and j tbe angular momentum 
vectors corresponding to tbe spin, the orbital momentum and their resultant, 

t Pauling and Goudsmid, “ Stmoture of line Spectra,” pp. 32 and 33. We follow their 
notation. 
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and by s, I and jf the magnitudes of these vectors. The resolved parts along the 
sj-axis we denote by m,, and m. Then Darwin*}* has pointed out that j 
and 1 m I are respectively the averages of subscripts and superscripts of the 
spherical harmonics in the equations {2.7a) and {2.7b). Further, by con- 
sidering the passage to the non-relativistic limit, it is clear that i! is in each 
case the subscript of the harmonic occurring in and 4^4. 

For the initial state ( 2 . 6 ), with ib = 0 and u = 0 we have therefore m = 
j = i and Z = 0 corresponding to an electron with no orbital angular momentum 
and with its spin along the positive 2:-azis. The corresponding final state A 
is described by m = |, y = 5/2 and Z = 2 while the final state B is described 
by m = J, y = 3/2 and Z = 2. In fig. 2 we show the combinations of vectors 
which these quantum numbers imply, and we see that, while in each case the 
2:"Component of total angular momentum remains unchanged, the two cases 
differ in that for A the spin remains* along the positive z-axis, while for B it is 
changed to point in the opposite direction. 



(1) (2A) (2B) 


Fig. 2.— (D Initial state, mj = 0 , m = 4, y = 4, Z = 0 . (2a) Final state 

mg = 4 , mj = 0, m = 4, j = 5/2, Z = 2. {2b) Final state, = — 4 = 1 

m = 4,i«=3/2, Z = 2. 

We should therefore expect the probability for transitions to the final state 
B to be much smaller than the probability for transitions to the state A, and 
this is, in fact, the case, except for very short wave-length, as is shown in fig. 8, 
where the two probabilities are shown separately. The internal conversion 
coefficient of fig. 1 is, of course, obtained by adding the ordinates of points on 
these two curves of fig. 3 . 

W'e must add that for very short wave-lengths, Av ^ m<^, the formula for 
internal conversion with the quadripole field tends to the same value as that 
obtained with the dipole field by Casimir (Zoo. ciZ.), as may be verified by the 
method of HII, § 4 . 

§ 3. The purpose of this section is to discuss the theoretical basis upon which 
the calculation of the preceding sections rests, and to show that it is immaterial 
whether we consider that the electron is ejected by direct interaction with the 


t Loc. cU.^ p. 666. 



Fig. 3. — Curve A, KaA ; curve B, kocb* 


radiation to be emitted by a single a-partide moving in a field. We denote, 

by It tbe co-ordinate of tbe a-particle, and by (R) tie wave function of its 
initial, excited state, and by X/(R) tie wave function of its fina.l state after 
emitting tie y-ray. We denote by r tie co-ordinate of tie K electron, by 
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(r) tlie wave function^ normalised to unity, of its initial state in tke K ring, 
^ind by (r) the wave function of the final free state, normalised so that one 
electron crosses a large sphere in either direction per unit time. 

Assuming that the a-particle is a point charge, the interaction between the 
a-particle and the electron is given by 

V(r,R) = ~2e2/|r-R|. 

According to non-relativistic quantum mechanics, the probability per unit time 
that the nucleus wiU make the transition i “>/, thereby ejecting an electron, is 

^1 V(r,R)x*{R) t|^,(r)|“. (3.1) 

The calculation is the familiar one of the transition between states of equal 
energy. ISfo mention is made of tl^e emission of any light quantum. 

MoUert has shown, in his paper on the collision between two elections, how 
to introduce retarded potentials into the problem. In our case we must write 
down the charge density p and current density j associated with the nuclear 
transition i-^/. These are 

p = €X*/Xi ~ ^i) + complex conjugate, 

and 

i = (x*f grad Xi — Xi grad x*/) exp [2 to (W, — W,) tjk] 

+ complex conjugate. 

We then find the scalar potential Aq and vector potential A due to this charge 
and current. Aq and A satisfy 





but (3.2) ate not sufficient to detennine Ag, A. We impose the further con- 
dition that Aq, a must represent an outgoing wave ; we then obtain 

Ao = e f X*/ W Xi W ^R (3.3) 

J iR-rj 

Av = Wi - Wf, q = 

t ‘ Z. Physik,’ vol. 70, p. 786 (1932). 
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with a similar expression for A. We then calculate the effect of the periodic 
field (3.3) on the electron. The calculation is the same as that used for the 
photoelectric effect ; the number of electrons ejected per unit time is 

j I {<1^*/ I — sAo — spiA.a I dx j . (3.4) 

We note that if we make c oo , A vanishes and q is small, so that (3.4) tends 
to (3.1). 

The field (3,3) may be considered as the field radiated by the atom ; in this 
sense one may say that a quantum is given out and reabsorbed by the electron. 
However, the integral in (3.4) includes an integration over the space within 
the nucleus ; one cannot separate the part due to direct interaction and the 
part due to absorption of a quantum. 

We now turn to the consideration of the field (3.3) due to the radiating 
nucleus. If we assume Xi (R) to be a wave function of the form ^ (E) (cos 6), 
the wave function for a P state, and for Xr (R) ^ spherically symmetrical form, 
then, for jwinfe r (ruiside the nudeus (i.e. such that x (R) vanishes), (3.3) gives 
the field (LI) due to a vibrating dipole. Similarly if we assume for Xi wave 
function for a D state {j = 2) of the form (E) Pg (cos 6), we obtain the field 
(1.2) of a quadripole. This is shown in § 4, where the other possible transitions 
are discussed, such as P-^P. It is further shown in §6 that the dipole, 
quadripole forms for the field are the most general outgoing waves possible, 
which will cause a change of angular momentum 1 and 2 respectively in the 
K electron. 

In the calculations of § 2, which are compared with experiment in fig, 1, 
and also in Hulme’s calculations, the field (3.3) is taken to be that of a quad- 
ripole or dipole for all r down to r = 0. They should, therefore, be corrected 
by a term due to the failure of this field for r less than the radius of the nucleus. 
We cannot calculate this term, as we do not know the structure of the nucleus. 
We may, however, estimate its order of magnitude, as has been done by 
Fowlerf for dipole transitions. 

The correcting term will depend on the values of the initial and final values 
of the wave function of the K electron. Since the wave function of an electron 
with angular momentum j has a zero at the origin of order the correcting 
term will be greatest for electronic transitions for which Aj = 0. Assuming 
an interaction term of order between the nuclear radiator and the electron. 


t LoCn cit. 



681 


Theory of Internal Conversion of y -Rays. 

it is easy to see that the correcting term will be negligible for any transitions 
for which Aj is not zero. For nuclear transitions, in which j is zero in the 
initial and final states, no escape of radiation is possible, and the ejection of 
electrons must be entirely due to the region within the nucleus. 

§ 4. Our purpose in this section is to examine the field radiated by a q[uantum 
mechanical system (in our case the nucleus) when it makes transitions in which 
Aj has various values, and in particular to show that when Aj = 1 the radiated 
field is that of a dipole, and for Aj = 2 or 0 the field is that of a quadripole. 
We also examine what happens when the system is built of particles having 
all the same charge and mass, so that the dipole moment vanishes. 

We shall make the following assumptions about the nucleus ; firstly, that 
the radiating particle in the nucleus may be described by a wave function 
as for atomic wave functions, may be resolved into radial and 
angular parts so that 

= (4.1) 

and secondly, that the nucleus has a finite radius that is to say, that 
^ (r) == 0 for all values of r greater than (% ^ lO'”^ cm.). 

With these assumptions we derive the electronaagnetic radiation from the 
nucleus corresponding to transitions between D and S states, P and P states, 
as well as the dipole transition between P and S states. To economise space 
we shall discuss only the axially symmetrical P and D states, but the analysis 
for the other P and D states follows along similar lines, and the electromagnetic 
potentials so derived, although in many cases different in form from the ones 
we obtain, can be transformed to give the same results. The potentials we 
derive are valid for all points outside the nucleus, i.e., for r > %. In § 3 
we discussed the correction which should be made to allow for the fact that in 
§ 2 we have assumed these potentials to hold down to r == 0. 

For brevity, let us describe two stationary states of the nucleus by the two 
single suffixes 0 and a, assuming that 0 specifies the ground state, and a applies 
to an excited state. Then the wave functions, with time factors, for these two 
states are 

^0 “ 1 

}, ( 4 - 2 ) 

where and E* axe/the energies of the two states and where, of course, Eg > Eg. 
Thus the electric density in e.s.u., to be associated with a tiMisition from the 
excited state to the ground state, is given by 


(4.3) 
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where v = (Ba — Eg)/^ and e is the charge of the radiating particle. The 
conent density, in e.ni.u., to be associated with the same transition, is given by 

3 = grad ({;„ — (}/„ grad ^>* 0 ) 

+ (<J/o grad tj^*a — 'l'*o grad t^g) i)| . (4.4) 


If now A and Aq are tlie vector and scalar potentials of the electromagnetic 
field, due to the nuclear transition, then A and Ao satisfy the equations (3.2). 
We require the solution periodic in the time with period v. For this solution 


{v + (2Ey)A. = - 4 ., ' 
{v. + (2h)‘}a=-4^ 


In order to avoid the continnal repetition of the conjugate complex constituents 
of p, I, Ag and A, let ns write 

Ag = ^g + .C^*g 


(4.6) 


and let us also write q = 27rv/c = 27c (E,, — Eg)/Ac. Then, substituting in 
(4.5) from (4.3) and (4.4) and using Green’s Theorem, we find that the solutions 
of (4.5), which represent waves travelling out from the nucleus, are given by 




and 


' ® { jf^, (ri) i>\ (ri) dTi 




W grad, (r,) 


y, (4.7) 


— 'I'a (r,) grad, i};*, (r,)} dv. 


where r is the position vector of the point at which the potentials are being 
measured, r, is the position vector of a point in the nucleus, grad, denotes 
differentiation with respect to the co-ordinates of this point, and where the 
volume integration is to be extended throughout the nucleus. That is to say, 
that the volume integration is to be taken from r, = 0 to r, = % since the 
tj;’s vanish for r, > o^. ^ 

In order to transform these two expressions conveniently, we shall make 
use of two lemmas which may be easily proved. 
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Lemma I , — ^If for values of r greater than % tlie fuactiou ^(r, 6, is defined 

by tbe relation 

F (r, e, ^) = [ ” [ [ ~ (r^) Pj' (cos 0i) sin Sj ^01 

Jo Jo Jo ir — TjI 

then, for r > %, 


F (r, 0, <f>) = 2i7i2 Pjl>«l (cos 0) 

yv 


X 


r^' Jt+i/2 (ri) 


/WV*!. (4^-8) 


Jo V '^1 

where is the first Hanhel function ” defined by the relationf 

Hi+i/2 {^) = J Z4.1/2 (^) J-z-i/2 (^)* 

It is convenient to give here, for purposes of reference, the values of the first 
three Hankel functions of half-integral order : — 


H;i/2 [z) 




i \m* 




(4.9) 


Lemina 11. —It 4>i W and (r) are solutions, which vanish for r > %, of the 

equations 

f w + i f . « + [E. - V on - h 0) - 0 


and 


f 'o W + ; f 0 W + [Eo - V (r)] ^0 W = 0 


r 


(4.10) 


J 


and if 2 = 271 (!„ — Eq)/^, then 

+ (4.11) 

We alia.0 now develop in detail the electromagnetic potentials for the parid- 
t Of. Watson, “ Theory of Bessel Ihnotions,” p. 73. 
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cnlar nuclear transitions in wMch the initial state is a D state determined by 
the wave functionf 

m =0 == <j>2 W ^ 2 ° (cos 6 ), (4.12) 

and the ground state is the normal S state, 

^0 ~ 0 , 1=0, wi*=o ~ ^0 i^)‘ (4.13) 

From (4.7) we have, for this transition, 

f [ ^ ^ 02(ri)^o(>'i)^*2(cose)ri^(?riSin 6i dQid(f)i, 

Jft Jo Jo [r— rj) 

which, by Lemma I, yields 


,5^o(r)=:2iT^te V2B.^^{qr)-p^{cosQ)\'' 

JO 

(4.14) 

Now even for the hardest y-rays from radium C, q is less than 10 “- cm.“^, and 
if we assign to the nucleus a radius of about 10 “^®cm.,J then qr is less than one- 
tenth for all points inside the nucleus. Hence we may expand the Bessel 
function under the integral sign in (4.14) in powers of qr, and the leading term 
in <5^^ (r, 0 , <f>) will come from the lowest power of qr. 

Substituting the value of Hj/j from (4.9) and expanding as 

(2/ir)i^ . zS/2/15 . {1 - z2/14 +...}, 

we obtain 

^.0, e, = -g [l + ^ - ^] p, («, 6) 

X ^ + ■■■ ) W*. (4-16) 

and therefore the leading term in the scalar potential is 

(n = - 2 C 2 P 2 (cos 6 ) [l + | , ( 4 .I 6 ) 

where 

= ^'^<l>o{r)<f>Ar)r^dr. 

The vector-potential is most simply discussed by considering its Cartesian 

t Where there is no danger of confusion we drop the upper s n-ffir to the ^ symbol. Thus 
in (4.12) we should, in the notation of (4,1) write but for brevity we may drop the n> 
t Of. Gamow, Atomic Nuclei and Radioactivity,” p. 52. 
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components. For this special transition we have from (4.6) that the z-com- 
ponent of the vector-potential is determined by 


(r) = 


4Tcmci 


^vt rir flrr piq\T-Ti\ f ^ 

dr^ sin d0i (4.17) 


- <j>^ (j-i) Pa (cos Bi)] — 9&0 (/-i)! r( 


The partial derivatives of functions such as occur in (4.17) have been given in 
a convenient form by Darwin, f and using his results, the quantity inside the 
curly bracket of (4.17) may be transformed to 3 deld 

fPs + 4Pi {M.' + ^ - <f>'o<f>z} (4.18) 


where the dashes denote differentiation with respect to r. Substituting this 
quantity in (4.17) and applying Lemma I we obtain 

(r, B, <!>) = . 27^2 {X (r) P 3 (cos B) -h (Ji (r) Pj (cos 6 )} 

47rmc 

where 

X (r) = (?r) {qr) ^ r^dr 

Jo 

and 

5 x(r) = (qr) f"" (qr) Uoh' + ^ (4.19) 

• <1 ^ ^ ^ 

If now we espand the Bessel functions, as in the previous case, we at once see 
that the integral in X (r) is small compared with that in p. (r) in the mtio of 
to 1, and therefore we may reject the term in X (r). Further, we notice 
that the leading term of p (r), namely, 

j%r f 0^} r^dr 

may be transformed by Lemma II to yield 

t Darwin, ‘ Proe. Roy. Soc.,’ A, vol. 118, p. 668 (1928). We use keie the third of his 
equations (7.2). It might be noted that we are here using ordinary I^;Midre fnncikms, 
not the special ones as defined by Darwin. 
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and, therefore, finafly we have 

(r, 0, ,^) = - 2 Ca Pj (cos 0) fl + -1 , (4.20) 

■- qrj 

where Cg is as defined in (4.16). 

In a precisely similar fashion, using the first of Darwin’s equations (7.2) 
(Zoc. ci{.), we may transform the corresponding expression for tS^a+ii/j and in 
this way we obtain 


tS^j. = OjPj^ (cos 0) cos ^ g»(«r-2iri.<) 

= OgPi^ (cos 0) sin ^ . r~^ ^ J 


(4.21) 


The electromagnetic potentials corresponding to a given AaIiI of radiation 
are, of eou3r3e, not umque. As is well known, if we modify our potentials by 
substituting 

1^X^ 


(4.22) 


M — grad xJ 

where X is any scalar, satisfying 

V2X-i§ = 0, 

<?dfi ’ 

then the potentials A' and defined in terms of 64' and 64' ^ by (4.6) still 
lead to the same values for the field intensities E and H. Let us choose X to 
satisfy 

X = (4_23) 

Substituting from (4.16), (4.20) and (4.21) in (4.22) we therefore obtain 

{2 P, (», 6) [l +|_ jj 


and 


{ 61 '), = ( 64 '), = 0 

(64'), = - SCa cos gFi + 11 

L urJ 


y (4.24) 


where 


qr- 

^ ^ 


This is the ordinary field of a quadripole. Cf. § 5. 
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Comparison with other Transitions , — ^In a metliod, precisely similar to that 
developed above, we may derive the potentials radiated by any transition of 
the nucleus. We shall write down here the potentials corresponding to a 
transition from a P state to the ground state, and also those corresponding to a 
transition between two P states, whose radial wave functions we shall write 
in the notation of (4.1) as <f>^ and 

P “> S transition. 

= 0 ^ (4.25) 

where 

S4q 

where 


For completeness it should be added that although we have considered in 
detail only P P and D S transitions, it is true, in general, that for any 
transitions in which Aj = 0 or ± 2 the radiation is of the quadripole type. 
There is one case which is exceptional, namely, that of a transition between 
two S states. In this case it is found that by a suitable transformation of the 
type (4.22) the potentials of the radiation may be made to vanish identically. 
Hence no rcdiative^ transition is possible between two S states. 

It wiU be noticed that the potentials (4.26) are the ordinary potentials 
corresponding to a Hertzian vibrator along the 2 :-axis. This gives a wave- 
mechanical justification for the assumption of the field of a Hertzian vibrator 
made by Miss Swirles, Hulme and Casimir (Zoo. ci^.), since this particular field 
is here shown to correspond to nuclear transitions in which the ai^ular 
momentum of the nucleus changes by one quantum. 

t Tliis point may be of importance in connection ■with the abnormally converted line at 
14*26 X 10® electron volts, as is mentioned in § 1, 


P P transition. 

C„ r-1 |2P2 (cos 0) [l + ^ 


= 0 


qr gV 




= - SCu cos 0 [l + i ] 


> (^-26) 




3 A 
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!I!lie potentials (4.24) , corresponding to D S transitions, are seen to be 
identical with (4.26) except for the unimportant difference in the constants 
Cg and Cjj.* These potentials differ, however, from the dipole (4.26) in two 
important ways which we must now discuss. The first obvious point of 
differ^ce is the occurrence of second order spherical harmonics in the PP and 
DS potentials, while in the PS potentials only first order harmonics occur. 
The presence of the second order harmonics is a characteristic of qmdHpole 
ra>ddaMon just as the first order harmonics are characteristic of dipole mdiation, 
la discussing the effect of the fields in causing transitions of extra-nuclear 
electrons from bound states it is seen that the dipole fields cause transitions in 
which the orbital angular momentum of the electron changes by one quantum 
unit whereas the quadripole fields cause transitions in which the angular 
momentum of the electron changes by two units (c/l Hulme, H II, and § 2 of 
this paper). The second point of difference between the quadripole and dipole 
potentials is the difference in the numerical constants in equations (4.26) and 
(4.24) or (4.26). We have already pointed out that qa is a small quantity, 
and therefore C 2 or On wiU be small in comparison with Ci. This corresponds 
to the fact, well known in considering radiation from atoms, that a dipole 
transition is normally much more probable than a quadripole. 

As stated in § 1, however, with certain models of the nucleus the dipole 
moment vanishes. As we shall show below, this has the result that DS tran- 
sitions ( Ay = 2) become more frequent than PS transitions ( Ay = 1.) We must 
emphasise here, however, that Ay = 1 transitions will still occur and will he 
ammaied with a dipole fidd, as before, so that the calculations of Hulme of 
the internal conversion coeflScient are not affected. The vanishing of the dipole 
moment affects only the absolute intensities of the lines. 

If a radiating system contains particles R^, Rg, ..., with charges ---j 

etc., and if in a given transition the initial wave function is the final 
the dipole moment is 

j [siRi + SsR, + ...] (Ri, Ra, ...) i>\ (Ri, Ra, •.•) dR^ dR^ ... . 

This will clearly vanish if s/m is the same for each particle, provided that there 
is no external field. 

It has recently been suggested by Heisenbergf that the nucleus may be 
built up of protons and neutrons, the forces between them being of the nature 
of “ Austausch forces, due to the rapid interchange of electrons from neutron 

t LoCtt 
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to proton and back. It might be thought, at first sight, that with such a model 
the dipole moment would not vanish ; however, closer consideration shows that, 
in fact, the dipole moment does vanish. The same is true of the hydrogen 
molecule ; no transition in which the electronic state does not change has a 
dipole moment. 

The proof is as follows. If Rj, Rg, ..., are the co-ordinates of the protons 
in a nucleus, r^, r 2 , ..., of the electrons, then the wave function of the nucleus 
noay be assumed to be of the form, as for the hydrogen molecule 

'!'» (Ri, Rfc -) 'F (Rj, Ra, ... Ti, r^, ...), 

where ^ is the wave function of the protons moving tinder the “ Austausch ” 
forces, and T the wave function of the electrons moving in the field of the 

protons, supposed at rest at the points R^, R^, We may; suppose that the 

function T does not alter in a nuclear transition, and that 

J’lTpdtidrg... = 1 (allR). 

The dipole moment of the n-^0 transition will be 

D = s jj {S R - S r} I TpdrdR. (4.27) 

But if X is the ratio of the mass of the proton to the mass of an electron, we 
have, since the centre of gravity does not move. 


0 = II {X S R + S r) 1 T|2dr dR. 

(4.28) 

Adding, we obtain 


D = s (1 + X) II {S R} 1 Tp dr dR. 

(4.29) 

The integration over r may be carried out, giving for D 


D = e(l + X)||{SR}<{<„4-*odR 

(4.30) 


= 0 , 


We must now consider in greater detail the radiation from a temsitieii in 
which Ay = 1, when the dipole moment vanishes. For this purpose we tdke 
a simple model, supposing the nucleic to consist of two intmtclang j^rfides 
of mass and and charge and These may be thought of as m 
a-particle, and the rest of the nucleus. 


3 A 2 
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Let tli6 co-ordinates of tlie two particles relative to a fixed set of axes be 
2i) and (a? 2 , Z 2 ), tbe corresponding position-vectors being and 

and let tbe co-ordinates of tbe centre of gravity be (I tj, Kh tbe position-vector 
being R. Further, let us write 

r = rj — rg 1 

m that r> (4.31) 

x = Xi — etc. J 

and finally let 7 }^, ^ 1 ) and (^ 2 ^ *^25 ^ 2 ) 1 ^® tbe co-ordinates of tbe particles 
relative to axes parallel to tbe original ones but having tbeir origin at tbe 
centre of gra,vity, so that 

= mg (% -f X, etc. 

^2 = — % (mi 4- mg)-^ X, etc. 

Then tbe wave function 4^ (r^, Tg) for tbe two particles may be resolved into- 
tbe product of tbe two functions wbicb describe tbe motion of tbe centre of 
gravily and tbe motion relative to it ; we bave 

^ (ri, Ta) = ^ (R) X (r) = ^ (I, 0 X (^-33) 


(4.32) 


where ^ (r) satisfies tbe equation 


VA4 


W (mi + mg) 


(E,-V)x-0, 


(4.34) 


in wbicb denotes tbe part of tbe energy of tbe whole system wbicb arises 
from motions relative to tbe centre of gravity. 

Now tbe charge associated with tbe particle 1 in tbe element of co-ordinate 
space drq dXidxdyd^ is 

% QP lx y. dz, (4.36) 

and so tbe charge in tbe element of space dx dy dz, independent of tbe position 
of the centre of gravity, is 

Si lx {X, y, z\ p cir % j| j I ^ vj, Q P di dTi dX, 

= Si lx y> 2 ) I® ^ dy dz, (4.36> 

since we may suppose (f> and x independently normalised to unity. Now let 
ns take tbe centre of gravity as tbe origin of co-ordinates, and, therefore, sub- 
stituting from (4.32) in tbe e3q)ression (4.36) we find that tbe charge associated 
with tbe element d^i dvji d^i arising from tbe particle 1 is 


h lx \Ki) P V dll dfh dKi, 


(4.37> 
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where \ = (m^ -f- and similarly that the charge in the element 

d %2 dy \2 due to the particle 2, is 

|X ( ^2?29 ^2^2» ^ 2 ^ 2 )!^ ^2^ (438), 

where X 2 = {rrh^ + If then we denote by u the position-vector of any 

point in “ centre of gravity space/’ the total volume density of charge at n 
is given by 

p (u) = SiXi^ lx ( Xiu) |2 + SaX/ 1 X (- Xgii) p. (4.39) 

But the wave function x (r), being the solution of (4.34) is expressible as in 
(4.1) in the form 

X«. i, m (r) = (r) Pjl**! (cos 8) (4.40) 

and therefore 

X«. z. « (- r) = <f>i' (r) (cos [tc - 8]) 6*“'^+"’ 

= (— )'“ ^z” W (cos 6) (4.41) 

Further, since the ground-state Xo is spherically symmetrical, we have 

Xo(i^)=Xo(— r). 

If now we consider transitions in which the system jumps from the state 
X«, i, m to the groimd state, then the charge-densily at the poiut u is given by 

p (u) = (Xju) (Xju) 

+ (— )' (M) (M)} (cos 8) 

+ complex conjugate. (4.^) 

Substituting this e 2 j>ression for p in (4.6) and evaluating by means of Lemma I 
the resulting e 25 )ression for we obtain 

(u) = 2i7c2e~^’^’^ Hi+ 1/2 {qu) Pjl®! (cos 0) 

X I j (Xir) <f>i (Xir) Jj+i/j {qp-)t^dr 

+ (-)* (V) 4>i (V) Ji+iA (2»') • (^-43) 

The expression inside the curly bracket may be written in the more cemvenient 
form 

0^ (grj'ki) 4* ( — y S2^2^Jm/2 (?^/^2)| W ^ W ^ df, (4,44) 
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and tlierefore, taking tlie first term in the expansions of the Bessel' functions 
we obtain the leading term in <54 q in the form 


64^ (u) = {qu) (cos 6) 

^ T ^ I ““ W h (O 

i . O . 0 {.iSb -f- 1) J 0 


(4.45) 


wiflch is identical in form with the expression (4.14) except that the factor 
+ (“-)* £ 2 X 2 ”^ replaces the simple quantity s. 

Hus we see that when we take into account the motions of the two separate 
particles, we must multiply the simple expressions previously obtained for the 
potentials by this factor. For dipole transitions, Z = 1 and the factor becomes 
^/X^L — S 2 /X 2 , while for quadripole transitions Z = 2 and the factor is 

«i/V+ WV- 

Since X^ : % = X 2 : mg we see that if the leading term in the 

dipole field vanishes, whereas the order of magnitude of the quadripole is 
unaffected. In the dipole case we must therefore take into account the second 
term in the expansion (4.44). This gives us for Z =: 1 

S 4 ^ (u) = - (gtt) «-wp^o (cob 6) {^3 - ^3] 

fasr 

dr, (4.46) 

• 0 

which gives much less energy radiated per unit time than in the Z = 2 transitions. 

Of course, it is unlikely that the dipole moment vanishes exactly, and it 
may well be that the energy radiated by Z == 1 trar^itions is of the same order 
of magmtude as for Z = 2 transitions, which must be the case if our hypothesis 
of § 1 as to the various y-transitions is correct. 

§ 5. In this section we discuss the most general form that an electromagnetic 
wave divergii^ from the nucleus can have, and show that the assumption of 
dipole, quadripole, etc., does not depend on the assumption of any special 
model for the nucleus. 

The electromagnetic field outside the nucleus is conveniently expressed in 
terms of the Hertzian Vector,” which we denote by II. The vector-potential 
A and the scalar potential Aq are then given by 


A = i ^ n Aq = div n. 

c at ^ 
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The advantage of using the Hertzian Vector is that the identity 

div A i = 0, 
c dt 

is satisfied identically. 

The most general solution of Maxwell’s equations, representing an outgoing 
wave of frequency v, is given byt 

n = s 

a-h 

where Cais^ are arbitrary vectors, and 

(£f + complex conjugate. 

It is easily verified that the dipole field (1.1) is given by 

na. = ny = 0, — + complex conjugate, 

and the quadripole field (1.2) by 

= n, = 0, n, = 1 

It is easily verified (as in H II) that the dipole field only causes tmnsitioiis 
in the electronic shell for which Aj = 1, the quadripole for Aj* = 2, and so on. 
Thus without any assumption as to the structure of the nucleus, we may 
state that the dipole field is the most general outgoing wave which caus^ 
S— P transitions, and so on. The dipole, quadripole, etc., waves sme not 
special forms derived from a nuclear model. 

On the other hand, there is no a priori reason why the wave radiated by the 
nucleus should not be the sum of terms of the type (5.2), (5.S), etc. Assuming 
a field of this type, one could obtain any value of the internal conversion 
coefficient. However, since we know (§ 4) that a given transition in atoms is 
associated with either a dipole, or quadripole, and since dipole and quadripole 
radiations are sufficient to explain the experimental results, it seems probable 
that nuclei also have this property. 

§ 6, In view of the complicated nature of the calculations of § 2, and tto r^ult 
that for small Av the quadripole internal conversion coefficimt a is mmAi 
greater than the dipole, it is of inter^t to obtain an analytic^ formula for the 
internal conversion coefficient by making a number of simplifying assumptions. 

f Darwin, * Trans. Oamb. PMl. Soc./ vol. 2S, p. 1S7 (1924)* 
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Suci a formula may be in error by a factor of 3 or 4, but it will at least give us 
some idea of wby tbe quadripole a is bigger than the dipole, and of the results 
to expect for higher orders, octopole, etc. 

The simplifying assumptions we make are the following : we use Schrddinger’s 
equation ; we assume the wave-length of the radiation long compared to the 
ra^us of the K ring (as in formula (3.1) ). Also we represent the final state of 
the electron by a plane wave. 

We consider the case where the angular momentmn of the nucleus changes by 
n quanta. The Hertzian vector of the field of the nucleus is then 

0n~l 

n = 0, 0, B exp {iqr — 2mvt) + complex conjugate]. (6.1) 

It is easily verified that the number of quanta radiated per unit time is 

Wjh (2w - 1) (2n + 1). (6.2) 

Assuming q small we obtain for 

~ ® ^ (^) complex conjugate, 

whieli reduces to {</. Jeans, “ Electricity and Magnetism,” p. 216) 

B « ! (-1)« P„ (cos 0) 


The only final state to which transitions are possible has wave function, normal- 
ised as required in § 3, 

Thus the number of electrons ejected per unit time is 

(ao»7i)-i J j sBw ! i J„+ j (hr) r-»-i r® dr 2 

where ciq is the radius of the K shell. To obtain an approximate expression we 
replace by the first term in the expansion of the Bessel function. We 
obtain for the number of electrons ejected per unit time 


2 ?^ 

"f" 1 
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Dividing by tbe munber of light (juanta we obtain for the internal conversion 
coefficient 


r n[ ■ 

^^ah\ 


Lr {n + !•)- 

hv 

\2q) 


For long wave-lengths, Thus the larger the value of n the more 

rapidly will a increase for decreasing Av, a result wHch is borne out for w = 1, 2 
by the exact calculations. Hence it is probable that for higher values of n, 
still larger values of a could be obtained. 


In conclusion, we wish to express our thanks to Mr. H. p. Huhne, for allowing 
us to see his work in manuscript, and for his help and advice in the course of 
the calculations ; to Dr. C. D. Ellis and Professor E. H. Fowler, for many 
•discussions about the subject, and to Dr. Wishart, for the loan of a Brunsviga 
calculating machine, without which the computation would have been almost 
impossible. 

Summary. 

The internal conversion coefficient is calculated, assuming for the nucleus 
the field of a quadripole. Making use of Hulme’s calculations with the dipole 
field, it is shown that the experimental results can be explained by the assump- 
tion that the nucleus can make transitions in which the angular momentum 
changes by one, or by two quanta. The bearing of this hypothesis on the 
theory of the nucleus is discussed. 
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The Rate of Burning of Colloidal Propellants. 

By F, E. W- Htjnt and Gr, H. Hends, Military College of Science, Woolwicli, 
(Communicated by H. C. Plummer, F.E.S. — ^Received June 29, 1932.) 

A. — Introductory. 

1. Two papers have recently appeared in which a theoretical law is derived 
for the burning of colloidal propellants,'and in each case the theory is supported 
by experimental results. Yamaga* proves that the rate of burning along the 
normal is proportional to the pressure of the surrounding gases, whereas Crow 
and Grimshawf prove that it is proportional to their density. Further, 
MuraourJ has shown by experiment that, with propellants containing a 
mineral jelly stabiliser, the rate of burning is proportional to the pressure, 
whereas with solventless propellants containing a centralite stabiliser, the 
rate of burning is a binomial function of the pressure, requiring the addition 
of a small constant term : this latter law Crow and Grimshaw§ have shown to 
be equivalent to their density law. With a view to resolving the differences 
between these conclusions, we have re-examined the experimental data given 
by Grow and Grimshaw. 

2, But for the comparatively small effect of co-volume, the pressure of the 
gases would be proportional to the density; consequently a fairly delicate 
test is necessary to differentiate between the two rate-of-burning laws. 

Various methods of examination were tried, including the following ; — 

(а) A method depending on the maximum slope of the pressure-time curve. 

This was discarded because of the difficulty of measuring a maximum 
slope, and also because the influence of the co-volume on this slope was 
complicated and considerable. 

(б) Methods depending on the area under the pressure-time curve. These 

were discarded because small errors in the estimate of the time at which 
combustion is complete cause large errors in the deduced area. 

(c) A method whereby functions of the pressure were plotted against time ; 
these functions were so chosen that, provided that combustion took 

* ‘ Z, ges. Schiess-u. Sprengstoffw.,’ vol. 25, p. 60 (1930). 

f Phil. Trans.,’ A, vol. 230, p. 387 (1932). This paper will be referred to subsea uently 
as “ G.P.” 

J ‘ 0. R. Acad. Sci. Paris,’ vol, 192, p. 227 (1931). 

§“C.P.,” p. 397. 
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place in accordance with, the law assumed, their graphs would be 
straight lines. This method was finally adopted because it enables a 
series of points on the experimental pressure-time curve to be used, 
and not merely the total area under the curve, nor the slope at any one 
particidar point, and also because any departure from the rate-of- 
burning law, assumed to be true, is immediately revealed by a curvature 
in the line through the plotted points. 


B . — The Functions of Pressure. 

3. The equation of state of the uncooled gases in the explosion vessel is* 


where 




XA 

1 — 7]A 


( 1 ) 


p is the gas pressure in kilograms per square centimetre at any moment, 
A is the density of the gases in grams per cubic centimetre at that 
moment, 

7) is the CO- volume in cubic centimetres per gram, and 
X is the force constant ” of the propellant. 

If C gm. of propellant, of density S gr./c.c., be eaploded in a vessel of 
capacity K c.c., then the density of the gases, at the moment wh^n the fraction 
z of the charge has been burnt, is A where 


and 





Eliminating A between equations (1) and (2) gives 



For propellants in the form of long cylinders of the same diameter, we have 
the geometrical relation 

z = (4) 

where / is the fraction of the diameter remaining at the moment when the 
fraction z of the charge has been burnt. This relation is based on Kobert’s 

* Grow and Grimshaw, ‘ PMl. Trans.,’ A, vol. 230, p. 39 (1932). His paper will 
subsequently be referred to as E.S-” 
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law of birming by parallel layers, and neglects burning at the ends of the 
cylindrical pieces of propellant. 

4. The two functions that we propose to use are 

^ = ( 5 ) 

and 

y = loge|^+ (6) 
/ being derived from the observed pressure by means of the relations 


and 


/2=1-Z 



( 7 ) 

(8) 


Differentiating the first with respect to time, t, we have 


dt 



+ 1X^1 

^ VSJ dt 


_ 2 _^ 

YAdt’ 




I 


( 9 ) 


If therefore the rate of burning is proportional to the density of the gases, the 
graph of X plotted against t will be a straight line. In symbols, if 


Df— „A. 


( 10 ) 


where D is the diameter of the cylinders of unbumt propellant in centimetres, 
and «« is a constant depending on the nature of the propellant and on the charge 
temperature, then the slope of the line is given by 


dx 2u 


( 11 ) 


and the value of u can at once be derived. 
Differentiating y with respect to time, we have 
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and, using (10), 

Hence, initially, the slope of the graph of y, plotted against time, has prac- 
tically the same value as that of the x graph ; as burning progresses, however, 
A increases and the slope decreases in absolute value ; the curve therefore 
bends upwards, and finally meets the x line on the time axis, since a? =■ y = 0 
when / = 0. If, therefore, the rate of burning is proportional to the density of 
the gases, the two functions, x and y, when plotted against time, will appear 
as indicated in fig. 1. 



If on the other hand the rate of burning is proportional to the pressure of 
the gases, such that ^ 

d|=-2P. (IS) 


wtere j is a constant depending on the nature of the propellant and on the 
chaise temperature, then, from (12), (1), and (13), 


dy _ ^ ^ 

dt Ypdt VD ’ 

and, from (9), (1) and (13), 

dx 2Xy Q 

dt~ VD 1 X y 


(14) 


( 15 ) 


In these circumstances the gmph of y plotted against time will be a straight 
line, while that of a: wdll be a curve having approximately the same slope as 
that of y initially ; as the pressure increases, the x curve will bend downwards, 
ultimately meeting the y line on the time axis. If, therefore, the rate of 
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burning is proportional to tbe pressure of tbe gases, the two functions, x and 
when plotted against time, will appear as indicated in fig, 2. 

In the analysis which follows, each es 5 )erimental pressure reading is corrected 
for cooling and other losses ; from every such corrected reading, the corre- 
sponding values of the two functions, x and j/, are calculated. We thus obtain 
quantities which depend on only one observation at a time, and are independent 
of previous and subsequent pressure observations. For each explosion, 
graphs of x and y against corresponding times are drawn. 



G . — Analysis of Experimental Results, 

5. Correction for Energy Losses , — ^The method developed by Crow and 
Ghimshaw* of allowing for energy losses up to the instant of maximum pressure 
can be extended to allow for losses up to any time t during the explosion. 

The work done in expanding the vessel is bp% where 6 is a constant and S 
is the area of the internal surface of the vessel. 

The rate of heat flow across unit area of the internal surface of the vessel at 
time ^ is a {T — T^)/2V t, where T is the mean temperature of the gases at time 
if T^ is the initial temperature of the internal surface of the vessel, and a 
depends on the properties of the steel of which the vessel is constructed. 

Hence, if s is the mean specific heat of the gases, and Tq is the uncooled 
temperature, 

Csz (To - T) = 6p2S + (T' - TJaSVi: 

where T is the mean value of T with respect to Vt After the initial stage of 
combustion no serious error will be made in replacing T' by T in this equation. 

The equation of state of the gases may be written in the fnitn 


P = 


TXA 

To(l-^A)- 


* “ E.S.,” pp, 60 et seq. 
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Combining this with equations (2), (4) and (10), and eliminating A, / and 
we obtain an equation of the form 




The coefficient u depends essentially on the nature of the propellant, and is 
considered to be independent of the state of the gases ; hence, at given time 

J^Tq/XT is constant ; consequently the densities in the actual and the un- 
cooled states at time t are the same. It follows that is equal to T/T^,, 
where Pq is the uncooled pressure corresponding to p. In order then to correct 
observed pressures to uncooled pressures at the same instant, we have to apply 
Crow and Grrimshaw’s correction, modified to the extent of substituting Cz 
for C. 

If the rate of burning is assumed to be proportional to the pressure instead 
of to the density, the same correction to observed pressure holds, provided 
that a small correction is also applied to observed times. Eliminating A, 
/ and z from the above equation of state and equations (2), (4) and (13), we 
obtain an equation of the form 



where f is the time at which combustion is complete, and T is the mean value 
of temperature with respect to time during the time interval t' — t. Under 
uncooled conditions 



where is the corrected value of f — t. Hence 



when 


V- <0=1 («'-*)• 


6. Application of Corrections.— The experimental results given by Crow and 
Grimshaw* are time-intervals for increments of 1/50 in the ratio plp^^ where 
p is the manometer pressure, and p,^ is the maximum manometer pressure, 
both uncorrected for losses due to the expansion of the explosion vessel, and 


p. 409. 
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to conduction tkcougi. the walls. Coireetions are applied by means of the 
formula given by them,* modified, as indicated above, to apply during com- 



Fig. 3. — Series I. PropeUant N.O. j charge temperature 26 • 7° C. 



Peg. 4. Seri^ 11. Propellant hT.C. ; charge temperature —0-55® C. 

bastion by the substitution of Cz for G. With this modification, and assuming 
that the correction is small so that the binomial approximation may be applied, 

* “ E-S.,” equation {6 a), p. 64. 
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the formula gives as the percentage additive correction to be applied to the 
e35>erimental pressure 

3-21 X 10"^ + 3000 ^ + 1-984 X lO"®^ 




and for ease of manipulation this is applied in the form 


0-321 X 10-SJJ + 


3000 Vt X 10* 
C lOGz 


+ 


198-4 (p X 10-*)* 
0 1002 


3 B- 


VOL. OXXXVIII. — 
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and z is taken, with sufficient accuracy for use in this formula, as equal to 
pIp^* Zero time is difficult to arrive at, but is not required accurately for the 
purpose of applying the corrections, and is therefore obtained by extrapolation, 



Pio. 7. — Series V. Propellant Mk. I ; charge temperature 26*0® 0. 



Fig. S.—Series VI. Propellant Mk. I ; charge temperature 0*55® C. 

assuming that the pressure-time curve is linear from = 0 to pjp^ = 3/60. 
From the pressures corrected in this way, values of x and y are calculated, and 
are plotted against corresponding times in the accompanying graphs, the time- 
co-ordinates of the y-points being corrected as indicated. 
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7. Discussion of Results . — ^In general, the smoothness of the curves bears 
testimony to the excellence of the experimental work. In all curves, the first 
two or three points do not conform, and this is explained by the fact that, at 



xlO secs. 

Fig. 9. — Series VII. Propellant H.C. ; charge temperature 26*7® C. 



X lC)\ecs. 

Fig. lO.—Series VIII. Propellant H.C. ; charge temperature O-S® C. 

low pressures, the sensitivity of the manometer is diminished,* ^d further, 
and probably more important, the correcting terms are of eonsideraWe magni- 

♦"E.S.,”p. 58. 

3 B 2 
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tilde, so that the approxiinations used in applying the correction formula no 
longer hold good ; for this reason the first two or three points are neglected. 

Btom the experiments with the If.C** propellant, series I (charge temperature 
26-6° C.), the x curve tends to bend downwards towards the end of combustion, 
while the y curve tends to bend upwards : no conclusive deduction can be 
drawn from this series. In series II, the x curve is definitely more nearly 
straight than the y curve, indicating a rate of burning proportional to density. 

In all other series, the y curve is straight, and the x curve shows the character- 
istic downward curvature to be expected if the rate of burning is proportional 
to pressure. 

It thus transpires that, whereas Crow and Grimshaw deduce a density law 
in all cases, we find evidence of it only with the N.C. propellant ; in the M.D., 
Mk. I, and H.C. propellants, the evidence is that the rate of burning is pro- 
portional to pressure. This conclusion is to a certain extent similar to that 
of Muraour (Zoc. dt.) who found the pressure law to hold in the case of pro- 
pellants containing a mineral jelly stabiliser. 

8. Rate-of-Burning Constmt . — ^In the case of propellants other than N.C., 
the value of the constant, q (equation (13) ), can be immediately derived from 
the y curves : in the case of N.C., a best straight line can be drawn, and the 
corresponding values of q obtained. These values of q are collected in the 
f ollowing table : — 


Series. 

Propellant- 

Charge 

temperature. 

Loading 

density. 


I 

KC, 

°C. 

26-7 

0*2479 

0*0141 

II 

N.C, 

-0-55 

0*2479 

0*0133 

in 

M.D. 

26-0 

0*2479 

0*0202 

rv 

M.D. 

1-67 

0*2479 

0*0182 

V 

Mk.I 

26-0 

0*2211 

0*0298 

VI 

Mk.I 

0-55 

0*2211 

0*0281 

VH 

H.C. 

26-7 

0*2479 

0*0272 

vin 

H.C. 

0*30 

0*2479 

0*0248 


9. In conclusion, we wish to express our thanks to Dr. A. D. Crow for helpful 


* The symbols used here for the various propellants are those adopted by Grow and 

Grimshaw (‘ C.P.,’ p. 404), Le., N.C. is a straight nitrocellulose propellant stabilised with 
diphenylamine ,* M.D. is Service cordite (a cool nitrocellulose-nitroglycerine mixture 
stabilised with mineral jelly) ; Mk. I is Service cordite Mark I (a hot nitrocellulose-nitro- 
glycerine mixture stabilised with mineral jelly) ; and H.C. is a hot nitrocellulose-nitroff 
glycerine mixture stabilised with centralite. 
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criticism, and to the Ordnance Comnnttee and to the Commandant of the 
Military College of Science for permitting publication. 


Summary. 

A method of analysing pressure-time curves obtained from closed-vessel 
experiments is developed, whereby two functions of the pressure are plotted 
against time. One yields a straight line if the rate of burning is proportional 
to the density, while the graph of the other is straight if the rate is proportional 
to the pressure. Only one of the four propellants considered by Crow and 
Grimshaw (‘ Phil. Trans.,’ A, vol. 691 (1932) ) gives evidence of a departure 
from the pressure law. 


The Relationship between Viscosity^ Elasticity and Plastic Strength 
of Soft Materials as Illustrated by same Mechanical Properties 
of Flour Doughs, 1 . 

By Robbbt Kenwobthy SoHoriEnn and Geobge William Scott Blaib. 
(Communicated by Sir John Russell, F.R.S. — ^Received July 8, 1932.) 

[Plate 15.] 

1. Flour dough belongs to a group of materials in which a high degree of 
plasticity is combined with considerable elasticity. Owing to their great 
industrial importance, a number of technological investigations have been 
carried oui on these materials (of which unvulcanised rubber is another 
important example) ; but the problem of bringing the description of their 
behaviour within the scope of a general theory of viscosity and elasticity has 
hardly been tacMed. 

The time during which a stress is applied is as important as the magnitude 
of the stress in determining how much of the deformation is elastic (recoverable) 
and how much plastic (non-recoverable). This fact suggests that a formulation 
based on Maxwell’s ‘‘ time of relaxation ” should be of value in this connection. 
The formulation as Maxwell gave it applies to a true fluid, for which case the 
relaxation is exponential and for which the rate of di^ipation of internal 
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stress is proportional to the stress, the constant of proportionality being the 
reciprocal of the relaxation time. Thus 

^ IS 
it 
or 

1 ~ ^ ^ ^ (l^gg S) 

tf S it ' 

where S is the shearing stress, and the relaxation time. 

An obvions method of extending this conception to plastic materials is to 
recognise the relaxation time as a quantity which is not a constant but which 
varies according to the stress, and to consider its reciprocal as determined by 
d(log^ S)jdt. Thus the reaction of the material to an external stress will be 
more purely elastic in proportion as the time of relaxation exceeds the time of 
application. 

In handling a flour dough, strains up to 30 per cent, given momentarily 
recover almost completely, so that, for the corresponding stresses, the time of 
relaxation must be large enough to be measured without the aid of elaborate 
apparatus. The reason for this is brought out by a further consideration of 
Maxwell’s theory. In steady flow the velocity gradient (or rate of change of 
shearing strain), G, is related to the rate of dissipation of internal stress by the 
rigidity modulus, n, of the material. Thus 



So that the viscosity, 73, which is defined as the ratio of S to G is given by 


Hence 




( 1 ) 


In the case of plastic materials, vj, if defined as the ratio of S to G, is not a 
constant,* but varies with S ; w, on the other hand, appears to be a constant of 


There is no nmveisaJly recognised definition of -rasoosity in systems other than true 
flmds. In certain eases, althongh S/G varies, dS/dG is constant over a considerable range 
r? behaviour of the system is conveniently described in terms 

of dS/dG which been termed the “ pseudo-viscosity "f or “stifiness,” its reciprocal 
bemg B^ham’s mobifity It seems best to reserve the term viscosity for the simple 
ratio b/Or, and recognise that, in general, this varies with S. 


t Scott Blair and Crowther, ‘ J. Phys. Chem.,’ vol. 33, p. 321 (1929). 
t Bingham, ** ilnidity and Plasticity ” (1922). 
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the material. Under low stresses the value of for flour dough is considerable, 
while the rigidity modulus is extremely small by comparison with that of 
ordinary solids. It is the combination of these extreme properties which gives 
this material a special interest, and makes its study valuable for the purpose of 
advancing our general, understanding of these systems. 

2. Experiments which have enabled a direct determination to be made of 
t^ are dealt with in Section 3. It is convenient, however, before describing these 
to outline the results of some preliminary experiments which bring out the 
importance of the time of application in determining the type of reaction to an 
external stress. The first experiments were carried out with the pachimeter, 
an instrument for measuring plastic strength under rolling which has already 
been described in detail in its application to the study of soils.* A test piece 
in the form of a small cylinder of known radius and length is made to roil between 
two horizontal plates by reciprocating the lower one, and the instrument is 
designed to measure the stress which must be exerted by the upper plate in 
order to produce in the rolling cylinder a permanent elongation. 

It was thought that the plastic strength of a dough thus determined might 
have an important bearing on the baking (juality of the flour. It was found 
that the instrument is capable of distinguishing between flours, but the results 
did not run entirely parallel with the bakers’ opinion. It is now clear that at 
least one reason for this is that, while the stresses set up by the gas generated 
in a yeasted dough operate over a time to be measured in hours, the recipro- 
cating action in the pachimeter impresses a stress on any given diameter of 
the rolling dough cylinder for only a fraction of a second. The fact that a doi^ 
cylinder does not show a measurable permanent elongation until a stress 
greater than a certain critical stress has been applied between the plates must 
be interpreted as showing that below this critical stress the time of relaxation 
is too long for any measurable plastic deformation to occur in the time allowed 
by the instrument. The remarkable reproducibility of the figures given by 
this instrument is evidently due, in part, to the fixing of the time of applica- 
tion of the stress by the speed of reciprocation ; but it must also, in part, be 
attributed to the rolling action, through which every diameter com^ under 
stress in turn thereby averaging out the effects of irregularities in the specfimn. 
Itis evident, however, that for such a material the terms pldsHc and 

yield value, if used to describe the figures obtained, must be construed as 

* Schofield and Scott Blair, ‘ J. Agric. Sci./ vol. 132, p. 135 (1032) ; * J. Soc, Chem. Xnd., 
vol. 51, p. 205 (1932) ; * Trans, Ceram. Soc.,* vol, 31, p. 79 (1932). 



710 R. Schofield and Gr. W. Scott Blair. 

relative rather than absolute terms. A second series of measurements was 
made on a newly designed instrument wHch we have called a rack owing to 
its superficial resemblance to an ancient instrument of torture, fig. 8, Plate 16. 
Long cylindrical pieces of dough (made by forcing the material through a short 
piece of metal tubing attached to the body of a grease gun) were stretched oxit 
and held stretched for a measured time, at the end of which they were cut loose 
and their elastic contraction measured.* 

Mg. 1 shows the result of a series of experiments in which cylinders of a 
doughf of a good bakers’ mixture were stretched to different extents and cut 
loose after 1 minute. It will be seen that the elastic recovery, expressed as 

'X 



so too ISO zoo 

% Extension (imin,) 

Pro. 1. 


the ratio of the contraction to the final length, increased as the initial extension 
was increased to 100 per cent., but that no further increase was obtained up 
to 200 per cent. A curve resembling the earlier portion would be obtained on 
plotting the same quantities for a copper wire as may be seen from the data 
recently published by Taylor and Quinney.J It is not suggested that the 
correspondence is complete, but a due recognition of the widely different 
relaxation times involved in the two cases does much to bridge the gap. In 
a further series of measurements cylinders made from portions broken from 
a large dough at intervals during a period of several hours were stretched to 

* The satisfactory agreement obtained between duplicate dough cylinders made up by 
this method demonstrates that any irregular strains set up in the dough in the grease 
gun are not great enough to upset the behaviour of the cylinder when under stress. 

■f In comparing doughs made from different flours it was not convenient to use in every 
case the same proportion of flour to water. It was found possible to reproduce dough 
samples most satisfactorily by making them up to that moisture content at which they 
will just not stick to a glass plate when pressed firmly on to its surface. All doughs were 
made up with 23 per cent, salt solution, 

t ‘ Phil. Trans.,’ A, vol. 230, p. 323 (1931). 
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just over 100 per cent, and their elastic recovery after 1 minute was measured. 
No appreciable differences were found. These results are in striking contrast 
to those obtained from portions of the same dough and investigated in the 
pachimeter. As will be seen from fig. 2 the pachimeter-values (W) show 



so 100 ISO 200 2SO ZOO 

Time of Standing of dough (mins.) 

Fig. 2. — 0 X duplicate doughs. 


marked fluctuations with time. In order to ascertain whether the results 
from the two instruments differ because of a relative shortness of time under 
stress in the pachimeter, a simple experiment was made. The apparatus 
constructed consisted essentially of a ballistic pendulum which, being released 
from an angle of 26®, was allowed, when at the lowest point of its swing, to 
strike and rebound from the circular face of a cylinder of dough. The cylinder 
had a radius of 3 mm. and length 15 mm. and was held in an L-shaped support 
so that the end away from the pendulum remained rigid and the cylinder was 
given support from below for about three-quarters of its length. The pendulum 
bob consisted of a clay marble weighing 2-3 gm. supported by two threads 



O so 100 tso 

Time of Standing of dough (mins^ 

FtG. 3. 


46 cm. long separated by 16 cm. at their upper end. The r^ults, shown in 
fig. 3 (each point represents a mean of three readings) confirm the expectation 
that the larger values of W, since they indicate a smaller dissipation of rapidly 
applied stresses, correspond to bigger angles of rebound. 
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Although this is not the place to discuss how far the variations m W reflect 
the colloidal and other changes which take place between the time when a 
baker first mixes his dough and that when it is “ ripe ” for baking, it is interest- 
ing to note that there is a correspondence between them and the variation 
of consistency of flour pastes as recorded by Jago for doughs* and by Denham, 
Scott Blair and Watts and othersf for flour pastes. Since these consistency 
measurements were made by observation of fairly rapid flow through capillary 
tubes, it is satisfactory to note that agreement is shown with the pachimeter 
in which shearing is rapid rather than with the rack where the relaxation of 
stress is slow. 

3. The rack may also be used to determine the time of relaxation for a 
certain range of stresses. For if, as seems reasonable, we may assume a con- 
stant proportionality to exist between the elastic recovery, x, and the stress 
still undissipated at the time of cutting loose, the reciprocal of the time of 
relaxation is as well given by d (log^ (c)ldt as by — d (log^ s)ldLt The former 
quantity can be evaluated by obtaining fromi a series of experiments, in which 
the initial deformation is the same, the variation of x with the time during 
which the cylinder is held deformed. The result of such a series is shown in 
fig, 4, the circles giving the values of x and the crosses of log^ a?. Fig. 5 gives 



so 100 150 200 

Time under stress (secs) 

Fig. 4. q = a;, x = log^ x. 


* Jago, “Ciieiiiistry of Wheat, Flour, and Bread, and Technology of Bread Making’^ 
(1886 and later editions). 

t Denham, Scott Blair and Watts, ‘ Cereal Chem.,’ vol. 4, p. 206 (1927) ; Sharp and 
Gortner, ‘ Tech. Bull. Minn. Agr. Exp, Sta., No. 19,’ (1923) ; St. John and Bailey, ' Cereal 
Chem.,’ vol. 4, p. 140 (1929). 

J Where s is the tensile stress per unit area (equals 3S, see below), the stress plotted 
in figs. 5, 6 and 7 is the tensile stress, s. 
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the variation of the time of relaxation with the stress. In order to deduce the 
undissipated stress plotted as abscissa it was necessary to obtain the appro- 
priate value for Young’s modulus. For this purpose observations were made 
on the compression caused by placing a small weight on top of a squat cylinder 
of dough 1 cm, high and 0*55 cm. mean diameter. A fourfold magnification 
was obtained in measuring the deformation by an arrangement resembling 
the backsight of a rifle. This method was used because it was simple, and 
enabled the readings to be taken in quick succession, so that the cylinder was 
not loaded long enough for any appreciable plastic flow to take place, fig. 9, 

zdL 


dHog^x) 



^ 140 - » I 1 I I I 

too i2o 140 ^ mo ISO zoo 220 
Stress xyfDynes/mm.^) 

Fio. 5. 


Plate 15, A mean value of about 4 X 10^ dynes per square centimetre was 
obtained, and no variations could be detected during the ageing of a dough. 
This figure is admittedly only approximate, as, apart from the smallness of the 
deformation to be measured, it was difficult to form the dough into a true 
cyliuder and obtain a satisfactory value for its cross-section. On the other 
hand, it is certainly not seriously in error; but since higher values were obtain^ 
by another method, to be described later, a somewhat higher value, namely, 
6 X, 10^ has been adopted. 

In order to obtain a check on the general correctness of fig. 5 and also to 
extend the stress range of the determination of the time of relaxation, a 
modification of the rack was constructed in which the weight of the dough 
cylinder was supported on a pool of mercury contained in a long shallow wooden 
trough. One end of the dough was fixed by pressing it round a screw let into 
one end of the trough while the other was attached to a thin strand of rubber 
by the extension of which the stress on the dough could be observed. The other 
end of the rubber strand was secured to a thread which could be wound up on 
a small winch. Direct observations on the decay of the stress were made by 
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&st rapidly extending the dough by ■winding the thread on to the ■winch until 
after an extension of about 160 per cent, an ink mark on the dough came into 
the field of ■view of a low-power microscope. The thread was then gradually 
released at rate carefully regulated so as to keep the ink mark on the cross- 
■wiie of the microscope, ikom a separate calibration the stress corresponding 
to each notch ■vras kno^wn, and this, divided by the mean cross-section, gave 
the ordinate of fig. 6, the abscissa being the recorded times. In fig. 7 is given 



Ero. 6. 


the curve for the relaxation time derived from it. It shares with %. 5 the 
uncertainty attached to the evaluation of a cross-section, but is in other respects 
more reliable and extends over a much wider range. 

In figs. 6 and 7 are also shown curves relating to the decay of stress for an 
initial deformation of only 50 per cent. The lack of a^eement between the 
two curves in fig. 7 sho^ws that the time of relaxation depends on the deforma- 
tion the specimen has suffered as well as on the stress. The dependence of 
time of relaxation (and hence of viscosity) on the total deformation was 
suspected from the results of some rougher comparisons of a aimilar nature 
made ■with the original rack. It has been confirmed in a new series of experi- 
ments in which observations have been made of the plastic extension of dough 
cylinders under their own weight, an account of wHch will be published shortly. 
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In these es5)erii]aeiits it has been found that although the cylinders thin con- 
siderably in extending there is ho corresponding increase in the rate of exten- 
sion. This phenomenon may be compared on the one hand with the hardening 
of metals under working and on the other with an analogous effect observed 
by Trouton in the case of pitch.* These results point out a weaknessf in the^ 
usual methods of measuring viscosity by observations on steady flow. Unless 
special care is taken the only value obtained for the viscosity will be the limit- 
ing value for large total deformations. 

In a complete study of the plastic behaviour of such a material the viscosity- 
stress relationship should be found for a series of deformations. The measure- 



Fig. 7. 


ment of flow at constant deformation may seem at first sight to be impossible^ 
but this is actually what was done in the experiments just described. While 
the winch remained on a given notch the dough was flowing slowly under a 
substantially constant stress. Before it had gone far, however, the stress was 
reduced and an elastic recovery occurred equal and opposite to the deformation 

* ‘ Proc. Roy. Soc.,’ A, voL 77, p. 426 (1906). 

t The determiuation of viscosity by the usual methods is also liable to disturbance from 
slip or anomalous flow at the solid surfaces of the viscometer (Schofield, R. K., and Scott. 
Blair, G. W.,‘ J. Phys. Chem.,’ vol. 34, p. 248, 1505 (1930) ; ‘ J. Phys. Ghem.,’ voL 35„ 
p. 1212 (1931) ; ‘ Phil. Mag.,’ vol. 72, p. 890 (1931) ). In the method here des^bed no suclt 
complication can arise. 
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caused by tbe flow. This deformation can therefore be obtained by dividing 
the stress change by Young’s modulus. 

According to well-known principles a material such as this for which Poisson’s 
ratio may be taken as when elongated may be considered as subject to two 
shearing strains each equal in magnitude to the fractional elongation. The 
corr^ponding shearing stresses are each one-third of the normal tensile stresses 

applied in causing the elongation, so that by plotting the rate of shear — 


against the shearing stress, a flow-curve is obtained, 
spending to any given stress s is therefore given by 


Ydt 

The viscosity corre- 


bttt 


Therefore 


1 11 ds 

” — ‘Vfs- 

" /dt' 


This result might have been deduced directly from equation (1) (p. 708), 
since when Poisson’s ratio is Y = 3?^ ; but its independent deduction serves 
a useful purpose if it helps to make clear how viscosity can be measured, in 
the case of a markedly elastic material, at constant deformation. The change 
which goes on in a dough held at constant deformation involves an increase 
of the plastic part of the deformation at the expense of the clastic part ; and 
the rate of increase of the plastic deformation, or flow, is therefore known, if the 
rate of decrease of the elastic deformation has been obtained, since the sum of 
the deformations remains constant. 

As a check on the value of the Young’s modulus, and to test the correctness 
of using it to relate the undissipated stress to the elastic recovery, an experi- 
ment, which was started in the same way as those already described, was 
carried but on the modified rack. After keeping the ink mark on the cross- 
wire of the microscope for about a minute, the stress was completely released 
and the elastic recovery observed. The magnitude of the stress just before it 
was released having also been observed, it was only necessary to obtain the 
mean cross-section in order to evaluate Y. The elongation of the cylinders 
when floated on mercury is not quite so even as when they are supported on 
rubber bands, and so the cross-section could not be determined very exactly. 
A value of 6 X 10^ was obtained. It has been preferred to the value 4 X W 
obtained with the earlier method as any unevenness in the faces of the loaded 
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cylinder would cause an apparent increase in the deformation thereby giving 
too low a value for Y. It is to be understood, however, that this value is 
provisional in view of the difficulties of the experiment. The precise numerical 
value does not affect the general form of fig. 5. 

Discvssion. 

4. In the foregoing sections it has been shown how the conception of the 
time of relaxation, which was used by Maxwell as a method of describing the 
viscous behaviour of a liquid, can be extended to cover the behaviour of a 
complex system such as a flour dough. An attempt will now be made 
to specify the type of internal structure indicated by the results of the 
investigation. 

Firstly, it is clear that the dough contains elastic elements which form a con- 
nected structure and that the determination of Young’s modulus has reference 
to these elements. Secondly, it is evident that the elements, though connected, 
are not joined securely, but slide past one another whenever a sufficient stress 
is operative. The viscosity which has been determined is mainly governed 
by the behaviour of a plastic film by which the elastic elements are connected. 
It is quite possible that the elements are capable of complete elastic recovery, 
but there is at present no criterion for testing this. The time of relaxation 
is a characteristic of the connected structure as a whole, and its value is 
much deternoined by the elasticity of the elements as by the viscosity associated 
with their plastic junctions. 

The considerable time (several minutes) which often elapses between the 
release of the stress and the cessation of contraction indicates the existence of 
another viscosity* which must be distinguished from that already considered. 
The fact that the dough exhibits elastic recovery at all shows that this second 
viscosity is of a relatively low order, for if the viscous resistance to change of 

* This second viscosity appears to be of the same nature as that discussed by Shorter 
n his explanation of the slow extension of hair and wool fibr^.f “ The fibre contains elastic 
elements with very different degrees of damping, so that on the first application of an 
external force the more lightly damped elements extend, and, as time goes on, the exten- 
sion of the more highly damped elements begins to show itself.” And again, We get 
(where a fibre is held stretched to a definite length) an apparent elastic relaxaMon, which, 
however, is very different from the effect contemplated in Maxwell’s theory of VBCosity. 
It is not the disappearance of a state of strain owing to molecular readjustinents, it is 
merely the transference of a state of strain from lightly damped to highly damped elements.” 


t Shorter, S. A., ‘ J. Text. Inst.,’ vol. T. 15, p. 207 (1924) ; ‘ Trans. Faraday Soc., 
voL 20, p. 228 (1924) ; ‘ J. Soc. Dy. Col. Bradford,’ vol. 41, p. 212 (19^). 
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ahftpft TOie great® than that involved in the dissipation of internal stress, the 
stress wotild be dissipated before the dough had made any appreciable recovery. 
The second viscraity may be associated with the medium in which the elastic 
Alftiittftntea embedded, but we cannot rule out the possibility of its being 
scanehow connected with the elastic elements and their system of connection. 

In relating th^ deductions to the known structure of the dough one may 
safdy idmtify the elastic elements with the protein part of the flour. That 
the fJem ents form a connected structure is confirmed by the fact that the starch 
and the other constituents of the flour can be washed out of the dough without 
bceaking up the gluten. That the slowness of the elastic recovery is partly 
due to the presence of the starchy aqueous medium in the dough is indicated 
by the fact that the elastic recovery is more rapid in wadied gluten than in the 
dough itseK. The recov®y of washed gluten is, however, not instantaneous, 
so ihat part of the second viscosity must be attributed to the gluten. 

Our thanks ate due to Professor 6. I. Taylor, I'.E.S., for his advice on the 
choice of data for inclusion in this paper, and to Dr. B. A. Keen for helpful 
critiiasm ; also to Dr. E. A. Fisher, Director, and to Dr. P. Halton of the Research 
Assoeiatian of British Flour Millers who have kindly provided the flours used 
in this.wmk, and have given us much useful technical information. 

Summary. 

(1) An extended significance is given to Maxwell’s “ time of relaxation ” 
and this has been used in quantitatively describing the viscous and elastic 
behaviour of flour dough. 

(2) The length of the time of application of a stress in relation to the corre- 
^»OBding tune of relaxation determines what proportion of the deformation is 
dastio (recoverable) and what proportion plastic (non-recoverable). 

(3) This fact is illustrated by a comparison of the behaviour of dough in the 
“pachimeter” and on the “rack,” the behaviour in the “pacHmeter” 
(rapid stressing) being paralleled by that exhibited in a ballistic experiment. 

(4) The decay of internal stress in pieces of dough which had been stretched 
out and held stretched has been followed, and the times of relaxation, and the 
corresponding viscosities have been evaluated for a series of stresses. 

(6) Dough shows a phenomenon similar to the ha r denin g of metals under 
wo rking as a result of which the tune of relaxation and the viscosity for a given 
stress depend on the total deformation. 

The internal structure of the dough thus revealed is briefly considered. 
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